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ABSTRACT The utilization of single degree-of-freedom (DOF) closed-chain mechanisms as leg
mechanisms of quadruped robots has been studied because of its advantages, such as a lightweight structure
and simplified control resulting from the decreased number of actuators needed for operation. Furthermore,
to improve the scalability of these approaches, researchers have investigated the use of reconfigurable
structures. Nevertheless, the traditional method that relies on adjusting the length of links presents a
substantial challenge in achieving precise production of various trajectories while maintaining the centroid
positions of those trajectories. We propose a novel reconfigurable structure that utilizes the phase difference
between the crank gears to generate desired trajectories accurately. The proposed mechanism guarantees that
the centroid positions of multiple trajectories remain confined inside the specified border. Comparison with
conventional reconfigurablemechanisms demonstrates the ability of the proposedmechanism to achieve high
trajectory accuracy over multiple trajectories, even in environments with limited centroid position changes.
Additionally, a gait stability analysis of a quadruped robot with the proposed leg mechanism in a simulation
environment was conducted to verify its suitability.

INDEX TERMS Quadruped robot, leg mechanism, reconfigurable mechanism, path synthesis, gait stability.

I. INTRODUCTION
Wheeled robots are commonly employed in several applica-
tions, including transportation and exploration, because of
their inherent stability and relatively uncomplicated control
systems. Nevertheless, due to the limited accessibility of
traditional wheeled vehicles to around half of the Earth’s ter-
restrial surface, other robotic systems are required to carry out
missions in regions with complex topography efficiently [1],
[2], [3], [4]. Legged robots exhibit discontinuous ground
contact during locomotion and can adjust their center of mass
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in response to the contact position, enabling them to traverse
uneven surfaces [5], [6], [7]. Quadruped robots are the subject
of ongoing research due to their enhanced walking stability
and movement capabilities compared to bipedal robots.

The leg mechanisms utilized in quadruped robots can
be classified into open and closed-chain mechanisms based
on the kinematic chain. Open-chain mechanisms provide
the advantageous capability of generating unconstrained
walking trajectories. However, a leg mechanism based on
an open-chain requires several actuators with substantial
torque, leading to increased cost of energy and control
complexity [8], [9], [10]. In contrast, closed-chain mech-
anisms exhibit a higher payload capacity due to their
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FIGURE 1. Modification process of 9-bar mechanism (a) 9-bar mechanism (b) Geared 9-bar mechanism (c) PDM;
Phase Difference-based Mechanism (d) LLM; Link Length-based Mechanism.

inherent structural rigidity, which provides advantages in
terms of energy efficiency [11]. In particular, single DOF
closed-chain-based leg mechanisms provide advantages in
simplification of the system control by utilizing a reduced
number of actuators compared to the multi-DOF mecha-
nisms [12]. However, quadruped robots based on single DOF
closed-chain mechanisms have low adaptability to change
in terrain environments due to their low degree of freedom.
Researchers are focused on designing a reconfigurable
structure that allows single DOF closed-chain-based leg
mechanisms to generate multiple walking trajectories for
expanding the flexibility of the gait motion [13].

Several studies focused on enhancing the trajectory
flexibility of single DOF closed-chain-based mechanisms by
applying reconfigurable link structures to generate multiple
trajectories. To apply the Jansen mechanism and the Klann
mechanism to a multi-pedal walking robot, Shunsuke et
al. and Tan Phuc et al. conducted a study to generate
multiple trajectories by changing the link length of the
mechanism [14], [15]. Haghjoo et al. used the Jansen
mechanism to produce a lower extremity rehabilitation robot
with two reconfigurable mechanism links [16]. Based on a
variable topology structure, Wu and Yao, Wei et al. applied
a reconfigurable single DOF mechanism with one tunable
parameter to develop a closed-chain multi-pedal walking
robot that generates two different walking trajectories for
walking on flat ground and overcoming obstacles [17], [18].
However, these conventional reconfigurable link length-

based mechanisms (LLMs) require the attachment of an extra

structure to the leg link to adjust the link length, resulting
in an augmented payload for the actuator [17]. In addition,
LLM leadsÂ to variations in the overall configuration of the
leg mechanism due to changes in its link length, hence being
able to restrict the range of applications for leg mechanisms.

Therefore, a method is required to reconfigure the shape
of the trajectory without any change in the link lengths.
However, as far as we know, there is no study of a
mechanism that treated components other than link length
in a planar mechanism as reconfigurable parameters. Thus,
we propose a novel reconfigurable mechanism that utilizes
the phase difference between the crank gears, called a Phase
Difference-based Mechanism (PDM).

As shown in Figure 1(a), the basic 9-bar mechanism is a
2-DOF structure according to Grübler’s criteria, so that the
end effector of the mechanism can move two-dimensional
coordinates freely. The mechanism can be constrained to a
single DOF geared 9-bar mechanism by connecting the two
crankshafts through gears as shown in Figure 1(b) [19]. This
arrangement allows the gears to rotate while maintaining
a constant rotational phase difference. By reconfiguring
the phase difference (λ) of the two gears of this geared
mechanism as shown in Figure 1(c), multiple trajectories can
be generated, and thus, the phase difference can be used as
a reconfigurable parameter. The proposal is based on the
following hypothesis:

1) When the phase difference between the crank gears is
reconfigurable while the link length remains constant,
the impact on the variance of the centroid positions
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FIGURE 2. Comparison of the trajectory centroid variance between
(a) LLM and (b) PDM.

between multiple trajectories is minimized as shown in
Figure 2.

2) Therefore, if this mechanism is used as a leg structure
for a quadruped robot, gait stability can be secured even
when the gait trajectory changes.

Consequently, this study proposes a reconfigurable closed-chain
leg mechanism that intends to expand the gait flexibility
of closed-chain-based leg mechanisms by enabling precise
multi-trajectory generation while maintaining the centroid
positions of trajectories.

To evaluate the trajectory tracking performance of mech-
anisms, path synthesis is conducted for three gait trajec-
tories within the limited centroid variance of the multiple
trajectories, and the resulting trajectory accuracy is compared
to that of the leg mechanism based on LLM. Three gait
trajectories with the walk, trot, and gallop of a border
collie, which have the same trajectory centroid position, are
chosen as the desired trajectories [20]. Furthermore, to verify
the applicability of the proposed mechanism, the walking
stability of PDM is validated by simulating three distinct gait
modes (walk, trot, gallop) of a quadruped robot utilizing the
PDM via AdamsTM, a commercial dynamic analysis software
by MSC Software. The stability analysis assesses not only
the PDM but also quadruped robots using LLM, and a
comparative analysis between the two types of robots is
included.

Our contributions to this study are as follows:

1) We propose a novel single DOF closed-chain mecha-
nism multi-trajectory generation method that uses the
phase difference of crank gears as a reconfigurable
structure.

2) We verify that the proposed mechanism can synthesize
multiple trajectories more precisely than the conven-
tional link length-based reconfiguration method within
a limited centroid variance of the multiple trajectories.

3) Through dynamic simulation of a quadruped robot
based on a synthesized result of the proposed leg
mechanism, we verify that the PDM ensures higher gait
stability than the LLM while changing gait mode.

The proposed phase difference-based reconfigurable
mechanism design and calculation of the forward kinematics
are described in Chapter 2. The path synthesis method for
the design process of the proposed mechanism inspired by
the optimal tracking control and two-stage path synthesis
algorithm of the shadow robot is described in Chapter
3. A comparison between the path synthesis result of
the proposed leg mechanism and the conventional leg
mechanism is introduced in Chapter 4. The experimental
setup of dynamic simulation and results of the locomotion
simulation of the quadruped robot based on the proposed and
conventional mechanism are described in Chapter 5.

II. PHASE DIFFERENCE-BASED RECONFIGURABLE
GEARED 9-BAR MECHANISM
A. PARAMETERIZATION
As shown in Figure 3, the 9-bar mechanism consists of
9 links, 11 revolute joints, and 3 pivots. l2 and l5 are one link
(l25) but are treated as two different parameters to consider
the position of the revolute joint of P2. la and lb represent
the distance between pivots. θa and θb represent the angles
of la and lb with respect to the world coordinate system
respectively. Figure 3(a) shows the configuration of the whole
mechanism, and the parameterization of the 9-bar mechanism
is shown in Figure 3(b-g). The design vector obtained through
the parameterization of the 9-bar mechanism is as follows:

x9−bar mechanism = [l1; l2; l3; l4; l5; l6; l7; l8; l9; l10;

l11; l12; l13; l14; l15; la; lb; θa; θb]

To constrain the mechanism to 1-DOF, we modified the 9-
bar mechanism to a geared 9-bar mechanism that constrains
the two crankshafts l1 and l4 through a gear structure. The
phase difference between the two crankshafts is defined as:

λ = θ4 − θ1

where θ1 and θ4 represent the angles of crank l1 and
l4 respectively with respect to the world coordinate. There-
fore, the design vector xgeared 9−bar mechanism of the geared 9-
bar mechanism is as follows:

xgeared 9−bar mechanism

= [l1; l2; l3; l4; l5; l6; l7; l8; l9; l10;

l11; l12; l13; l14; l15; la; lb; θa; θb; λ]

Because the rotation angle of l4 changes concerning the
rotation angle of l1, the shape of the trajectory generated by
the mechanism changes. In other words, multiple trajectories
can be generated by changing the parameter λ, which
represents the phase difference between the crank gears.
Figure 1(c) and Figure 2(b) shows that the shape of the
trajectory changes as λ takes multiple values of λ. Thus, the
design vector xPDM of PDM is as follows:

xPDM = [l1; l2; l3; l4; l5; l6; l7; l8; l9; l10;

l11; l12; l13; l14; l15; la; lb; θa; θb, λt ]
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FIGURE 3. Parameterization figure of 9-bar mechanism (a) configuration of whole mechanism (b) five bar
part 1 (c) five bar part 2 (d) 4-bar part (e) triangle part 1 (f) triangle part 2 (g) triangle part 3.

where λt = [λ1; λ2; . . . ; λi], and λi represents the value
of the crank link phase difference corresponding with the
specific trajectory.

B. FORWARD KINEMATICS
The 9-barmechanism consists of two 5-bar parts [O2,O3,P3,
P2,P1], [O1,O2,P1,P4,P5], one 4-bar part [P5,P6,P7,P8],
and the triangle parts of [O1,P5,P6], [P4,P5,P8], and
[P7,P8,P9] respectively as shown in Figure 3(b-g). The
forward kinematics of the 9-bar mechanism are obtained by
calculating each part that makes up the mechanism in order.

1) From 5-bar part 1, 2 → P4, P5 is calculated
2) From triangle part 1, 2 → P6, P8 is calculated
3) From 4-bar part → P7 is calculated
4) From triangle part 3 → P9 is calculated

As the crank rotates while maintaining a constant phase
difference by the geared mechanism, the trajectory generated
by P9 is the coupler point. Coupler point c is expressed by a
nonlinear function f for the design vector x and the rotation
angle θ1 of crank link l1.

c = f (x, θ1)

The coordinate cL of the coupler point c with respect to
O1 in Figure 3(a) is expressed as follows:

cL =

[
l1 cos θ1 + l25 cos θ2 + l11 cos θ11 + l14 cos θ14
l1 sin θ1 + l25 sin θ2 + l11 sin θ11 + l14 sin θ14

]
(1)

When O1 is fixed as the origin of world coordinates, c =

cL .

1) 5-BAR PART
To calculate cL , in addition to θ2, θ11, and θ14 represented in
Equation (1), θ7, θ9, θ10, and θ12 are required to be obtained.
θ2 and θ9 which are the angles of the 5-bar parts in Figure 3(b,

c) can be obtained by following equations.

θi = 2 arctan
(

−Bi + Hi
Ii

)
, i = 2, 9

where:[
A2
A9

]
=

[
2l1l2 cos θ1 − 2lbl2 cos θb − 2l2l4 cos θ4

−2l25l9 cos θ2 − 2l1l9 cos θ1 − 2lal9 cos θa

]
[
B2
B9

]
=

[
2l1l2 sin θ1 − 2lbl2 sin θb − 2l2l4 sin θ4

−2l25l9 sin θ2 − 2l1l9 sin θ1 − 2lal9 sin θa

]
[
C2
C9

]
=

[
−2l1lb(cos θ1 cos θb + sin θ1 sin θb)
2l1l25(cos θ1 cos θ2 + sin θ1 sin θ2)

]
[
D2
D9

]
=

[
−2l1l4(cos θ1 cos θ4 + sin θ1 sin θ4)
2l1la(cos θ1 cos θa + sin θ1 sin θa)

]
[
F2
F9

]
=

[
l2b + l24 + l22 + l21 − l23
l21 + l225 + l29 + l2a − l28

]
Gi = Ci + Di + Ei + Fi

Hi = −

√
A2i + B2i − G2

i

Ii = Gi − Ai

2) 4-BAR PART & TRIANGLE PART
The angle corresponding to the 4-bar is θ12, and the angle
corresponding to the triangle parts is θ7, θ10, θ11, and θ14. 4-
bar part is shown in Figure 3(d), and triangle parts are shown
in Figure 3(e-g).

θi = 2 arctan
(

−Bi + Hi
Ii

)
, i = 7, 10, 11, 12, 14

where:
A7
A10
A11
A12
A14

 =


−2l7l8 cos θ8
−2l9l10 cos θ9
−2l9l11 cos θ9
−2l7l12 cos θ9

−2l10l12 cos θ10


VOLUME 13, 2025 32759
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FIGURE 4. Standardization & normalization process (a) original trajectory (b) standardized trajectory and pure
centroid (c) standardized and normalized trajectory.

FIGURE 5. PD controller based on the contour error of the shadow robot.
B7
B10
B11
B12
B14

 =


−2l7l8 sin θ8
−2l9l10 sin θ9
−2l9l11 sin θ9
−2l7l12 sin θ9

−2l10l12 sin θ10



C7
C10
C11
C12
C14

 =


l27 + l28 − l26
l29 + l210 − l211
l29 + l211 − l212

α

l213 + l214 − l215


α = 2l7l10 cos θ7 cos θ10 + 2l7l10 sin θ7 sin θ10

+ l27 + l210 + l212 − l213
Gi = Ci + Di + Ei + Fi

Hi = −

√
A2i + B2i − G2

i

Ii = Gi − Ai

III. PATH SYNTHESIS METHOD OF THE PDM-BASED
GEARED 9-BAR MECHANISM
The temporal synchronization of the trajectories between
the four legs in the quadruped robot is an essential
factor in ensuring stability. In existing error-based path
synthesis approaches, ensuring that the coupler point c of
the mechanism accurately follows the desired path and
maintains the correct timing throughout the duration presents
a significant challenge. The path synthesis method provided
in [21] has been modified to enhance the timing accuracy of
the trajectory of the proposed PDM-based leg mechanism.
Furthermore, to address the issue of local optima resulting
from the high dimensionality of the optimization parameter

vector, the two-stage trajectory synthesis algorithm was
applied [22].

A. OPTIMAL TRAJECTORY TRACKING CONTROL OF
SHADOW ROBOT BASED ON CONTOUR ERROR
For the path synthesis process, the objective function used in
the optimization is calculated using the contour error between
the desired trajectory and the generated trajectory. Contour
error ec, which is explained especially well in the literature
regarding the precise tracking of computer numerical control
machines, means the error from the point on the desired
trajectory to the point closest to the generated trajectory when
time is ti [21], [23].

ec(i) = min |cd (j) − c(i)| for j ∈
[
i−

1

2
, i+

1

2

]
(2)

where cd (j) is the jth point of the discretely expressed desired
trajectory, c(i) is the ith point of the generated trajectory of
the shadow robot, and 1 is the arbitrary threshold value for
the error comparison area.

For the efficiency of the optimization process, the design
vector x of the mechanism is defined as the shadow robot that
tracks the trajectory through each actuator located on each
design parameter. As shown in Figure 5, feedback control
with a PD controller of the control law u for the control of
the shadow robot was used where the input is desired points,
and the output is generated points.

u = ec + Tvėc

where ec and ėc(i) = ec(i) − ec(i − 1) mean contour error
and its derivative, respectively. And Tv is the derivative time
constant of the PD control law u [21].
By adding the norm of u at all points, the objective function

J is the contour error of the generated trajectory of the shadow
robot to the desired trajectory.

J =

N∑
i=1

ω(i) ∥u(i)∥ =

N∑
i=1

ω(i) ∥ec(i) + Tvėc(i)∥ (3)
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where N is the number of points that make up the desired
trajectory and the generated trajectory, and ω(i) means the
weight for each point in the trajectory.

B. TWO-STAGE TRAJECTORY SYNTHESIS ALGORITHM
The two-stage trajectory synthesis algorithm proposed in [22]
minimizes the calculation efforts by reducing the influence
of the scale and position of the trajectory and the number of
optimization parameters.

The first stage is about pure shape optimization, which
includes standardization and normalization of the trajectory.
Standardization is the process of rearranging the points of
the trajectory according to specific standards to minimize
the influence of the arrangement of the points within the
trajectory, and normalization is the process of minimizing
the influence of the trajectory size by fixing the distance
between the starting point and the pure centroid to 1. The
standardization and normalization of the trajectory process,
according to Figure 4, are organized as follows:
1) Rearrange the points so that the arc lengths of the

neighboring points of the trajectory are constant.
Assume that all masses are fixed.

2) Calculate the position of the centroid of the rearranged
points. It is called pure centroid PC∗.

PC∗
=

1
N

N∑
i=1

P(i)

where P(i) is ith rearranged point and N is the number
of points.

3) Find the point at the furthest distance from the PC∗ and
thenmark thePM ∗ as the starting point of the trajectory.

4) Arrange the points counter-clockwise regardless of the
rotation direction of the crank.

5) Set the distance P∗
MP

∗
C , which is the connection line

segment of the pure centroid PC∗ and starting point
PM ∗, equal to 1.

After the first stage, the trajectory produced becomes
a pure shape, and the objective function is calculated by
comparing the pure shape with the desired trajectory that has
undergone the standardization and normalization process.

The optimized trajectory based on the objective function
does not match the desired trajectory in the origin scale
because the scale and position of the trajectory changed
during the standardization and normalization process. There-
fore, in the second stage, called the ‘‘matching process,’’ the
compensation of the scale and position changed from the first
stage is needed. After increasing the scale of P∗

MP
∗
C by l1, the

shape and arrangement of the mechanism can be determined
accordingly.

C. PATH SYNTHESIS OF THE PDM
For the path synthesis of the reconfigurable mechanism,
the existing path synthesis algorithm must be modified
to allow the simultaneous generation of multiple trajec-
tories. Generating an optimum trajectory using this path

synthesis algorithm can be divided into the following
stages: mechanism normalization, trajectory standardization
and normalization, constraints evaluation, objective function
computation, and matching.

The coordinates of point O1 are set as (0, 0). The
normalization process removes the scaling factor (l1) from
the design vector. It is accomplished through the normalized
or reduced optimization vector x̄PDM in which the link length
term is redefined as the ratio l̄i = li/l1 to crank link l1 as
follows:

x̄PDM = [l̄2; l̄3; l̄4; l̄5; l̄6; l̄7; l̄8; l̄9; l̄10; l̄11; l̄12;

l̄13; l̄14; l̄15; l̄a; l̄b; θa; θb, λ1; λ2; λ3] (4)

Since the reconfigurable mechanism generates three tra-
jectories simultaneously, three standardization and normal-
ization of trajectory processes are performed. The standard-
ization process is completed by repeating the previously
described process for each trajectory. However, there are
some things to be careful about during the normalization
process. When normalization is performed on all three
trajectories, the three |PMC | described above are generated.
Therefore, the optimized design vector has not only three
crank phase difference values but also three scale values.
In this case, the scale changes every time, and all link lengths
should be changed according to trajectory changes. Since
only one scale term is needed, normalization is performed
on the first trajectory, and the remaining two trajectories
are reduced by the first trajectory’s reduced scale. Hence,
assuming the scale of the initial trajectory is denoted by the
variable ‘‘k’’ and the distances between the centroid and the
starting points of the second and third trajectories, before
normalization, are represented by the variables P̄MC2 and
P̄MC3 respectively. Then the pure centroid after normalization
can be expressed as the distance between points denoted as
P̄MC2/k , P̄MC2/k as shown in Figure 4(c).

The objective function is based on the contour error of the
corresponding desired trajectory, and the generated trajectory
has the form of Equation 3, and the objective function for all
three trajectories is the form of combining them all as follows:

J =

3∑
j=1

N∑
i=1

ω(j)ω(i) ∥u(i, j)∥

=

3∑
j=1

N∑
i=1

ω(j)ω(i) ∥ec(i, j) + Tvėc(i, j)∥ (5)

where ω(j) is the weight for each trajectory.
Additionally, constraints consist of three mechanism

constraints (boundary condition, Grashof criteria, and trans-
mission angle constraint) and one trajectory constraint. The
mechanism constraints include boundary conditions for each
design parameter to be satisfied to operate normally.

xk,min ≤ xk ≤ xk,max ; xk ∈ x̄opt

The 5-bar Grashof criteria are included to ensure that 5-
bar part 1 in Figure 3(b) of a geared 9-bar mechanism has
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FIGURE 6. Position difference between generated trajectories
(a) Centroid of the trajectory (b) Process to calculate position difference
between trajectories.

FIGURE 7. The desired trajectory for the synthesis of (a) forward leg
(b) hind leg.

two cranks, and 5-bar part 2 in Figure 3(c) has more than one
crank [24].

min1(l1, l2, l3, l4, lb) + min2(l1, l2, l3, l4, lb) = l1 + l4

where min1 and min2 mean 1st and 2nd minimum, respec-
tively.

Both 5-bar parts must include transmission angle con-
straints to ensure no singularities exist.

0◦ < µ < 180◦ & 0◦ < ν < 180◦

where µ and ν are transmission angles which mean µ = θ8−

θ9+180◦ and ν = θ2−θ3, respectively as shown in Figure 3(b,
c).

Trajectory constraints include constraints that restrict the
centroid variance between the multiple trajectories. Changes
in the position of multiple trajectory centroids can cause the
contact position to shift, resulting in an unstable gait for a
quadruped robot. Therefore, to use the PDM to expand the
flexibility of gait motion, it is necessary to constrain the
variance of the centroid. The constraint to limit the variance
of the centroids of trajectories is as follows:

Position Difference (PD)

=

√
(C − C1)2 + (C − C2)2 + (C − C3)2

3
≤ D (6)

where C1, C2, and C3 represent the pure centroid coordinates
of the walk, trot, and gallop trajectories, respectively, and C
represents the centroid of the C1, C2, and C3 coordinates as

TABLE 1. Initial value of optimization parameters. PN: Parameter name,
UB: Upper bound, LB: Lower bound, F: Forward, H: Hind, IC: Initial
condition.

shown in Figure 6. To determine the value of D, optimization
is repeated by increasing the value by a constant from 0.1.
Since we cannot repeat too many optimizations, the constant
is adopted as 0.1. D is set to 0.5 because optimization is not
adequately performed when D has a value lower than 0.4.

To apply the defined constraints to the path synthesis of the
mechanism, we defined the penalty function P as follows.

P = M × max(g, 0), where M = 1000

g =

{
0, when all contraints are satisfied
1, when any contraints is not satisfied

The final form Jf of the objective function, including
penalty function P is as follows:

Jf =

3∑
j=1

N∑
i=1

ω(j)ω(i) ∥u(i, j)∥

=

3∑
j=1

N∑
i=1

ω(j)ω(i) ∥ec(i, j) + Tvėc(i, j)∥ + P

In the optimization of this study, the control loop is
terminated only when the initial optimization parameter

x̄PDM (0) = argmin Jf

is found, and the optimized PDM can be obtained through the
subsequent matching process.

IV. COMPARISON OF THE PATH SYNTHESIS RESULT
In this section, problems of the PDM path synthesis are
solved. The desired trajectories used in path synthesis are
based on the parameterized Bezier curves of the border collie
introduced in [20] and shown in Figure 7.

1) Thewalk, trot, and gallop locomotion trajectories of the
border collie’s forward legs

2) Thewalk, trot, and gallop locomotion trajectories of the
border collie’s hind legs

Table 1 shows the initial parameters, upper boundary,
and lower boundary of the optimization parameters in each
problem. The forward legs are constrained by the upper
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FIGURE 8. Initial configuration of the geared 9-bar leg mechanism.

FIGURE 9. The value of the objective function for all local solutions and
the response of the contour error and objective function of the rank
1 solution of (a) the forward and (b) the hind leg with PDM.

boundary = 12, and the hind legs are constrained by the
upper boundary = 20. However, the initial condition and
lower boundary condition are the same in each case. Figure 8
displays the configuration of the mechanism shown through
the initial value of the parameter. In this figure, θa, θb, and
three λ is set to 51.57◦, 0◦, 0◦, 0◦, and 0◦.
The multi-start strategy is adopted to thoroughly search for

a global minimum or multiple local minima of the objective
function. The initial values of θa and θb are selected between
0◦ and 30◦ with an interval of 10◦. The initial values of three
λ are selected between 0◦ and 330◦ with an interval of 30◦.
Thus, 27,648 of the initial conditions are explored, and among
them, the rank 1 solution that produces themost optimal value
is selected as the legmechanism, as shown in Figure 9. As can
be seen, the optimal values of the objective function were
0.08 and 0.14 for the forward and hind legs. Responses of
contour error and objective function for the optimal solutions
are also shown in Figure 9.
To compare PDM with the conventional reconfigurable

mechanism, LLM is synthesized in the same way as the syn-
thesis process of PDM. LLM varies depending on which link
length is adopted as a reconfigurable parameter. Among the
optimization parameters of the geared 9-bar mechanism, 16
LLMs are synthesized, excluding scale (l1), orientation (θa,

TABLE 2. Objective function value (cost) and position difference (PD) of
mechanisms with each reconfigurable parameter (RP). F: Forward, H:
Hind.

FIGURE 10. Optimized trajectories (green circle) & desired trajectories
(red asterisk) of (a) PDM forward leg, (b) PDM hind leg, (c) LLM forward
leg based on reconfigurable l12, and (d) LLM hind leg based on
reconfigurable l12.

θb), and crank link phase (λ), and selecting the remaining link
length parameters as reconfigurable parameters, respectively.
The PDM and LLM synthesis results are shown in Table 2.

The cost and the position difference (PD) between the
centroids of the generated trajectories in Equation (5) are
observed as a result of the path synthesis. The RP represents
the reconfigurable parameters that a specific mechanism
reconfigures to create multiple trajectories.

1) Forward leg: According to Table 2, PDM indicates the
lowest cost of the path synthesis problem for border collie’s
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FIGURE 11. Position difference between trajectories of (a) PDM (b) LLM
based on reconfigurable l12.

FIGURE 12. Optimized mechanism configuration of LLM-based on
reconfigurable l12 (a) forward leg (b) hind leg.

forward leg trajectories, and specifically, the value of cost
is 0.08. The second lowest cost of the path synthesis for
the forward leg is 0.1136, which is for LLM based on l12.
As shown in Figure 10, not only the optimized trajectories of
the PDM but also that of LLM based on the l12 demonstrate
comparable shapes to the desired trajectories. However, the
cost of the PDM is 31.70% lower, compared to that of LLM
based on l12. Moreover, the cost of the PDM is even 66.11%
lower than the third lowest cost, which is for LLM based on
l9. These optimization results show numerically significant
differences, although they may seem similar in the figure.

2) Hind leg: The result of the path synthesis problem for
border collie’s hind leg is also represented in Table 2. PDM
indicates the lowest cost and specifically has a value of 0.14.
The second lowest cost of path synthesis for the hind leg is
0.20, which is of LLM based on l12. The cost of the PDM
is 27.96% lower compared to that of LLM based on l12. It is
even 36.55% lower than the third lowest cost of LLM based
on l9. As shown in Figure 10, like path synthesis results for the
forward leg optimization problem, the optimized trajectories
of the LLM based on the l12 demonstrate comparable shapes
to the desired trajectories. However, it can be indicated that
PDM has numerically better results than LLM. Furthermore,
when analyzing the centroid variance between trajectories
from Figure 11 and Table 2, that of PDM seems low and is

FIGURE 13. Optimized mechanism configuration of PDM (a) forward leg
(b) hind leg.

FIGURE 14. Optimized mechanism configuration of LLM based on
reconfigurable l9 (a) forward leg (b) hind leg.

numerically low in both optimization problems. On the other
hand, that of LLM is low in the forward leg optimization
problem, but in the hind leg optimization problem, the trot
trajectory deviates from both the walk and gallop trajectories.

The conclusions are as follows: In our two path synthesis
problems, PDM indicates the lowest cost in both cases. Thus,
it can be concluded that PDM improves the trajectory tracking
accuracy more than other LLMs. Furthermore, compared to
the LLM, the PDM will exhibit a considerable capacity for
maintaining stability when applied to the quadruped robot,
with slight variation of the centroid of the trajectories.

V. SIMULATION RESULTS
A. ROBOT DESIGN
Dynamic simulation with AdamsTM simulator of the cus-
tomized quadruped robot model based on the synthesized
mechanisms are conducted to verify the applicability of the
proposed mechanism as a reconfigurable leg mechanism and
to compare it with the LLM. The leg mechanism adopted on
the quadruped robot is designed with the forward and hind
leg mechanisms of the PDM and LLM synthesized in the
previous chapter. LLM based on l9 is selected as the target
for comparison with PDM rather than LLM based on l12.
Previously, it was shown that in two-stage optimization, the
trajectory scale and position are not arbitrarily set to track
the desired trajectory accurately. As a result, the trajectory
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FIGURE 15. Locomotion in gait simulation of PDM-based quadruped robot (a) walk (b) trot (c) gallop.

generated by the LLM based on l12 was created in a position
that could not allow the quadruped robot to walk. This is
shown in Figure 12. Since the top and bottom of the gait
trajectory used for optimization are fixed, the mechanism
for a quadruped robot to walk must be synthesized by the
way that the bottom of the trajectory touches the ground.
The forward leg of LLM based on l12 shown in Figure 12(a)
was synthesized with the end effector facing upward, so the
bottom of the trajectory cannot touch the ground.

Therefore, among the LLMs excluding LLM based on
l12, LLM based on l9, which allows trajectory tracking with
the highest accuracy, was selected as a comparison target.
A visual representation of PDM and LLM based on l9 can
be seen in Figure 13 and Figure 14.

B. SIMULATION ANALYSIS
1) ROBOT STABILITY ANALYSIS
Variation of Center of Mass (CoM) angle is a general
indication of the stability of the robot’s locomotion [25].
To analyze the stability of locomotion, the stability index
q proposed in [26] was used in the analysis of locomotion
simulation.

q =

√∑nt
i=1

[
(Ri − R̄)2 + (Pi − P̄)2 + (Yi − Ȳ )2

]
nt

where Ri, Pi, and Yi represent roll, pitch, and yaw angle
of the CoM at the ith step, respectively, R̄, P̄, and Ȳ
represent the average angle values of the CoM in roll, pitch,
and yaw angles, respectively, and nt represents the number
of simulation timesteps. q is a value that represents the
fluctuations in roll, pitch, and yaw. The smaller the value, the
more stable the robot’s locomotion is.

To analyze the stability of the robot from the straight
walking, simulations were conducted for 10 seconds for each
of the robot’s walk, trot, and gallop walking modes. Each
step corresponds to a time interval of 1e-2 seconds. Before

TABLE 3. Phase difference of crank between each leg.

TABLE 4. Parameter conditions of the simulation.

the simulation starts, the robot is slightly floating in the air.
Then the robot’s locomotion was achieved by varying the
rotation phase of the crank link (l4) between each robot leg.
The phase difference of the crank link between each robot
leg in each locomotion mode is shown in Table 3. Parameter
settings in the simulation environment are summarized in
Table 4. Specifically, static and dynamic coefficients are
friction coefficients, and stiffness and damping are contact
conditions. In all simulations applying PDM and LLM, the
size of the robot body, excluding the legs, is the same, and
the CoM of the entire robot, including the legs, is located
at the exact location within the robot body. The range of
possible moving speeds the robot can walk, trot, and gallop
in the simulation environment is measured. Since the actual
speed of the robot is proportional to the rotation speed of
the cranks, the rotation speed of the cranks was measured as
possible moving speeds of the robot. A quadruped robot with
PDM can walk and trot up to 2520◦/s while increasing the
crank rotation speed by 90◦/s. Additionally, it was confirmed
that the robot walked normally in the range of 1350◦/s to
2520◦/s in gallop mode. In the same experiment, a quadruped
robot with LLM can walk up to 810◦/s and trot up to
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FIGURE 16. Locomotion in gait simulation of LLM-based quadruped robot (a) walk (b) trot (c) gallop.

FIGURE 17. Roll, Pitch, and Yaw angle curves of PDM-based quadruped
robot (a) walk (b) trot (c) gallop.

1620◦/s. However, forward locomotion of the LLM-based
quadruped robot was impossible in gallop mode. The moving
speed of the robot during stability analysis was derived
from the measured range of possible moving speeds. The
moving speeds in walk and trot modes are 450◦/s and 855◦/s,
which are the median values of the ranges in which PDM
and LLM-based robots can walk simultaneously. Since the
LLM-based robot could not walk forward in gallop mode,
an arbitrarily set moving speed of 1440◦/s was given in gallop
mode. The locomotion of the robots in AdamsTM simulation
is shown in Figures 15 and 16. In Figures 15 and 16, (a),
(b), and (c) correspond to distinct modes, while each series
of images illustrates one complete gait cycle. Here, ts =

0.00 denotes the initiation of the gait cycle, and te represents
its termination. The duration of a gait cycle is 0.80 s, 0.42 s,
and 0.25 s for walk, trot, and gallop mode. The arrows in the
figures indicate the robot’s movement direction. Notably, the
opposing arrow in Figure16(c) highlights that, in the gallop
mode, the LLM-based robot exclusively generated backward
locomotion, as opposed to forward locomotion.

FIGURE 18. Roll, Pitch, and Yaw angle curves of LLM-based quadruped
robot (a) walk (b) trot (c) gallop.

TABLE 5. Stability index q of the quadruped robot in locomotion
simulation.

The locomotion stability analysis for three modes is
performed. As a result, the calculated stability parameter
q is represented in Table 5. The lower q value of the
PDM-based quadruped robot compared to the LLM-based
quadruped robot shows that PDM satisfies the trajectory
position constraints and ensures gait stability. It means that
the stability of the PDM-based robot is improved than that of
the LLM-based robot in every walk, trot, and gallop mode.
Because of the height of the trajectory, the q values at the
trot mode show a high value among the q values. However,
it is 28.41% lower than that of the LLM-based quadruped
robot. The fact that the proposed quadruped walking robot
based on a PDM is capable of various walking motions while
maintaining a constant crank speed over 1350◦/s ensures low
control complexity and high walking flexibility compared
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to leg mechanisms based on existing link length adjustment
structures and shows the applicability of the proposed PDM
as a leg mechanism.

The roll, pitch, and yaw angle curves of robot CoM are
confirmed in more detail through Figure 17 and Figure 18.
It can be seen that the fluctuation is reduced in the
PDM-based robot than in the LLM-based robot except the
pitch angle of walk mode. In the walk mode, the pitch angle
fluctuation in the LLM-based robot is 0.13◦ lower than that
of the PDM-based robot. However, PDM demonstrates lower
values of 0.98◦ and 1.06◦ in roll and yaw, respectively,
compared to LLM. While the improvements in roll and
yaw angles are notable, the degradation in pitch angle
within the PDM is relatively negligible, accounting for only
approximately 12 to 13% of the roll and yaw enhancements.
Consequently, the q value in the walk mode, which implies a
three-dimensional stability index, is approximately 2.4 times
enhanced than that of LLM as shown in Table 5. It represents
the gait stability in the overall mode has been significantly
improved than LLM-based robot.

The primary factors that caused PDM’s enhanced loco-
motion capacity are defined by two key aspects: (1) the
capacity of PDM to maintain centroid variance over multiple
trajectories and (2) its enhanced accuracy in tracking shape
and timing of trajectories.

In contrast to the LLM-based reconfigurable mechanism,
the proposed leg mechanism based on PDM provides the
accurate generation ofmultiple trajectories whilemaintaining
the leg mechanism’s structure with limited centroid position
variance, as shown in Table 2. This implies a new opportunity
to address the limitation of previous reconfigurable mech-
anism studies, which are generally capable of generating
trajectories that involve changing centroid positions for each
trajectory. However, we did not propose a specific structure
for adjusting the phase difference in PDM. Through follow-
up studies, we need to focus on designing a phase differ-
ence adjustment mechanism that integrates a reconfigurable
structure with the driving part of the leg mechanism, unlike
the LLM-based mechanism, which requires installing an
additional device in the middle of the link to adjust the
link length. This integration enables the development of a
reconfigurable system with a reduced moment of inertia.

VI. CONCLUSION
Ongoing research is being conducted to enhance the
flexibility of single DOF closed-chain leg mechanisms
in quadruped robots by utilizing reconfigurable structures
within a single DOF mechanism. Most research employs
a structure that modifies the link length to achieve this
objective, potentially augmenting the number of actuators
allocated to each segment of the robotic system. These
LLM-based mechanisms cause the variance in the centroid
positions between multiple trajectories, leading to instability
in the locomotion of the quadruped robot.

We propose a novel single-DOF closed-chain mechanism
that generates multiple trajectories using the phase difference

between crank gears as a reconfigurable parameter. This
mechanism accurately generates three distinct trajectories
while maintaining the centroid positions between trajectories.
By comparing it with the LLM-based mechanism in the
path synthesis process, it is verified that the proposed
PDM-based mechanism can accurately generate the three
distinct trajectories while maintaining the centroid positions,
contributing to the locomotion stability of quadruped robots
while changing the gait mode. Through dynamic simulation
in AdamsTM, it was verified that PDM has better gait stability
than LLM. Additionally, it significantly reduces the control
complexity of a quadruped robot by showing that multiple
gait motions are possible whilemaintaining the rotation speed
of the crank constant.

Consequently, properties confirmed in this study of the
PDM-based leg mechanism allow the creation of a quadruped
robot with variable locomotion and significant payload, even
while utilizing a simple control method. It is expected that
this characteristic expands the flexibility of gait motion of
single-DOF quadruped robots and leads to their adaptability
in everyday or industrial tasks. For example, creating proper
gait trajectories for various terrain conditions will enable
locomotion, such as driving across curbs of the roads on
everyday tasks and obstacles, such as pipes or profiles in
industrial tasks.

Additionally, for the practical implementation of the PDM
proposed in this study, we plan future works focused on
developing a gear phase transition structures, optimization
with the whole body dynamics, and exploration of trajectory
shapes for various terrains.
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