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OPEN A superresolution-enhanced

spectrometer beyond the Cramer-
Rao bound in phase sensitivity

Byoung S. Ham%2**

Precision measurement has been an important research area in sensing and metrology. In classical
physics, the Fisher information determines the maximum extractable information from statistically
unknown signals, based on a joint probability density function of independently and identically
distributed random variables. The Cramer-Rao lower bound (CRLB) indicates the minimum error of the
Fisher information, generally known as the shot-noise limit. On the other hand, coherence has pushed
the resolution limit further overcoming the diffraction limit using many-wave interference strictly
confined to the first-order intensity correlation. However, practical implementation is limited by the
lithographic constraints in, e.g., optical gratings. Recently, a coherence technique of superresolution
has been introduced to overcome the diffraction limit in phase sensitivity using higher-order intensity
correlations of a phase-controlled output field from an interferometer. Here, the superresolution is
adopted for precision metrology in an optical spectrometer, whose enhanced frequency resolution

is linearly proportional to the intensity-product order, overcoming CRLB. Unlike quantum sensing
using entangled photons, this technique is purely classical and offers robust performance against
environmental noises, benefiting from the interferometer’s scanning mode for fringe counting.

To overcome the diffraction limit of classical physics, quantum sensing has been introduced to an interferometer
by leveraging the quantum correlation of entangled photon pairs'™. In traditional interferometers such as a
Mach-Zehnder or Michelson interferometer, the interference fringes in the output field arise from the first-order
intensity correlation®. Both coherence and quantum approaches yield the same results for this fringe®. However,
to fully exploit the advantages of quantum sensing of an unknown signal, interacting photons must be resolved
for higher-order intensity correlations’"**. To exploit the benefit of quantum sensing, a polarization-projection
measurement technique has been developed®!*, resulting in superresolution of photonic de Broglie wavelengths
(PBWs)’~13. This projection measurement has been commonly used to demonstrate nonlocal quantum
correlation that violates Bell’s inequality in quantum information science'®. Given that quantum techniques rely
on the particle nature of photons satisfying a statistical ensemble of events to be independently and identically
distributed (iid), they must forgo phase information in an interferometer. According to the Heisenberg uncertainty
principle, the particle and wave natures must be exclusive in quantum mechanics'®. Consequently, the phase
information of entangled photons must be disregarded unless one relinquishes the particle nature. Therefore,
in a phase-controlled interferometer, it is assumed that the entangled photons are temporally coherent with a
common phaseS, allowing for the assignment of a relative phase without contradicting their particle nature!”.
Fisher information quantifies the maximum amount of information that can be obtained about an unknown
signal based on iid random variables (see Fig. 1)!8. In the context of an interferometer, these random variables
can be thought of as polarization bases of light (see Fig. 2). For example, coin tossing represents two random
variables: heads and tails. Given a fixed probability for a particular outcome, the likelihood function of coin
tossing describes the joint probability of these iid random variables. In an interferometer, a single coin tossing
corresponds to the first-order intensity correlation, which results in interference fringes in the output port. In
this case, there is no distinction in the fringes between single photon!® and continuous-wave (CW) lights?*-22.
However, for the ordered intensity correlation of the output events, the measurement error depends on the
intensity-product order?’, which is equivalent to the joint probability of coin tossing, i.e., the product of the
probabilities of individual coin tosses. This modified measurement error in an interferometer represents a
variance determined by the Fisher information'®. Due to the iid random variables, a single toss of multiple coins
is equivalent to multiple tosses of a single coin'®. Likewise, multi-photon or CW input can be considered in the
same way as in the coin toss if the ordered intensity correlation can be realized?*?2. The independent condition for
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Fig. 1. Schematic of superresolution spectrometer. (a) Conventional scheme. (b) Proposed superresolution
spectrometer scheme. BS nonpolarizing beam splitter, BX beam expander, FCU fringe counting unit, H half-
wave plate, P polarizer, PD photodiode, PBS polarizing BS, DQ dummy quarter-wave plate, SLM spatial light
modulator. A L is the scan range of the interferometer. T;; (R;;): a target (reference) light pixel. The dotted
box in (a) represents the SLM block in (b) with no voltage control or P.
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Fig. 2. Schematic of superresolution. (a) Schematic of phase-controlled quantum erasers. (b) QWP-
dependent fringe shifts. DQ dummy quarter-wave plate, HWP half-wave plate, PBS polarizing beam splitter,
BS nonpolarizaing beam splitter, P polarizer, PD photodiode, Q quarter-wave plate. ¢ =2t AL/A. ¢, =0
indicates without Q1. £ ; = 7 /2 indicates fast-axis vertical in Q2.

Scientific Reports |

(2025) 15:6455

| https://doi.org/10.1038/s41598-025-90857-9

nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

intensity products is satisfied by Poisson-distributed photons?!. The identical condition is achieved by coherence
optics through projection measurements, dividing the output field into multiple segments®>?2. Recently, the
projection measurement technique has been experimentally demonstrated for the Fisher information of the
shot-noise limit (SNL) using Poisson-distributed coherent photons?.

Unlike the demonstration of SNL using non-phase-controlled projection measurements**?2, the phase of
divided output fields from an interferometer can be precisely managed using linear optics, such as a quarter-wave
plate (QWP)?24. As shown in Fig. 2, the intensity product of four divided output fields from an interferometer
can differ from the SNL case??, if a QWP is inserted?. This phase-controlled intensity correlation has also been
demonstrated using coherent single photons for PBW-like superresolution?>2%, where Ref.? includes both single-
photon and CW regimes. In quantum sensing using entangled photon pairs, superresolution is a necessary
condition for the Heisenberg limit, although it is not sufficient on its own'?. With a comprehensive analysis of
the coherently excited superresolution beyond Fisher information, this paper focuses more on phase sensitivity
of an unknown signal demonstrating an enhanced frequency resolution, surpassing SNL as well as conventional
counterparts. To address the scalability challenges posed by complex linear-optics configurations (see Fig. 2)%,
implementing a superresolution-enhanced spectrometer becomes a crucial technical challenge. The key to
implement this idea lies in the method of output port’s division and its phase control in an individual basis for
the higher-order intensity product. For this, the fundamental physics of superresolution is briefly overviewed
for the phase control of divided iid output fields**?*?’. Finally, an analytical solution of superresolution in an
interferometer is sought for the practically unlimited intensity-product order, exceeding the Cramer-Rao lower
bound (CRLB).

Results

Figure la represents a schematic of a conventional (traditional) spectrometer based on a Michelson
interferometer. For the detection of an unknown frequency f, the interference fringes are counted for a given
continuous path-length scan range A L and compared to that of a reference frequency fo. These fringe counts
are fairly stable and robust due to the relatively slow phase fluctuation caused by temperatures, mechanical
vibrations, and air turbulences, if AT (= AL/c) < pus®. For the frequency (A1) measurement of an
unknown signal (target laser), the fringe count M is just compared with the known N of the reference (fo),
resulting in fr = fo(M/N). To work with this scheme, M = N & 1 becomes the minimum condition for
an ultimate resolution A f (= |fr — fo|): (A f) = fo ‘W} and N > 2. Thus, keeping a large N is

an essential requirement for better resolution. Due to the stability condition of the interferometer, however,
maximum N is upper bound for a given A T. This type of a spectrometer has already been widely adopted by
modern technologies in academia and industry.

Figure 1b represents a schematic of the proposed superresolution-enhanced spectrometer, where the
phase-controlled quantum eraser?*?° is the basic building block, as shown in Fig. 22?%?’, To solve the limited
scalability caused by cascaded linear optics, a spatial light modulator (SLM) replaces the linear optics used for
the intensity-product (K) measurements (see the dotted boxes in Fig. 2a for K = 4, where K is the intensity-
product order)**?%. As analyzed below, the frequency resolution in Fig. 1b is K-times enhanced, resulting in
(A fsR)pin = (A f),,in/ K, where K is the pixel number of SLM used for the intensity product. Considering
the off-the-shelf million-pixel SLM, a million-folded resolution enhancement is achievable in Fig. 1b over the
conventional spectrometer in Fig. 1a.

The theory of the coherently excited quantum eraser>>*’, as a fundamental element of supreresolution is
relatively new to general audience. Thus, a brief overview is provided below on how phase control of the output
field can achieve superresolution through intensity-product measurements. Unlike conventional interference
fringes, the output port of the modified Michelson interferometer is split into K ports, as shown in Fig. 2a,
to facilitate measurements corresponding to iid condition in Fisher information. Without Qs (QWPs) or Ps,
the intensity product follows the classical feature of SNL*, where the spectral distribution of measured signals
exhibits randomness due to the Poisson statistics of laser light. If Qs and Ps are added for polarization-basis
projection measurements, superresolution is achieved?*?”. Given the technological limitations in the scalability
with linear optics for the maximum value of K in Fig. 2, the cascaded linear-optics block, which consists of a
quarter-wave plate (QWP) and beam splitters (BSs), can be replaced by a SLM as shown in Fig. 1b. Each voltage-
controlled SLM pixel*® exhibits the same birefringent effect as QWP?, enabling independent phase control for all
SLM pixels by applied voltages®'. A proof-of-principle experiment demonstrating macroscopic superresolution
using a QWP has recently been conducted for values of K up to 4%%.

To briefly review the phase-controlled quantum erasers, Fig. 2a illustrates the basic building block of
superresolution depicted in Fig. 1b, where fringe-shifted quantum erasers enhance resolution in the macroscopic
regime (see Fig. 2b)?’. Figure 2 is effective for both reference and target lights in the same way as Fig. 1b. For the
input field E;,, with statistically random polarization bases (H and V'), a half-wave plate (HWP) rotated by 22.5
degrees is inserted to rotate vertically (horizontally) polarized E;, to a diagonal (anti-diagonal) direction before
entering the Michelson interferometer. Inside the interferometer, a polarizing beam splitter (PBS) establishes
a predetermined polarization-path correlation, resulting in no interference fringes at the output port?. In
the quantum version, this PBS-based Michelson interferometer reveals the particle nature of a single photon
in the input light E;,, leading to distinguishable photon characteristics®2. The output field Eo¢ in Fig. 2a is
represented by*:

min

23,30 24,27
>

Eou () = Ein (ﬁe“ﬁ + 17) /V2, (1)
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Fig. 3. Numerical simulations of the superresolution-enhanced spectrum (top row) Normahzed intensities
of K-ordered correlations. (bottom row) fringe difference: I (f) — I (fo). I: Eq. 2), Isnr: K, Isr: Eq. (6),
where 2 K>K. B/A=110

where H (?) is the unit vector of horizontally (vertically) polarized light field. The corresponding output

intensity is ¢ -independent and thus results in uniform intensity, lout (¢ ) = ILin/2, where I; = E; E7.

The quantum eraser is implemented using a polarizer P for Fo.:%°, where P is rotated by 45 degrees from the
horizontal axis. As a result, the orthogonally polarized lights in Eq. (1) become parallel in a diagonal direction
after passing through P. This polarization projection onto P generates interference fringes, signifying the action
of the quantum eraser (see the blue and red curves in Fig. 2b)?. In the single-photon regime, this phenomenon
is recognized as the indistinguishable photon characteristic of the wave nature. Coherently excited quantum
erasers have been experimentally demonstrated in both single-photon?® and CW regimes*!. For K-times
enhanced superresolution via the Kth-order intensity product between quantum erasers, the output field Eou¢
must be divided into K equal components, as shown in Fig. 2a. Given the light bandwidth and intensity equality
between the divided fields, the iid condition is fully satisfied for the measurement events. In other words, the
photons randomly distributed in Eo.¢ are assumed to be randomly projected onto Ps. In each set (Set 0 or Set
1) of quantum erasers in Fig. 2a, Eq. (1) is rewritten to describe individual intensities of the phase-controlled
quantum erasers:

I = L, (1 + cosp ) /8, 2
Iy = Iin (1 — cosp ) /8, (3)

where the path-length difference-caused global phase does not affect the intensity. Equations (2) and (3)
correspond to the blue and red curves in Fig. 2b. In each set, the paired quantum erasers exhibit an out-of-
phase relation, even with phase control by QWP, due to the opposite polarization direction of H between the
transmitted and reflected by BS (see the dotted curves in Fig. 2b)>?. Compared to Ref.?’, a factor of 2 is applied
because PBS directs the entire output field Fo,.; into one output port by the inserted dummy QWPs (DQs).
Importantly, the iid quantum erasers are coherently used for higher-order intensity correlations with QWP in
each set?»?’. It is important to note that the minimum uncertainty in phase estimation for iid unknown signals,
measured via intensity product without QWPs (Q1 and Q2) and Ps, corresponds to the CRLB for Fig. 1a (see
below and Fig. 3)%.

The role of the QWP in each set (set 0 or set 1) in Fig. 2a is to create equally shifted fringes (see Fig. 2b),
essential for achieving superresolution®*%7. As analyzed in Ref.”’, the general solution of phase-controlled
quantum erasers in Fig. 2a is given by § ; = 2 J forj=0,1,. K 1, where & ; is directly related to the
QWP’s (Q1 and Q2) rotation angle for the Jth set of the quantum erasers This general solution for £ ; has been
experimentally validated for values up to K = 4%, With the appropriate angles of Q1 and Q2, the individual
intensities in the jth set (in the expansion) in Fig. 2a are obtained as follows:

Iij = Lin [1 + cos(p — 53)] /8, @

Ioj = Iin [1 —cos(p — 53)] /8. ®
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Consequently, the normalized Nth-order (N=2 K) intensity product across K sets of quantum erasers is
expressed as?’:

oy =11 J,:lsinQ(so —€,). ©6)

Therefore, by properly phase-controlling K sets of quantum erasers in Fig. 2a, superresolution is achieved through
the intensity product of projected output lights onto Ps, with the resolution enhancement determined by the
intensity-product order N in Eq. (6). This coherence-based superresolution technique can be directly applied to
the voltage-controlled SLM-based spectrometer in Fig. 1b. As theoretically analyzed, the equivalent and general
form of Eq. (6) is C’é];;) = [1 + cos (N )] /2?7, where the intensity-product fringes increase linearly by a factor

of N. Obviously, this quantum effect of superresolution is obtained through a classical coherence-optics method
in a macroscopic regime. Although the superresolution is not a sufficient condition for super-sensitivity, a near
perfect fringe visibility of the intensity products in Eq. (6) satisfies the super-sensitivity in quantum sensing®!.

Numerical simulations
The top row of Fig. 3 represents numerical calculations of the fringe-count rate for three different versions of a
spectrometer. The bottom row shows the corresponding difference in the fringe-count rates for A f = f — fo
as a function of acquisition time A T". Whenever the phases of I (f) and I (fo) coincide, the intensity difference
reaches zero, resulting in a beating phenomenon. Intensities in all panels are normalized for comparison
purposes in resolution (fringe counts). The left column represents a traditional spectrometer, as depicted in
Fig. 1a without the dotted box, where numerical calculations by Eq. (2) are for f (unknown) and fo (known) as
a function of scan time A T (= AL/c): f = 1.02fo. Here, the reference light is denoted by fo, and all other
frequencies correspond to the target light being measured. The beating at every 50 f; ! in Fig. 3e serves as a
reference for the other calculations.

The middle column of Fig. 3 illustrates the intensity product for K = 10, corresponding to the left
column with the dotted box in Fig. la, representing the general case of Fisher information for SNL*:
C g(v)L = [(1+ cos )/2]™. In this setup, the photodetector in Fig. 1a is replaced by the SLM block in Fig. 1b

without voltage control or Ps?’. The numerically calculated phase sensitivity (resolution) improves by a factor of
V'K near ¢ = =+ 2nm (n=0,1,...), as experimentally demonstrated for K=1, 2, and 4 (see the Inset in Fig. 3b)?2.
However, near ¢ = + (2n + 1)7t, the resolution deteriorates by a factor of 1/+/K, resulting in no change in
the average resolution or phase sensitivity (see Section A of Supplementary Materials)>>?2. As shown in Fig. 3e,
the difference-fringe rate remains unaffected by the intensity-product order K, leading to no improvement in the
frequency resolution (see Section A of Supplementary Materials).

The right column shows the superresolution effect from Fig. 2 (also Fig. 1b), represented by
Cg;) = [1+ cos (K )] /2. In Fig. 3c, the fringe-count rate increases tenfold with the intensity-product

order K = 10. Figure 3f shows that the beating period for the difference-frequency counts shortens by the
factor of K, resulting in a tenfold improvement in frequency resolution A f. This indicates that superresolution
enables a K-fold enhancement in resolving the frequency of an unknown signal. Consequently, the phase error
of an unknown signal with superresolution surpasses the CRLB by a factor VK (see below): A ¢ ¢ = 7 /K
. This represent the Heisenberg limit of quantum sensing for phase sensitivity. It should be noted that common
environmental noises caused by vibration, temperature fluctuations, and air turbulence are significantly reduced
in a scanning mode if the acquisition time is shorter than the noise bandwidth, which has been adapted for
classical spectrometers. Additionally, the Pound-Drever-Hall technique, a widely used method for phase
(frequency) stabilization, may be necessary for extremely high K values®. The systematic error caused by the
complexity of linear-optics in Fig. 2 increases as the intensity-product order K increases. The technical advantage
of the proposed SLM-based superresolution is that it is less dependent on K for systematic errors, as all SLM
pixels are simultaneously and individually controlled by applied voltages.

The increased fringe-count rate shown in the right column of Fig. 3 can be directly applied to conventional
spectrometers. By utilizing a million-pixel SLM block, as depicted in Fig. 1b, the phase sensitivity of a
superresolution-enhanced spectrometer could be improved by up to a million times for an unknown frequency.
The fringe counting method for an unknown signal remains effective within the same acquisition time A T for
the same scanning mode, as is typical in conventional spectrometers. Therefore, the environment-free Michelson
interferometer greatly benefits the superresolution-enhanced spectrometer, provided that the intensity product
can be managed within the same A T, i.e., < ps. Although integrating a million-pixel SLM poses technical
challenges, a feasible alternative is to use a 32-channel analog-digital-converter-based multiplexer. This setup
allows for a 32-fold enhancement in resolution by incorporating the SLM into a modified spectrometer in Fig. 1b.

To analyze superresolution statistically, we examine whether the superresolution-enhanced spectrometer
described by Eq. (6) for 12% 1b can surpass the CRLB. For this, the superresolution sample is provided from Egs. (4)
and (5), resulting in C' é 7 in the right column of Fig. 3, applying the data set z [n] = A(1 + cos (¢ ,) + wn].

Here,w [n] representswhite Gaussian noise, A istheintensity of individually measuredsignals,and ¢ |, = ¢ + ¢,
denotes the discrete phase control introduced by each pixel of SLM (or QWP), with £ ,, = 27 n/K. Thus, the
probability density function p (x; ¢ ) is set to calculate Fisher information, where the input laser light satisfies a
Poisson distribution with variation o %:
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p(x;) =

K-
1
— ex 20 5 z:: A(1 + cosp |, )] . (7)

The Poisson distribution is equivalent to the Gaussian distribution if n > 1. Unlike entangled photon-based

PBWs’~13, which face to issue of a nonvanishing K = 2 correlation component leadmg to imperfect fringe
visibility!%, the visibility of superresolution fringes described by Eq. (6), i.e., ci S R in Fig. 3, is nearly perfect

for all n, as theoretically?® and experimentally?* demonstrated. This is due to the perfect fringe visibility of the
related quantum erasers?»*. Thus, Eq. (7) is applicable for all n. To determine the minimum variance of the
Fisher information, or CRLB, the second derivative of the logarithm of Eq. (7) is calculated as:

92l ; A« / ! !
Onteie) A [aplons, - A oz, eonel)]. .

n=0

2 .
Upon taking the negative expected value of Eq. (8), we obtain —F [3 lg’; (@i )} = I;i‘f , which is resulted

from the phase quantization of the superresolution (see Section B of Supplementary Materials)?’. In this context,
K coherently prepared identical intensities, each with an equal fringe shift as described in Eqgs. (4) and (5),
exhibits a similar phase relationship to the equally phase-shifted K amplitudes in a K-slit system®. Thus, the
term cos®p’, in Eq. (8) results in K */2 for random phase ¢ (see Section B of Supplementary Materials).

~ 2
Consequently, the unique feature of the superresolution-based Fisher information yields Var (¢ ) > %

, which establishes the corresponding CRLB as ;3752. Compared to intensity I for K = 1 in the left column

of Fig. 3, where Var (¢ ) > 12<0A2 near ¢ = =+ n7mt '3, the superresolution-based spectrometer achives a v K

improvement in variance for random ¢ . This enhancement in the phase sensitivity matches the Heisenberg
limit in quantum sensing®’. Such a phase sensitivity is unattainable with PBW-based quantum sensing unless

the nonperfect fringe visibility'? is addressed?®. Nevertheless, the macroscopic quantum feature of -2 %I4T cannot

be obtained by any quantum sensing methods.

Conclusion

In conclusion, an innovative precision-measurement technique was presented and discussed for sensing and
metrology that utilizes the intensity product of a phase-controlled output field from an interferometer. This
method significantly improved the resolution of an unknown frequency signal, surpassing the conventional
Cramer-Rao bound (CRAB) in phase sensitivity. Unlike traditional interferometer-based spectrometers, this
superresolution technique achieved a K-fold enhancement in frequency resolution. The statistical analysis of
the phase-controlled intensity in the macroscopic regime of continuous-wave light demonstrated that the new
CRLB provides a v/K improvement compared to conventional methods of SNL. Importantly, the presented
superresolution-enhanced spectrometer retained the same difference-frequency counting measurement
technique as traditional spectrometers, ensuring a noise-free scanning mode. Although the intensity-product
approach posed technical challenges for high-resolution spatial light modulators due to limitations in analog-to-
digital conversion, this superresolution technique holds the potential to revolutionize precision measurements
in the future.
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