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Abstract: We explore spread and spectral complexity in quantum systems that exhibit
a transition from integrability to chaos, namely the mixed-field Ising model and the next-
to-nearest-neighbor deformation of the Heisenberg XXZ spin chain. We corroborate the
observation that the presence of a peak in spread complexity before its saturation, is a
characteristic feature in chaotic systems. We find that, in general, the saturation value of
spread complexity post-peak depends not only on the spectral statistics of the Hamiltonian,
but also on the specific state. However, there appears to be a maximal universal bound
determined by the symmetries and dimension of the Hamiltonian, which is realized by the
thermofield double state (TFD) at infinite temperature. We also find that the time scales at
which the spread complexity and spectral form factor change their behaviour agree with each
other and are independent of the chaotic properties of the systems. In the case of spectral
complexity, we identify that the key factor determining its saturation value and timescale
in chaotic systems is given by minimum energy difference in the theory’s spectrum. This
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explains observations made in the literature regarding its earlier saturation in chaotic systems
compared to their integrable counterparts. We conclude by discussing the properties of the
TFD which, we conjecture, make it suitable for probing signatures of chaos in quantum
many-body systems.

Keywords: Gauge-Gravity Correspondence, Holography and Condensed Matter Physics
(AdS/CMT)
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1 Introduction

Over the past twenty years, quantum information theory has acquired a pivotal role in
the study of Quantum Field Theory (QFT) and quantum gravity. The Anti-de Sitter
(AdS)/ Conformal Field Theory (CFT) correspondence has contextualized this relation within
a holographic framework, where certain geometric properties of the bulk spacetime are
intricately linked to the entanglement characteristics of the boundary field theory. Among
the extensively studied concepts, one that was introduced to go beyond usual spacetime
probes and explore the black hole interior is complexity.

The role of certain extremal codimension-0 and codimension-1 regions in probing holo-
graphic spacetimes beyond the black hole horizon was highlighted almost a decade ago [1–6]
and since then, the notion of holographic complexity has been generalized for infinite classes
of codimension-0 and codimension-1 gravitational objects [7–10]. All these quantities have
two defining features: a continued time-evolution far beyond usual thermalization and
scrambling timescales (usually of the order of tth ∼ β and of the so-called scrambling time
tscrambling ∼ β log(d) respectively, where β is the inverse temperature) and a universal re-
sponse to shockwave perturbations that results in a time delay called the switchback effect [2].
The late-time (t ≫ tscrambling) growth of these quantities is furthermore expected to be
linear in time.

These properties were inspired by quantum (circuit) complexity, a measure used in
quantum computing to quantify the difficulty of preparing quantum states using limited
resources (e.g. using only certain allowed operations belonging to a set of universal gates) [11–
14]. The central idea being that the quantum complexity of boundary quantum states is
computed in the bulk spacetime via such gravitational objects. However, two key issues arise
in this identification. The first one is that the late-time linear growth of quantum complexity
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is expected to transition to a plateau for very late times [15–19]. It remained an open problem
to replicate this feature in avatars of holographic complexity, until authors in [20] showed
that this issue could be resolved in a large class of two-dimensional gravity models (which
include Jackiw-Teitelboim (JT) gravity [21–23]) by taking into account non-perturbative
contributions to the (renormalized) length of the Einstein-Rosen Bridge (ERB).1 A byproduct
of this study was the introduction of a new spectral quantity, dubbed spectral complexity,
which measures the quantum complexity of the state holographically dual to the black hole,
the Thermofield Double (TFD) state, and which exhibits this late time saturation.

Perhaps the more pressing issue, however, has been the absence of a precise understanding
of quantum complexity in QFTs and establishing a correspondence between ambiguities in
the generalized holographic complexity proposals and their potential QFT counterparts.
Despite this, there has been important progress in the study of circuit complexity in free
and weakly-coupled QFTs [25–29] as well as CFTs [30–37], using different frameworks that
rely on geometric aspects, as well as group-theoretic approaches and the optimization of
path-integrals. See [38] for a review.

Remarkably, a one-to-one correspondence between a specific notion of quantum complexity
and the length of the ERB was recently found in [39] within the context JT gravity and the
double-scaled Sachdev-Ye-Kitaev (SYK) model [40, 41]. The notion computed in the SYK
model is Krylov state complexity, also known as spread complexity [42]. Krylov complexity
(or simply K-complexity) was first was introduced in [43] as a measure of operator growth for
operators undergoing Heisenberg time evolution in quantum many-body systems with local
interactions. It was then extended to study the Schrödinger time evolution of states and
measure their “spread” in a subspace of Hilbert space known as Kryolv space, a space spanned
by successive applications of the quantum system’s Hamiltonian on an initial state. Spread
and K-complexity have been studied in different contexts such as topological and quantum
phase transitions [44–47], operator growth [48, 49], CFTs [50–53], open quantum systems [54–
59], and other related contexts [60–92]. For a comprehensive and recent review of both spread
and K-complexity, together with an extensive list of references, we refer the reader to [93].

In both cases, the key aspect underlying the determination of Krylov (operator or state)
complexity involves the construction of the Krylov basis, an orthonormal basis in Krylov
space.2 This procedure can be accomplished by using the recursion method [94, 95], known
in this context as the Lanczos algorithm. This procedure furthermore yields two sets of
coefficients {an, bn}, known as Lanczos coefficients, which are nothing more than the tri-
diagonal elements of the Liouvillian (or Hamiltonian) expressed in the Krylov basis and
contain all the information about the dynamics of the operator or state.

Spread and K-complexity have also been at the center of recent explorations of quantum
chaos. Of particular interest for this paper, are studies that relate spread complexity with
other probes of quantum chaos such as the Spectral Form Factor (SFF) [96–98] and spectral
complexity (see e.g. [75, 77] for examples in this direction). In [75] authors studied connections

1See [24] for an alternative approach.
2In the case of operator growth, the Krylov space is a subspace of the Gelfand-Naimark-Segal (GNS)

Hilbert space, constructed after appropriately choosing an inner product of operators. In this context, the
GNS Hamiltonian is often called the Liouvillian, a superoperator that acts by commuting operators with the
Hamiltonian.
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between these quantities in the context of random matrix ensembles and elucidated their
interconnections. The authors also derived an Ehrenfest theorem in Krylov space linking the
early-time behavior of the spread complexity for the TFD state with its spectral complexity.
Moreover, building upon observations made in [42] for random matrix ensembles and the
SYK model, they provided further evidence that the presence of a late-time peak in spread
complexity is a characteristic feature of chaotic systems.

Furthermore, it has been reported [75] that the time evolution of spread complexity
demonstrates a pattern of quadratic growth followed by linear growth, leading to a peak
and eventual saturation, whose transition time scales are close to those in the SFF.3 The
authors also suggested that the pronounced ramp in the SFF could be responsible for the
emergence of a peak in spread complexity. One should also highlight [86], where a detailed
comparison between spread and Krylov complexity at different timescales is performed for
different quantum systems.

Although spread and spectral complexity were originally proposed in high-energy theoret-
ical physics, these complexities can also be studied in traditional quantum spin chain models
in condensed-matter systems. Even without taking disorder average over coupling constants,
several spin models exhibit chaotic behavior such as the Wigner-Dyson distribution of level
spacing in random matrix theories (RMTs). Since the spectral density of these spin models
differs from that of RMTs, the complexities associated with chaotic spin models may offer
further insights into quantum chaos, similar to observations in the SYK model.

Motivated by these developments, the goal of our work is to further investigate the
role of spread complexity and spectral complexity as probes of quantum chaos in quantum
many-body systems. Furthermore, we are interested in understanding the characteristic
timescales at which these quantities exhibit their paradigmatic behaviour in chaotic systems,
i.e. the peak in spread complexity and the saturation in spectral complexity. In particular,
to further elucidate their role in probing quantum chaos, it is imperative to contrast their
properties in chaotic and integrable models. To this end, we consider two spin chain models
that exhibit a well-studied transition between integrability and chaos: the mixed-field Ising
model and a next-to-nearest-neighbour (NNN) deformation of the Heisenberg XXZ model.

It is worth noting that spin chain models serve as important exemplars of quantum
mechanical systems, providing a simplified yet insightful depiction of essential quantum
phenomena. Through our investigation, we aspire to offer valuable insights into foundational
aspects of quantum complexities, contributing to a deeper understanding of many-body quan-
tum physics and facilitating potential advancements in the study of holographic complexity.

Summary of results and outline. We show that both spread and spectral complexity
exhibit distinguishing features in chaotic spin systems which can be directly contrasted with
their integrable counterparts. That is: the presence of a peak in spread complexity and a
saturation of spectral complexity which is governed by the minimum value of the energy
difference in the spectrum. These results can be seen as an effort in the same direction

3In [75], the initial growth region are referred to as the early-time behavior, while the peak and saturation
as the late-time behavior. It is also worth noting [84] that the appearance of the peak in the saddle-dominated
scrambling suggests that correctly identifying genuine quantum chaos often requires further physical insights
in addition to spread complexity.
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as studies performed for Krylov operator complexity [64–67]. In particular, for spread
complexity, we verify that the characteristic peak is only manifest in the chaotic case, and
that its late-time behaviour is model dependent. For the chaotic point of the Ising model, we
find that the spread complexity saturates to a constant whose value is comparable with the
one for the integrable case. In contrast, for the NNN deformation of the Heisenberg chain,
we find that the saturation value of the integrable case lies below the value of the chaotic one.
This is in direct analogy with the behaviour of Krylov (operator) complexity in the same
models. Finally, for spectral complexity we confirm that its saturation value for the chaotic
cases occurs much earlier than in their integrable counterparts. We also determine that this
saturation occurs at a characteristic timescale in chaotic systems which is proportional to
the inverse of the minimum energy difference in the Hamiltonian’s spectrum. This feature
is explored for Hamiltonians belonging to different random matrix ensembles.

Our paper is organized as follows. In section 2 we provide an overview of spread
complexity, the SFF and spectral complexity. In section 3.1 we introduce the spin chain
models. Then, in section 3.2 we discuss the results for spread complexity and we compare
them with the SFF. In section 3.3 we analyze spectral complexity, examining characteristic
timescales and making comparisons with those of random matrices. Finally, section 4 is
dedicated to discussing our findings and drawing conclusions.

2 Preliminaries

2.1 Spread complexity

In this section we briefly review spread complexity [42]. Consider a quantum system with
a time-independent Hamiltonian H. The unitary time-evolution of a pure state |ψ(t)⟩ is
governed by the Schrödinger equation

i∂t|ψ(t)⟩ = H|ψ(t)⟩ . (2.1)

The solution to this equation, |ψ(t)⟩ = e−iHt|ψ(0)⟩, can be represented as a formal power
series of states obtained by a successive application of the Hamiltonian on an initial state
at t = 0: |ψ(0)⟩. In other words

|ψ(t)⟩ =
∞∑

n=0

(−it)n

n! |ψn⟩ , (2.2)

where |ψn⟩ := Hn|ψ(0)⟩. These states span Krylov space, a subspace of the full Hilbert space.
However, in general they are not orthogonal to each other or even properly normalized. In
order to find an orthonormal basis |Kn⟩ in Krylov space, called the Krylov basis, we apply the
Lanczos algorithm [94], which is essentially the Gram-Schmidt orthogonalization procedure:

|An+1⟩ = (H − an)|Kn⟩ − bn|Kn−1⟩ , (2.3)

where an and bn are called Lanczos coefficients and are given by

an = ⟨Kn|H|Kn⟩ , bn = ⟨An|An⟩1/2 . (2.4)
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The initial conditions and normalization of the Krylov basis elements are given by,

|K0⟩ = |ψ(0)⟩ , |Kn⟩ = b−1
n |An⟩ , b0 := 0 . (2.5)

With this, we can rewrite the Lanczos algorithm (2.3) as

H|Kn⟩ = an|Kn⟩ + bn+1|Kn+1⟩ + bn|Kn−1⟩ , (2.6)

which shows that in the Krylov basis, the Hamiltonian acquires a tri-diagonal form

⟨Km|H|Kn⟩ = anδm,n + bn+1δm,n+1 + bnδm,n−1 . (2.7)

In infinite dimensional Hilbert spaces, the Krylov space is also infinite dimensional. However,
if the dimension of the Hilbert space is finite, the dimension of the Krylov space is also finite,
being smaller than or equal to the Hilbert space dimension, and in general depends on the
dynamics of H and choice of initial state |ψ0⟩. In this case, the Lanczos algorithm comes
to an end whenever we reach a value of n for which bn is zero.

The time-evolved state |ψ(t)⟩ can be expressed in terms of the Krylov basis as follows

|ψ(t)⟩ =
∑

n

ψn(t)|Kn⟩ , (2.8)

where ψn(t) := ⟨Kn|ψ(t)⟩ are functions such that∑
n

|ψn(t)|2 :=
∑

n

pn(t) = 1 . (2.9)

By using (2.6) the Schrödinger equation (2.1) then reduces to the following equation describing
the hopping of a particle in a one-dimensional chain,

i ∂tψn(t) = anψn(t) + bn+1ψn+1(t) + bnψn−1(t) . (2.10)

For a given initial state |ψ(0)⟩ with initial condition ψn(0) = δn0, its spread complexity
is defined as

C(t) :=
∑

n

n pn(t) =
∑

n

n|ψn(t)|2 , (2.11)

which measures the “spreading” of the initial state along the one-dimensional chain. In this
paper, we consider TFD state as the initial state |ψ(0)⟩

|ψ(0)⟩ := |TFD⟩ = 1√
Z(β)

∑
n

e−
βEn

2 |n⟩ ⊗ |n⟩ , (2.12)

where Z(β) := tr(e−βH) is the thermal partition function with inverse temperature β and
where |n⟩ are energy eigenvalues H|n⟩ = En|n⟩.4 We choose this initial state, since the peak
structure of spread complexity was observed for it previously in the context of RMTs [42, 75].

4In the presence of symmetries, we construct the TFD state separately for each symmetry sector of the
system.
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2.2 Spectral form factor

The spectral form factor (SFF) is a quantity which has been studied in the context of quantum
chaos for several decades (see e.g. [96, 97]) as well as in the AdS/CFT correspondence (see
e.g. [98]). It is defined via the analytically continued thermal partition function Z(β + it) :=
tr(e−(β+it)H) according to the formula

SFF(t) := |Z(β + it)|2

|Z(β)|2 = 1
Z(β)2

∑
m,n

e−β(Em+En)ei(Em−En)t , (2.13)

where, as in the previous section, β is the inverse temperature and {En} are the discrete
energy eigenvalues of the quantum theory with Hamiltonian H. Note that the SFF can be
interpreted as the survival probability for the time evolved TFD state [99]. See equations (4.1)
and (4.2). This is an important interpretation to understand the relation between the
spectral complexity and the SFF. In essence, the spectral complexity is a repackaging of the
information extracted from the SFF, which is defined only for the TFD state. However, the
spread complexity can be defined for any other state, not only the TFD state.

The prototypical shape of the SFF(t) in random matrix ensembles as well as in the
SYK model follows the structure: slope, dip, ramp and plateau, after appropriately taking
a disordered-average of the couplings in the Hamiltonian H. It is precisely because of this
observation that the SFF has been used as a diagnostic for RMT behaviour and consequently
as a probe of quantum chaos [98].

To be more precise, the key observation is that random matrix ensembles, as well as
systems which thermalize, exhibit a phenomenon called spectral rigidity, in which the number
of energy levels within an energy interval of a given size exhibits small fluctuations. Given
that the SFF is sensitive to energy density pair correlations, spectral rigidity is manifested
in the form of a linear ramp. This feature is generically not expected in integrable systems,
where energy eigenvalues (within a single symmetry sector) are completely independent and
thus do not repel each other.

2.3 Spectral complexity

Here we briefly review spectral complexity [20]. As mentioned in the introduction, this
quantity first appeared in the study of holographic complexity within the framework of the
AdS/CFT correspondence. In particular, its introduction was motivated by the expected
saturation of quantum circuit complexity in chaotic systems for times that are exponential
in the entropy of the system [16–19, 100].

Authors in [20] studied the non-perturbative length of maximal codimension-1 slices
(the ERB) in a wide class of two-dimensional models of gravity, by taking into account the
contribution of higher-genus topologies. This led them to introduce a spectral quantity,
spectral complexity, aimed at representing the holographic dual of the volume of the ER
bridge in the boundary theory and which yields the value of the computational complexity of
the TFD state. To be precise, for quantum systems with discrete energy levels, the spectral
complexity of the TFD state is given by

CS(t) = 1
dZ(2β)

∑
n,m

En ̸=Em

(sin (t(Em − En)/2)
(Em − En)/2

)2
e−β(Em+En) , (2.14)
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where Z(β) is the thermal partition function, {En} are the discrete energy eigenvalues and
where d is the dimension of the Hilbert space H. This quantity is expected to have a
quadratic behavior with time5 behavior at early times, which then transitions to a behavior
that appears to be linear in time, but in fact, has a small non-zero second derivative that
oscillates significantly. After that, the spectral complexity is expected to plateau to a
constant for later times (eS), past usual thermalization and scrambling times, as supported
by computations done in the SYK model.

An interesting observation is that this quantity is directly related to the spectral form
factor SFF(t) (see section 2.2). By taking two time derivatives of the spectral complexity (2.14),
one finds [75]

d2

dt2CS(t) = 2Z(β)2

d Z(2β)SFF(t) − 2
d
, (2.16)

where we assume that there is no degeneracy of the energy spectrum. This assumption
generally depends on the symmetry constraints of the system. Depending on the conserved
charges, one may still find degeneracies within each symmetry sector. See [101] for a discussion
of these properties in the context of the spin chain models considered here. If there is an
energy degeneracy, the last term in (2.16) is modified as

−2
d
→ − 2

dZ(2β)
∑
n,m

En=Em

e−β(Em+En).

This quantity has recently been studied in the context of Krylov complexity and quantum
chaos [75, 77, 102]. In [102], authors studied a relation between spectral complexity and
spread complexity in the continuum limit. On the other hand, in [75], it was noted that the
spectral complexity of the TFD state in certain RMTs provides an early-time approximation
of the spread complexity of the TFD state, as can be seen by an Ehrenfest theorem in Krylov
space. Finally, in [77] authors studied this quantity in the context of certain non-integrable
quantum mechanical models (quantum billiards). In particular, authors showed that spectral
complexity plateaus to different values at different time scales depending on the integrable
properties of the system, with the saturation value of this quantity for a circular (integrable)
billiard being orders of magnitude larger than for stadium (non-integrable) billiards.

We end this section with a remark. Even though the equivalence between spread and
spectral complexity is expected to be satisfied only at early times (and possibly only for
certain states such as the TFD), the latter is an interesting quantity that is expected to
be also sensitive to the energy spectrum of the theory in a non-trivial way. In particular,
much like SFF, it is sensitive to energy-density pair correlations from energy levels which are

5For future reference, we notice that for small values of t, the spectral complexity becomes

CS ≈ t2

d Z(2β)
∑
n,m

En ̸=Em

e−β(Em+En) = Z(β)2 − Z(2β)
dZ(2β) t2 , (2.15)

which, at β = 0, takes the form CS ≈
(
1 − 1

d

)
t2.

– 7 –



J
H
E
P
0
8
(
2
0
2
4
)
2
4
1

arbitrarily separated in the spectrum. To see this, consider the long-time average

lim
T→∞

1
T

∫ T

0
dt CS(t) = 2

dZ(2β)
∑

En ̸=Em

e−β(Em+En)

(Em − En)2 . (2.17)

If CS(t) saturates at late times, the saturation value is given by this long-time average. In
particular, at infinite temperature β = 0, the saturation value depends only on the energy
difference Em − En, not on Em + En. As a consequence, features of energy level spacing
in non-integrable systems such as spectral rigidity should be captured by the saturation
value of CS(t). Furthermore, while there is a priori no direct relation between the saturation
values of spectral and spread complexity for chaotic systems at late times, we believe that
the difference in saturation values of spectral complexity in integrable and non-integrable
models is sufficient to motivate the idea that this quantity may also be used to study the
chaotic properties of quantum many-body systems on its own.

3 Complexity in spin systems

3.1 The spin chain models

In this section we briefly review the spin chain models that we will focus on in this work.

3.1.1 The mixed-field Ising model

The mixed-field Ising model is a one-dimensional spin chain that includes longitudinal (hz)
and transverse (hx) magnetic fields. The Hamiltonian can be written as

H = −
N−1∑
i=1

Sz
i S

z
i+1 −

N∑
i=1

(hxS
x
i + hzS

z
i ) , (3.1)

where Sx
i and Sz

i spin-1/2 operators at site i, defined as:

Sk
i = (12)⊗(i−1) ⊗ σk ⊗ (12)⊗(N−i) , (3.2)

for k ∈ {x, y, z}, and where σk represents the usual Pauli matrices. We consider open boundary
conditions, and for a fixed number of sites N , the dimension of the Hilbert space is d = 2N .

It is well-known (see e.g. [103, 104]) that this model exhibits chaotic and integrable
properties, according to their spectral statistics, when the longitudinal and transverse fields
take the values as6

(hx, hz) =

 (−1.05, 0.5) , (Chaotic case)
(−1, 0) . (Integrable case)

(3.3)

For any values of (hx, hz), this model has parity symmetry — the Hamiltonian commutes
with the parity operator

Π̂ =

P̂1,N P̂2,N−1 · · · P̂N
2 , N+2

2
, for N even

P̂1,N P̂2,N−1 · · · P̂N−1
2 , N+3

2
, for N odd

(3.4)

6The mixed-field Ising model also becomes integrable if hx = 0.
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d1 d2
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Figure 1. Block-diagonalized Hamiltonian of the mixed-field Ising model (3.1) for N = 12. Left: ma-
trix plot — visual representation showing the places where the Hamiltonian takes non-zero values.
Right: schematic picture showing the size of each block. H1 (H2) is the Hamiltonian in the sector of
states with positive (negative) parity. Note that d1 + d2 = d = 2N .

where the permutation operator

P̂i,j = 1
2
(
1d + Sx

i S
x
j + Sy

i S
y
j + Sz

i S
z
j

)
(3.5)

permutes the spin configuration of the sites ith and jth. The action of the parity operator on
a given state can be understood by imagining a mirror at one edge of the chain. The action
of Π̂ on a given spin configuration (state) returns the mirror image of that spin configuration.
For instance, Π̂ |↑↑↑↓⟩ = |↓↑↑↑⟩. Note that from these two states we can build states with
definite parity: |ψ±⟩ = 1√

2 (|↑↑↑↓⟩ ± |↓↑↑↑⟩), which are eigenstates of the parity operator
Π̂ |ψ±⟩ = ±|ψ±⟩ with eigenvalue ±1.

Figure 1 displays the block-diagonalized Ising Hamiltonian for N = 12 according to the
reflection symmetry around one of the edges of the chain. Given that there are only two
sectors for this symmetry, the Hamiltonian is block-diagonalized into only two blocks, the
even and odd parity sectors. These two blocks as labelled as H1 and H2, respectively, as
shown in the schematic picture on the right side.

For hz = 0, the model develops a new symmetry — the energy levels do not change if we
flip every spin in the chain. This happens because the operator ΠnS

(n)
x commutes with the

Hamiltonian if hz = 0 [104]. In our numerical calculations for the mixed-field Ising model,
we would like to consider both the integrable and the chaotic cases. However, to avoid the
emergence of new symmetry sectors at hz = 0, we consider a point very close to the integrable
point, with hz very small but nonzero, specifically, we choose (hx, hz) = (−1, 0.001).

Two important points that should be taken into account in order to properly recover these
spectral properties are the local density of states and the symmetries of the Hamiltonian (3.1).
First, one needs to normalize the model-dependent local density of states in order to obtain
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Figure 2. Nearest-neighbor level spacing distribution in the mixed-field Ising model for the even(odd)
symmetry sector H1(H2) with N = 12 sites. The red line is the Wigner-Dyson distribution (GOE)
and the blue line is the Poisson distribution.

universal features. This is typically referred to as unfolding of the spectrum. Secondly, if
the Hamiltonian has symmetries then one needs to block-diagonalize it according to the
conserved charges. This is because only the energy eigenvalues within each individual block
are correlated with each other [104, 105].

In figure 2 we display the level spacing distributions for the different symmetry blocks
H1, H2 for the integrable and chaotic points of the Hamiltonian. We performed the spectrum
unfolding in both cases. In both figures, the plot on the left represents the nearest-neighbor
level spacing statistics for the chaotic case, where the red line is the Wigner-Dyson distribution,
while the plot on the right represents the integrable case, where the blue line is the Poisson
distribution. As can be seen from these figures, there is a clear distinction between the
chaotic and integrable cases for the individual blocks.

3.1.2 The Heisenberg XXZ model

In this section we briefly discuss the Heisenberg XXZ spin chain and its non-integrable
deformation [106]. In integrable systems such as the XXZ spin chain model, it is known that
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the level spacing distribution follows the Poisson distribution since the energy eigenvalues
are uncorrelated. The integrability of such a spin system can be broken by considering
the coupling between next-to-nearest-neighbors (NNN) [66, 107]. The Hamiltonian of this
deformation of the XXZ Hamiltonian is given by

H = HXXZ +HNNN , (3.6)

where

HXXZ =
N−1∑
i=1

J (Sx
i S

x
i+1 + Sy

i S
y
i+1) + Jzz S

z
i S

z
i+1 ,

HNNN =
N−2∑
i=1

Jc S
z
i S

z
i+2 , (3.7)

where Sk
i are the same spin-1/2 operators at site i as in the mixed-field Ising Hamiltonian (3.2).

Note that Jc is the next-to-nearest-neighbors coupling. The dimension of the Hilbert space
in this case is also 2N . We set the parameters as follows (J, Jzz) = (1, 0.5), and

(J, Jzz, Jc) =

 (1, 0.5, 1) , (Chaotic case),
(1, 0.5, 0) , (Integrable case).

(3.8)

For any values of J , Jzz and Jc, this model displays parity symmetry, because [H, Π̂] = 0,
with Π̂ given by (3.4). Additionally, the model conserves the total spin in the z-direction,
Mz =

∑N
i=1 S

z
i . For a detailed and pedagogical discussion of the symmetries of this model,

we refer the reader to [108].
After fixing N = 15, and focusing on the Mz = −5/2 sector, we checked that the level

spacing statistics follows a Wigner-Dyson (Poisson) distribution in the chaotic (integrable)
case for both parity sectors. We used the same set of parameters in the analysis below for
spread and spectral complexity.

3.2 Spread complexity

In this section we study the spread complexity of the TFD state for the mixed-field Ising and
the Heisenberg chains. We will consider both the finite-temperature case, as well as the infinite
temperature limit β = 0 in which the TFD state becomes the maximally-entangled state

lim
β→0

|TFD⟩ −→ 1√
N

∑
n

|n⟩ ⊗ |n⟩ . (3.9)

While we are mostly interested in the spread complexity of the TFD state, we will also
analyze the Lanczos coefficients. We first consider the infinite temperature (β = 0) limit of
the TFD state. The finite temperature analysis is shown at the end of this section.
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Figure 3. Lanczos coefficients of the TFD state in the H1 and H2 block of the mixed-field Ising
model for N = 12 and β = 0. The blue data denotes the integrable case, while the red data represents
the chaotic one.

3.2.1 Lanczos coefficients and peak

Mixed-field Ising chain. Figure 3 display the Lanczos coefficients for the mixed-field
Ising for different choices of the parameters (hx, hz) and for the different symmetry blocks
H1 and H2. The blue line represents the almost integrable case for (hx, hz) = (−1, 0.001),
while the red line represents the chaotic one for (hx, hz) = (−1.05, 0.5). The results from the
chaotic case resemble behaviors observed in the SYK model and RMT behaviour [42], with
an showing a rapid increase followed by saturation, and bn displaying a rise followed by a
gradual decline. Additionally, one can find that the variance of Lanczos coefficients can be
greater in the integrable case compared to the chaotic case, which aligns with findings in [76].

In figure 4, we display the spread complexity of the TFD state as a function of time
for the chaotic case (hx, hz) = (−1.05, 0.5) for N = 10 (red dashed line) and N = 12 (red
solid line) when β = 0. Note that numerical results have been normalized by the system size
di (i = 1, 2), and thus the behaviour of the normalized spread complexity does not depend
on the number of sites N . This aligns with the findings of [42], which reported that for
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Figure 4. Spread complexity of the TFD state in the mixed-field Ising model within each symmetry
sector for N = 10 (red dashed line) and N = 12 (red solid line) when β = 0. Here, di is a scaling
factor given by the dimension of each symmetry sector Hi. This figure shows that if the matrix size
N is large enough, then there is no N dependence on the normalized spread complexity. The black
dashed line is the asymptotic value (3.10) of spread complexity at late times. (d1 = 2080 , d2 = 2016).
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Figure 5. Spread complexity in the mixed-field Ising model within each symmetry block for N = 12.
The red line is the chaotic case and the blue line is the integrable case.

sufficiently large systems, the normalized spread complexity does not depend much on the
system size (in our case N) when plotted against t/di, being universal in that sense. In our
computation, a spin chain with N = 10 is large enough to exhibit such universal behavior.
Here we also verify that the late-time behavior (black dashed line) of spread complexity can
be estimated by the system size of Hamiltonian (di):

C(t = ∞) ≈ di − 1
2 , (3.10)

which is derived for a maximally-entangled state such as the TFD state with β = 0 [75].
In figure 5, we present the difference in time evolution of spread complexity between

the chaotic (red line) and integrable (blue line) cases. This figure shows that the spread
complexity presents a characteristic peak for the chaotic case (red line), while it is absent for
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Figure 6. Temperature dependence of spread complexity with finite β = 0, 0.2, 0.5, 1 (red, orange,
purple, blue) when N = 10 for the mixed-field Ising.

the integrable case (blue line). It should be emphasized that taking the symmetry block Hi is
crucial for the appearance of the characteristic peak of spread complexity in the chaotic case.
In appendix A, we show that the peak is less evident if we consider all energy eigenvalues
without choosing a symmetry sector.

In addition, figure 5 shows that the behaviour of the normalized spread complexity in
the mixed-field Ising model is qualitatively the same regardless of the choice of the symmetry
sector. For this reason, we focus on one symmetry block H1 in the following discussions.

Finally, we discuss the temperature dependence in the spread complexity of the mixed-
field Ising model. In figure 6, we find that finite temperature (β ̸= 0) suppresses spread
complexity in both chaotic and integrable cases, and it also diminishes the visibility of
the peak in the chaotic case. These findings align with those discussed in RMT and SYK
models [42]. For further explanation on the finite temperature effect, see the discussion on
the specific role of TFD state in section 4. In short, for finite β, not every energy eigenstate
equally contributes to the dynamics of the spread complexity, which then cannot explore
the full chaotic features of the spectrum of the Hamiltonian.

NNN deformation of the Heisenberg chain. The results for the NNN deformation of
the Heisenberg chain are not qualitatively different from those of the mixed-field Ising model,
which provides further evidence that these quantities are useful to probe signatures of chaos
and potentially distinguish chaotic and integrable quantum many-body systems. Because
of this, we summarize only the key results for β = 0.

As mentioned previously, the NNN deformation of the Heisenberg Hamiltonian (3.6) also
has two parity symmetry sectors, similarly to the mixed-field Ising model. The results for the
spread complexity are shown in figure 7. Here, as shown in figure 5, the peak structure is
also present in the chaotic case. At the same time, the late-time behaviour is also captured
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Figure 7. Spread complexity in NNN deformation of the XXZ spin chain within each symmetry
block for N = 15 and total spin in the z-direction Mz = −5/2. The red line represents the chaotic
case, while the blue line represents the integrable case.

by (3.10) for the chaotic case.7 Note that the saturation value for the integrable case is
noticeably smaller that the chaotic case, in contrast with the Ising chain (cfr. figure 5) [42, 75].

Considering that spread complexity quantifies the extent to which the initial state
propagates across the Krylov basis, it is somewhat intuitive that the saturation value of
spread complexity is greater in chaotic scenarios compared to integrable ones. This implies
that a larger portion of the Krylov space is utilized in chaotic cases compared to integrable ones.
This aspect could potentially serve as an advantageous characteristic of spread complexity.

3.2.2 A comparison with the spectral form factor

There is an interesting conjecture about similarities between the transition time-scales of
spread complexity and the SFF. As discussed in section 2.2 the qualitative structure of the
SFF is: slope, dip, ramp and plateau, while spread complexity is conjectured to follow a
similar pattern: quadratic growth, linear growth, peak and plateau for the RMT or SYK
models [42, 75]. The goal of this section is to discuss this finding in our spin chain models.

Mixed-field Ising model. In figures 8 and 9 we respectively display the spread complexity
and SFF of the mixed-field Ising model. Our findings align with the argument in [75],
suggesting that the transition time scales in both spread complexity and SFF are closely
related. For example, we observe that the timescale of the peak in spread complexity and
that of the plateau in the SFF both scale linearly with the system’s size d. See figure 16
for a detailed comparison.

7Nevertheless, it is not surprising that (3.10) fails to capture the late time behavior of the integrable case
(blue data) depicted in figure 7. It has already been demonstrated [84] that the integrable models, such as
LMG models, cannot adhere to (3.10). In the derivation of (3.10), it is assumed that there is no energy
degeneracy. In numerical calculations on integrable systems, approximate energy degeneracy within numerical
precision may occur due to the Poisson distribution of the level spacing. For this reason, within the numerical
precision and time scale of our numerical calculations, (3.10) in the integrable case does not seem to hold in
figure 7.
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Figure 8. Log-scale plot of spread complexity in the mixed-field Ising model with β = 0 and N = 12
for the positive parity sector H1. The dashed lines are (3.10) (d1 = 2080 , d2 = 2016). In the left
panel, the peak can be seen in the inset.
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Figure 9. Log-scale plot of the SFF in the mixed-field Ising model with β = 0 and N = 12 for
the positive parity sector H1. The dashed lines are (3.11) (d1 = 2080 , d2 = 2016). The yellow line
represents the moving average, which we used to minimize numerical fluctuations.

Additionally, a “clear” ramp in the SFF (yellow line8 in the left panel in figure 9) may
result in a peak in spread complexity following its linear growth: see that the ramp in SFF
for the integrable case lacks clarity.

In addition, we find that the late-time behavior of SFF for the TFD state at infinite
temperature β = 0 is related to the saturation value of spread complexity according to
the relation

lim
T→∞

1
T

∫ T

0
SFF(t) = 1

di
= 1

1 + 2C(t = ∞) , (3.11)

8The yellow line represents the moving average, which is obtained by averaging over a sliding time window.
This procedure smooths out short-term variations and extracts longer-term trends in the data.
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Figure 10. Log-scale plot of spread complexity in the XXZ spin chain with β = 0 and N = 15 for the
positive parity sector H1 with total spin in the z-direction Mz = −5/2. The dashed lines are (3.10)
(d1 = 1512 , d2 = 1491). In the left panel, the peak can be seen in the inset.
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Figure 11. Spectral Form Factor in the NNN deformation of the XXZ spin chain with β = 0 and
N = 15 for the positive parity sector H1 with total spin in the z-direction Mz = −5/2. The dashed
lines are (3.11). The yellow line denotes the moving average.

where the first equality is derived from [98], while the second is obtained through (3.10) [64,
66, 75]. This is depicted as dashed lines in figure 9.9

NNN Deformation of the Heisenberg chain. Figures 10 and 11 display the spread
complexity and SFF for the Heisenberg model. We find similar features to those in the
mixed-field Ising model. The transition time scales of spread complexity closely align with
those of the SFF. The presence of a clear ramp in the SFF is related with the occurrence of a
peak in spread complexity. Also, the late-time saturation of the SFF adheres to (3.11).

9We make the plot of 1/di since (3.10) does not hold for systems exhibiting degeneracy within the energy
spectrum, as discussed in footnote 7.
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3.3 Spectral complexity

3.3.1 Early-time behavior and characteristic timescales

In this section we show the results for spectral complexity in spin chain models. We focus on
two main aspects: the time-scale at which the saturation occurs and the early-time behavior.

Regarding saturation, it is worth noting that for the chaotic case, the saturation time-scale
of spread complexity is of a comparable order to that of their integrable counterparts (refer
to section 2.1). However, there are examples in simple quantum systems, such as quantum
billiards ([77]), where the saturation time-scale of spectral complexity for chaotic systems is
several orders of magnitude smaller than in their integrable counterparts.10

On the contrary, unlike the late-time saturated behaviors of both complexities, it has
been suggested [75] that the early-time behaviour of spectral and spread complexity in the
RMT studies can be associated each other through an Ehrenfest theorem in Krylov space.
We study all these aspects above within the context of our spin chain models.

Mixed-field Ising model. In the left panel of figure 12, we show the time evolution of
spectral complexity. A typical feature is that the spectral complexity saturates at a later
time scale for the integrable case (blue line) compared with the chaotic case (red line). This
observation supports the observation that spectral complexity is sensitive to signatures of
quantum chaos such as energy-level repulsion. In the figure, the saturation value (2.17) is
represented by a black dashed line.

Nevertheless, in the right panel of figure 12, we find a distinction between spectral
complexity (solid line) and spread complexity(dashed line) during early times within the
mixed-field Ising model, unlike the findings in the RMT study in [75]. We will provide an
explanation for this discrepancy below.

NNN deformation of the Heisenberg model. Likewise, we display the spectral com-
plexity of the next-nearest-neighbor (NNN) deformation of the Heisenberg model in figure 13
and observe similar outcomes. Notably, the saturation time-scale for the integrable case
significantly lags behind that of the chaotic case. Additionally, we observe a discrepancy
between spectral and spread complexity in the early-time regime.

Now, we discuss the discrepancy between spectral and spread complexity in the early-time
regime within our spin chain models when β = 0. To explore this, it is beneficial to examine
the early-time behavior of both (2.11) and (2.14), yielding:

C(t) ≈ b2
1 t

2 , CS(t) ≈
(

1 − 1
d

)
t2 , (3.12)

where the former has been derived in [84] for generic quantum systems by analytically solving
the equation (2.10) perturbatively in the early time. Then, it becomes evident that, in
general, the two complexities behave differently unless b1 = 1 and d≫ 1. We find within our
spin chain models that b1 ̸= 1: this is the primary reason for the disparities in complexities
during the early time regime. It is noteworthy that in the RMT studies in [75] when the
dimension of Krylov space is large enough, b1 = 1.

10As advertised in the introduction, in section 3.3.2 we provide an explanation for this disparity from the
perspective of RMT at finite size N .
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Figure 12. Spectral complexity in mixed-field Ising model with H1, β = 0, N = 12. Left: spectral
complexity with chaotic case (red line) and integrable case (blue line). The black dashed line is
saturation value of (2.17). Right: early time behavior. The red solid line is spectral complexity and
red dashed line is spread complexity.
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Figure 13. Spectral complexity in the NNN deformation of the XXZ spin chain with β = 0 and
N = 15 and total spin in the z-direction Mz = −5/2 for the positive parity sector H1. Left: spectral
complexity for the chaotic (red line) and integrable (blue line) cases. The black dashed line is the
saturation value, according to (2.17). Right: early-time behavior comparison between spectral (solid
line) and spread (dashed line) complexity.

The Ehrenfest theorem on the relation between C(t) and CS(t) at early times was
formulated for RMTs in the β̃−ensemble. The discrepancy in our case could be attributed
to the fact that the spectral density of our spin models is not exactly the semi-circle law.
Thus, the Ehrenfest theorem for RMTs does not directly apply to our case. For the SYK
model, a similar discrepancy was discussed in [75].
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3.3.2 Lessons from random matrices: minimum energy difference

In this section, we calculate the minimum energy difference in RMTs. The rationale for
examining it is as follows. To derive the long-time average (2.17), we used

lim
T→∞

1
T

∫ T

0
dt sin2

(
t∆E

2

)
−→ 1

2 , (3.13)

where ∆E = Em − En is the energy difference. One can also find the time-scale for the
saturation as [

1
T

∫ T

0
dt sin2

(
t∆E

2

)]∣∣∣∣∣
T = π

∆E

= 1
2 . (3.14)

Since the definition of spectral complexity (2.14) contains 1
(Em−En)2 , the term with the

smallest |Em − En| would contribute dominantly to the saturation value of CS(t). For the
long-time average, we should take a longer time than π

∆Emin
, where ∆Emin := min{|Em−En|}

is the minimum energy difference in quantum systems. Therefore, ∆Emin is an important
inverse time scale for the saturation of spectral complexity. We study how ∆Emin depends
on size d of Hamiltonian matrix H.

We consider three famous random matrix ensembles of d × d matrices: Gaussian Or-
thogonal Ensemble (GOE), Gaussian Unitary Ensemble (GUE), and Gaussian Symplectic
Ensemble (GSE). Our convention of Gaussian measures is

1
ZGOE

e−
d
4 Tr H2

,
1

ZGUE
e−

d
2 Tr H2

,
1

ZGSE
e−d Tr H2

, (3.15)

respectively, where H are d × d matrices with symmetry of each ensemble, and Z··· are
normalization constants. With this convention, the spectral density of RMTs at large d is
given by the Wigner semicircle distribution with radius R = 2, which is d-independent.

Since energy eigenvalues of RMTs are random variables, one needs to take some kind of
average. We take an average of the minimum energy difference by iteratively generating d
energy eigenvalues from the Gaussian measures (3.15) [86]. Specifically, we generate Nit sets
of d energy eigenvalues and define the average of minimum energy difference ∆Emin by

∆Emin := 1
Nit

Nit∑
i=1

∆E(i)
min, (3.16)

where ∆E(i)
min is the minimum energy difference in the i-th set of d energy eigenvalues. Note

that, the energy spectrum in GSE is doubly degenerate, and thus we take ∆E(i)
min in GSE

to be the minimum energy difference between non-degenerate energies.
Figure 14 shows log-log plots of ∆Emin, where we choose Nit = 1000 for the average.

The black dots are the averaged values of our numerical data generated by the Gaussian
measures (3.15), and the blue curves are power-law fitting of the d-dependence given by

∆Emin ≈ 3.48
d1.50 (GOE), (3.17)

∆Emin ≈ 2.98
d1.32 (GUE), (3.18)

∆Emin ≈ 3.92
d1.24 (GSE). (3.19)
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Figure 14. d-dependence of ∆Emin in RMTs.

Although there will be numerical errors due to random variables, the d-dependence of ∆Emin
can be well fitted by power-law behaviors as seen in linear behaviors in the log-log plots.

Results for the mixed-field Ising model. The analysis for random matrix ensembles
reveals that the minimum energy difference displays a power-law behavior as a function of
the size d of the matrix (∆Emin = a

db , for some constants a and b). Since strongly chaotic
systems are expected to display random matrix behavior, we expect that the minimum energy
difference also display such power-law behavior in these cases. To further investigate this, we
study the minimum energy difference versus the size of the matrices in each symmetry sector
of the mixed-field Ising model. In the chaotic case, we find the expected power-law behavior:

∆Emin = 0.65/(d1)1.40 , ∆Emin = 1.78/(d2)1.57 (3.20)

for the even parity sector and the odd parity sector respectively. See figure 15. The results
seem closer to the behavior observed for GOE, which describes systems with time-reversal
symmetry as is the case for the mixed-field Ising model. By contrast, in the integrable
case, we did not observe this power-law behavior. The level spacing distribution in the
integrable case is the Poisson distribution as seen in figure 2. Due to nonzero distribution
at s = 0, the minimum energy difference in the integrable case can be erratic compared
to the power-law behavior.

Since the saturation time of spectral complexity is given roughly by tsaturation ∼ 1/∆Emin,
the above-mentioned power-law behavior implies the following scaling behavior of the sat-
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Figure 15. Minimum energy difference versus d1 or d2 (see figure 1) for the mixed-field Ising model
in the chaotic case (J = 1, hx = −1.05, and hz = 0.5). Here, to better compare with the results
for random matrices, we re-scaled the spectrum of the system to make it fit between 0 and 2, i.e.,
[Emin, Emax] = [0, 2]. The fitted lines are ∆Emin = 0.65/(d1)1.40 for the even parity sector and
∆Emin = 1.78/(d2)1.57 for the odd parity sector. This power-law behavior does not happen in the
integrable cases.

uration time in the chaotic case

tsaturation ∼ db = eb log d , (3.21)

which (roughly) agrees with the expected behavior for chaotic systems proposed in [20],
namely, tsaturation ∼ eS , if we identify log d as the entropy S of the system.

4 Discussion and conclusions

In this work, we studied two different measures of quantum complexity in the context of
spin systems which interpolate between integrable and chaotic, according to their spectral
statistics. First, we showed that whenever the systems are in their chaotic point, the spread
complexity of the Thermofield Double (TFD) state presents a peak at a timescale which is
comparable to the one in which the spectral form factor (SFF) transitions from the ramp
to a plateau, strengthening the observations made in [42, 75] that the presence of such a
feature could be used to signal chaotic quantum dynamics.

It is worth noting that the authors of [82] also examined spread complexity in spin
systems capable of exhibiting chaotic behavior. Nevertheless, no distinct peak was observed
in their findings (though an analysis of the Lanczos coefficients pointed towards chaotic
behaviour). One plausible explanation for this discrepancy can be traced back to the original
work on spread complexity [42]. In that study, the spread complexity conjecture for quantum
chaos was formulated based for the TFD state. The lack of a distinct peak in [82] might
be attributed to a different choice of initial state.

Authors focused on |DW⟩ = |↑ · · · ↑↓ · · · ↓⟩, a domain wall state which is usually chosen
for studying quantum dynamics using quenches. It is a non-typical state that depending on
the specific spin chain may exhibit entanglement. One important feature that distinguishes
the TFD state from the domain wall state |DW⟩ is that the former has a non-zero overlap
with energy eigenstates with arbitrary energies and it is thus more “sensitive” to the complete
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energy spectrum, while the latter is a very specific state with a (generically) more restricted
overlap with energy eigenstates.11 Since spread complexity is a measure of the spreading
of states in Krylov subspace, a space spanned by actions of the Hamiltonian on the initial
state, it is expected that states with a small overlap with energy eigenstates will have an
associated “smaller” Krylov space, compared with states that have a larger overlap with the
energy eigenstates.12 However, other probes of chaotic behavior in quantum systems, such as
entanglement (see e.g. [109]), may rely on different properties of the states.

Moreover, the authors of [110] studied the spread complexity and the Lanczos coefficients
for the mixed-field Ising model for different choices of states. They show that the saturation
value of spread complexity as well as the variance of the Lanczos coefficients can probe chaotic
behavior for certain choices of states. However they do not discuss the choice of the TFD
state as the initial state or the peak in spread complexity.

The presence of a peak in spread complexity for different RMT ensembles with different
Dyson indices was discussed in [111], where it was observed that the peak appears in GUE
and GSE even for random initial states, while in GOE, it is absent for random initial states
but appears when the initial state is the TFD state. This suggests, for example, that in
chaotic systems without time-reversal symmetry (for which the spectral statistics is expected
to be described by a GUE), the peak in spread complexity would be present not only for
the TFD state, but also for random initial states. Note that, even though the shape of the
spread complexity in GUE and GSE has a similar peak for both random initial states and
the TFD state, the TFD state may be more suitable than random initial states for studying
other measures for chaos such as the covariances of the Lanczos spectrum.

Similarly, we find that the saturation value of spread complexity after the peak depends
on details of the dynamics that may not be attributed solely to the spectral statistics. While
we do not have a complete understanding of this feature, this difference can potentially be
attributed to the choice of initial state and its spreading over the Krylov basis. To be precise,
since spread complexity measures how much the initial states spread through the Krylov basis,
the fraction of the Krylov basis that is occupied in the chaotic case at late times is generically
larger than the fraction of the Krylov basis that is occupied integrable case. However, the
precise amount of spreading that the initial state has with the Krylov basis depends on the
properties of the system beyond its spectral properties in a non-trivial way.

For the TFD state at finite temperature 1/β, we found that the feature of the peak
becomes more visible as the temperature increases. This is consistent with the expectation
that increasing the temperature enables us to access states with higher energy, which is
necessary to accurately capture the spectral statistics of the theory.

It is worth pointing out that the time-dependent properties of other quantum complexity
measures, such as time-evolution of Nielsen complexity, have also been studied in the context
of integrable and chaotic systems. In particular, a bound on Nielsen complexity has been
efficiently estimated for bi-invariant metrics using lattice cryptography techniques [101, 111].

11The precise overlap of |DW⟩ with energy eigenstates depends on the specific parameters of the Hamiltonian,
and may vary with the specific details of the system. For example, in systems with strong anisotropy, |DW⟩
can be closely related to the ground state and low-lying excited states, leading to a large overlap with these
energy eigenstates, but not highly-excited ones.

12We thank Kuntal Pal for pointing out this possibility.
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Building on these results, authors in [112] furthermore uncovered a relation between the time
average of spread complexity and a bound on Nielsen complexity. It would be interesting
to continue to explore the relation between these two complexity measures and understand
whether there exist bounds to the growth rate of spread complexity akin to [113], that could
help understand the physics behind its saturation value, such as its state dependence.

We also studied spectral complexity and provided further evidence to the observation
made in [77] that its saturation value and timescale for the chaotic point of a given Hamiltonian
that interpolates between integrable and chaotic, is orders of magnitude smaller than for
the integrable point. By analyzing the properties of spectral complexity for random matrix
theories (RMTs) of finite size d = 2N , we determined that the property of the system
determining these features is the minimum of the energy difference in the spectrum. To the
best of our knowledge, this is the first time that such a feature of the spectrum appeared
in the context of quantum chaos.

Timescales of dynamical probes of quantum chaos. Perhaps the most accepted
definition of quantum chaos is based on the idea that Hamiltonians of chaotic systems
behave like random matrices. The basic idea is that the energy levels of the system in each
symmetry sector are strongly correlated, and their nearest-neighbor level spacing statistics
follows a Wigner-Dyson distribution. By contrast, the energy levels of integrable systems are
uncorrelated and their nearest-neighbor level spacing statistics typically follows a Poisson
distribution. This definition is based on the Bohigas-Giannoni-Schmit (BGS) conjecture [114],
which states that certain fluctuation properties of the spectrum of time-reversal classically
chaotic systems (K-systems) are well described by Gaussian orthogonal ensembles (GOE) of
random matrices. This conjecture is still not proven but is supported by a vast number of
numerical studies, with well-understood limitations in its validity. In the case of systems that
do not have a classical limit, it is natural to use the random matrix behavior as a working
definition of quantum chaos. This definition is very economical since it only depends on the
Hamiltonian of the system. Nevertheless, in addition to studying the spectrum of the systems,
which are static, exploring time-dependent quantities can also offer additional valuable insights
for understanding manifestations of chaos at the quantum level. In particular, it is interesting
to investigate how the chaotic properties of the Hamiltonian influence the dynamics of states
and operators and what are the signatures of chaos for them. In table 1, including our
findings on spread and spectral complexities, we summarize some well-studied probes of
quantum chaos and their characteristic timescales.

The standard time-dependent quantity in studies of quantum chaos is the Spectral Form
Factor (SFF). In RMTs, SFF as a function of time displays a typical slope-dip-ramp-plateau
behavior, characterized by certain timescales. The same behavior is expected to occur in
chaotic systems, while in integrable systems one expects a different behavior. Spread and
spectral complexities provide a new window into this time dynamics. In figure 16, we present
a summary of our findings regarding the timescales on SFF, spread complexity, and spectral
complexity, for the chaotic cases and positive parity sectors of the mixed-field Ising model
and the deformed XXZ model.

The behavior of SFF is characterized by two distinct timescales, tdip and tplateau, denoted
as the vertical dashed lines in the top panel of figure 16. These timescales can be associated
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Figure 16. Comparison of the characteristic timescales for the mixed-field Ising model with d1 = 2080
(left) and the deformed Heisenberg XXZ model with d1 = 1512 (right) for the chaotic cases. In both
cases we consider the positive parity sector. Additionally, in the deformed Heisenberg model we
consider the sector with Mz = −5/2.
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Probes Characteristic Timescales
Out-of-time-order correlator tscrambling ∼ log d [115, 116]
Krylov operator complexity texponential-growth ∼ log d , tsaturation ∼ e2d [66]

Spectral Form Factor tplateau ∼ tH = d [98]
Spread complexity tpeak ≲ tH = d

Spectral complexity tsaturation ∼ d b, with b given by eqs. (3.17)–(3.19), (3.20)

Table 1. Typical timescales characterizing different time-dependent probes of quantum chaos. Here,
d is the dimension of the Hilbert space, N is the number of lattice sites, and tH is the Heisenberg
time.

with the timescales of spread and spectral complexities as follows.
Initially (t ≲ tdip), both spread and spectral complexities exhibit quadratic growth over

time, while the SFF displays a discernible slope. As time progresses (t ≳ tdip), spread
complexity and spectral complexity transition to an apparent13 linear growth, and the SFF
begins oscillating significantly, although on average it displays a linear ramp-like trend.
Then, around t ∼ tplateau, both spread complexity and the SFF reach saturation, with
spread complexity peaking shortly before saturation. Spectral complexity, on the other hand,
saturates at a slightly later timescale, denoted as tsaturation: we observe that tdip ≲ 1, while
tplateau ∼ di and tsaturation ∼ db

i , with b given by given by eqs. (3.17)–(3.19), (3.20).
It is notable that we also checked that two timescales (tdip and tplateau) are comparable

between SFF and spread complexity even for the integrable cases. This indicates that such
timescales are characteristics of the system’s symmetry and dimension rather than chaos.
Instead of the timescale, the presence of a peak in spread complexity and a linear ramp in
the SFF serve as signatures of chaos. The saturation values of spread complexity and the
SFF vary depending on the level of chaos and the system’s state. However, for the TFD state
at infinite temperature, these saturation values are maximal and determined by the system’s
symmetry and dimension, as demonstrated in equation (3.11). As for spectral complexity,
both the saturation timescale tsaturation and late-time values serve as signatures of chaos due
to differences in the level spacing distribution.

Last but not least, regarding the SFF, it is also notable that our observation of tdip ∼ O(1),
regardless of the system size (when 6 ≤ N ≤ 12), stands in contrast to the behavior identified
in RMTs, where tdip ∼ d1/2 [98]. In RMT, this scaling of the dip time is influenced by the
disconnected part of the SFF, primarily affected by the region near the spectrum’s edge,
characterized by a semicircular density of states. However, in the case of spin chains, we
have identified a Gaussian-shaped density of states. The deviation in scaling behavior from
RMT can thus be attributed to this disparity in the density of states exhibited by the spin
chain under examination. However, it remains unclear to us why the Gaussian density of
states shape results in a dip time seemingly independent of the system size. We are currently
investigating this behavior.

13More precisely, the spectral complexity appears to display a linear growth in our log-log plots, but its
behavior is more complicated. Its second derivative is very small but nonzero, oscillating considerably in this
time range. This should be the case since the second derivative of the spectral complexity gives the SFF.
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It is worth recalling that these state-dependent (spread and spectral) complexities can
probe random matrix behavior well when the complexities are associated with the TFD state.
This happens because random matrix behavior is a statement about the full14 (level-spacing)
spectrum of the system. As such, in this regard, any quantity that aims at probing random
matrix behavior would benefit from having information about the full spectrum of the system,
and the TFD state accomplishes this. We believe that other states sufficiently similar to the
TFD state are also capable of effectively probing random matrix behavior.

Other notions of quantum chaos, such as out-of-time-order correlators (OTOCs) and
Krylov operator complexity, measure the scrambling of quantum information, and are
inherently associated with states. Typically, they are computed from correlation functions
of operators in a thermal state. This parallels classical ergodic theory, where chaos is often
characterized by vanishing of correlation functions (mixing), which are defined with reference
to some measure. The measure is commonly interpreted as a state.

Why is the TFD state special for state-dependent probes of quantum chaos? In
the following, we further discuss why the TFD state seems to be well-suited for detecting
random matrix behavior for state-dependent probes of chaos, in particular, for spread
complexity. The starting point for computing spread complexity in an arbitrary state |Ψ⟩
is the autocorrelation function

ψ0(t) = ⟨Ψ(0)|Ψ(t)⟩. (4.1)

If |Ψ⟩ = |TFD⟩, then the autocorrelation function can be written [42, 86] as

ψ0(t) = Zβ−it

Zβ
=

√
SFF(t) , (4.2)

which depends on the full spectrum of the system due to the following expression of SFF

SFF(t) := |Z(β + it)|2

|Z(β)|2 = 1
Z(β)2

∑
m,n

e−β(Em+En)ei(Em−En)t . (4.3)

Since the SFF depends on all energy differences En − Em, it is intuitive to consider that
this quantity is sensitive to the level spacing statistics of the system. Consequently, the
autocorrelation function is also sensitive to the level spacing statistics and this dependence
passes to the other wave functions ψn(t) with n > 0, and to the spread complexity C(t) =∑

n n|ψn(t)|2.
Note that for an arbitrary state |Ψ⟩ in a single copy of the system, the autocorrelation

function can be written as

ψ0(t) =
∑

n

eiEnt⟨Ψ(0)|n⟩⟨n|Ψ(0)⟩ , (4.4)

which in general depends on the overlaps between the evolving states and the eigenstates
and may have a much simpler dependence on the spectrum {En} than the TFD state, being

14One should note, however, that random matrix behavior is normally found excluding the edges of the
energy spectrum of the system, where the behavior is typically non-universal. Certain systems, however,
display chaotic fluctuations through the entire spectrum [117].
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much less sensitive to the level spacing statistics of the system. In particular, if the initial
state is an eigenstate of the Hamiltonian, |Ψ⟩ = |n′⟩, its time evolution is simply given by
|Ψ(t)⟩ = eiHt|n′⟩ = eiEn′ t|n′⟩. The autocorrelation function in this case is determined by
a single energy level, not having information about the rest of the spectrum. In this case,
the autocorrelation function and spread complexity are insensitive to the full level-spacing
statistics of the system. This situation is similar to a common understanding that we should
not use operators having a zero commutator with the Hamiltonian for OTOCs and Krylov
operator complexity as probes of quantum chaos.

The above considerations allows us to conclude that states which are similar to the TFD
state will probably be sensitive to the random matrix behavior of the system, while linear
combinations of a few energy eigenstates will probably be insensitive to it. Moreover, when
opting for the eigenstate as the initial state:

|K0⟩ = |ψ(0)⟩ = |n′⟩ , (4.5)

it becomes apparent that the Lanczos algorithm (2.3) fails to yield a non-trivial Krylov basis.
This is because eigenvectors of the Hamiltonian have a trivial time evolution, controlled by a
simple phase — the initial state, which is given by |K0⟩, does not spread through the rest of
the Krylov basis |Kn⟩ for n > 0. The first vector of the Krylov basis, |K1⟩, vanishes due to

|A1⟩ = (H − a0)|K0⟩ = (H − n′)|n′⟩ = 0 , (4.6)

where we used (2.4) in the second equality. Therefore, employing the Lanczos algorithm
reveals the vanishing of all Krylov bases |Kn⟩ for n > 0, and the corresponding spread
complexity vanishes identically, failing to probe the statistical properties of the spectrum.

Concluding remarks. Excluding the cases of saddle-dominating scrambling, the relationship
between random matrix behavior and scrambling behavior appears interconnected yet not
identical. It is intriguing to explore whether one of these concepts implies the other, potentially
serving as a more fundamental notion. We speculate that a precisely defined mathematical
definition for quantum chaos, encompassing a quantum version of the ergodic hierarchies,
would probably clarify the state-dependent issue of quantum chaos. To the best of our
knowledge, this is not well understood yet and remains an area of ongoing exploration.15

The TFD states are well-studied from the perspective of holography because two-sided
black holes can be regarded as the holographic duals of TFD states. The authors of [39] show
that spread complexity of chord states in the triple scaling limit of the SYK model, which
captures the early time behavior of the double-scaled SYK model, matches the Lorentzian
wormhole length in Jackiw-Teitelboim gravity. If this duality remains valid for the double-
scaled SYK model at late times, then perhaps one should observe a peak in the plot of the
quantum-corrected wormhole length. On the other hand, the authors of [20] proposed that
the quantum-corrected wormhole length should be dual to spectral complexity, which in
general is different from spread complexity — for example, spectral complexity does not show
a peak in our calculations for spin chains. It would be beneficial to elucidate and clarify
this apparent inconsistency in subsequent research endeavors.

15For recent proposals of a quantum version of the classical ergodic hierarchies, we refer to [118, 119].
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A Mixed-field Ising model without considering symmetry sectors

In this section, for pedagogical purposes, we present the results of the mixed-field Ising
model devoid of symmetry sector considerations. Our analysis explicitly reveals that not
considering symmetry sectors diminishes the prominence of the features characterizing chaotic
behavior. Specifically, a comparison between figure 2 and figure 17 regarding the level
spacing distribution, as well as figure 5 and figure 18 concerning spread complexity, elucidates
this observation.

The reason behind this can be understood as follows: in chaotic systems, energy levels are
closely tied to specific symmetry sectors, resulting in strong correlations among energy levels
within the same sector. However, there’s typically little to no correlation between energy
levels belonging to different symmetry sectors. The statistical analysis of nearest-neighbor
level spacing reveals these correlations through the Wigner-Dyson distribution, while the
spread complexity displays a peak just before reaching saturation. However, if we disregard
the existence of different symmetry sectors within the system’s Hamiltonian, even chaotic
systems may appear to lack correlations between energy levels. Consequently, this oversight
could result in the statistical distribution of nearest-neighbor level spacing resembling a
mixture of the Wigner-Dyson and Poisson distributions, with the peak in spread complexity
becoming less evident.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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sectors (i.e., using the full Hamiltonian H) with N = 12 sites. The red line denotes the Wigner-Dyson
distribution (GOE) and the blue line denotes the Poisson distribution.
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