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We report on numerical simulations of the two-dimensional spin-1 Blume-Capel ferromagnet embedded in
a triangular lattice. Utilizing a range of Monte Carlo and finite-size scaling techniques, we explore several
critical aspects along the crystal field—temperature (A, T') transition line. Wang-Landau simulations measuring
the joint density of states in combination with the method of field mixing allow us to probe the phase coexistence
curve in high resolution, determining the tricritical point (A, 7{) with improved accuracy and verifying the
tricritical exponents. Extensive multicanonical simulations identifying transition points across the phase diagram
characterize the Ising universality class for A < A, with precise determination of thermal and magnetic critical
exponents expected in the second-order regime. On the other hand, for A > A, a finite-size scaling analysis is
dedicated to revealing the first-order signature in the surface tension that linearly increases upon lowering the
temperature deeper into the first-order transition regime. Finally, a comprehensive picture of the phase diagram
for the model is presented, collecting transition points obtained from the combined numerical approach in this

study and previous estimates in the literature.
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I. INTRODUCTION

The Blume-Capel model is defined by a spin-1 Ising
Hamiltonian with a single-ion uniaxial crystal-field anisotropy
[1,2]. The fact that it has been very widely studied in statistical
and condensed-matter physics is explained not only by its
relative simplicity and the fundamental theoretical interest
arising from the richness of its phase diagram, but also by
a number of different physical realizations of variants of the
model, ranging from multicomponent fluids to ternary alloys
and *He — *He mixtures [3]. In recent years, the Blume-Capel
model was invoked in order to understand properties of fer-
rimagnets [4], wetting and interfacial adsorption [5], but also
the scaling of the zeros of both the partition function [6] and
the energy probability distribution [7].

The zero-field model is described by the Hamiltonian

H=-J) o0,+A> ol =JE +AEx, (1)

(xy) X

where the spin variables o, take on the values —1, 0, or +1;
(xy) indicates summation over nearest neighbors; and J > 0
is the ferromagnetic exchange interaction. The parameter A
is known as the crystal-field coupling and it controls the
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density of vacancies (o, = 0). For A — —o0, vacancies are
suppressed and the model becomes equivalent to the simple
Ising ferromagnet. We point out that the decomposition on the
right-hand side of Eq. (1) into the bond-related and crystal-
field-related energy contributions E; and E A, respectively, will
be useful in the context of the numerical methods discussed
below.

The phase boundary of the model in the crystal field—
temperature (A, T') plane separates the ferromagnetic from
the paramagnetic phase. The ferromagnetic phase is character-
ized by an ordered alignment of &1 spins. The paramagnetic
phase, on the other hand, can be either a completely disor-
dered arrangement at high temperature or a =1-spin gas in a
0-spin-dominated environment for low temperatures and high
crystal fields. At high temperatures and low crystal fields, the
ferromagnetic-paramagnetic transition is a continuous phase
transition in the Ising universality class, whereas at low tem-
peratures and high crystal fields, the transition is of first order
[1,2]. The model is thus a paradigmatic example of a system
with a tricritical point (A, 7;) [3], where the two segments
of the phase boundary meet. At zero temperature, it is clear
that ferromagnetic order must prevail if its energy zJ/2 per
spin (where z is the coordination number) exceeds that of the
penalty A for having all spins in the £1 state. Hence, the point
(Ap=2J/2, T =0) is on the phase boundary [2]. On the
other hand, for zero crystal fields, the transition temperature is
not exactly known, but it has been well studied for a number
of lattice geometries. For a picture of the phase diagram based
on the data of the current work but also on some previous
computations from Ref. [8], we refer the reader to Fig. 1. For
brevity, we set J = 1 and J/kg = 1 as the unit of energy and
temperature hereafter.
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FIG. 1. Phase diagram of the two-dimensional spin-1 triangular
Blume-Capel ferromagnet. (a) Transition points in the plane of the
crystal-field coupling A and temperature 7'. The first-order transition
line and the location of the tricritical point are determined from the
field-mixing analysis using the Wang-Landau (WL) joint density of
states. The critical points in the second-order transition regime are
computed through multicanonical (MUCA) calculations in this work.
For completeness, the earlier Wang-Landau simulation results from
Ref. [8] are also presented. We note that the first-order transition
points from the multicanonical calculations are omitted, as they are
virtually identical to the Wang-Landau results. The complete list of
the transition points is given in Table I. (b) The phase diagram is
replotted in the 8 = 1/T and u = A/T plane to illustrate the two
scaling fields, g and A, from the field-mixing analysis described
in Sec. IIC. (c) An enlargement of the phase boundary near the
tricritical point is used to estimate the field-mixing parameter r from
its slope.

Since its original formulation, the model (1) has been stud-
ied in mean-field theory as well as in perturbative expansions
and numerical simulations for a range of lattices, mainly in
two and three dimensions, see, e.g., Refs. [8—11]. Most work
has been devoted to the two-dimensional model on the square
lattice, employing a wide range of methods, including real-
space renormalization [12], Monte Carlo simulations, Monte
Carlo renormalization-group calculations [13-24], € expan-
sions [25-28], high- and low-temperature series expansions
[29-31], and transfer matrix calculations [32-34].

In this paper we are interested in the critical proper-
ties of the Blume-Capel model embedded in the triangular
lattice, where z = 6 and Ay = 3. For this particular case,
Mahan and Girvin [35] were the first to apply position-space
renormalization-group methods to solve the model. These au-
thors estimated the critical frontier with the location of the
tricritical point (A, T;) = (2.686, 1.493). Many years later,
Du et al., [36] performed a further sophisticated analytical
calculation using an expanded Bethe-Peierls approximation
to find, respectively, the estimates (A¢, Tr) = (2.841, 1.403)

[37]. The refinement (A, Ty) = [2.925(8), 1.025(10)] was
proposed in Ref. [8] via Monte Carlo simulations and an ap-
proximate scheme that takes advantage of the scaling behavior
of the specific heat. As a historical note, we recall that in the
1980s and 1990s, the spin-1 Ising model on the triangular
lattice was utilized as a three-state lattice-gas model, draw-
ing inspiration from experiments on electrolyte adsorption on
single-crystal (111) surfaces of fcc metals. While experimen-
tal interest primarily focused on the antiferromagnetic case,
comprehensive phase diagrams for both ferromagnetic and
antiferromagnetic models, highlighting topologically distinct
ground states, can be found in Refs. [38,39]. For a more recent
study of the triangular antiferromagnetic Blume-Capel model
we refer the reader to Ref. [40].

Here, we utilize a combined and robust numerical protocol
based on the Wang-Landau and multicanonical algorithms,
and corroborated by the Metropolis scheme, that facilitates
the elucidation of several critical aspects of the triangu-
lar Blume-Capel ferromagnet. We propose a high-accuracy
determination or characterization of the tricritical point us-
ing the method of field mixing, and we provide a set of
phase-transition temperatures mainly in the first-order tran-
sition regime. We analyze the scaling behavior of several
observables in this first-order transition regime, focusing on
the energy probability density functions, through which the
scaling behavior of the surface tension is scrutinized upon
lowering the temperature. Finally, we verify the expected
Ising universality along the second-order transition line by
computing the thermal and magnetic critical exponents of
the ferromagnetic-paramagnetic transition and showcasing the
logarithmic scaling behavior of the specific heat.

The remainder of this paper is organized as follows: In
Sec. II, we present our findings on the location of the tricrit-
ical point and the proposed tricritical exponents, utilizing a
field-mixing analysis based on Wang-Landau calculations of
the joint density of states. Section III discusses the transition
features and provides a detailed finite-size scaling analysis
along both segments of the phase boundary, supported by
dedicated multicanonical simulations. Finally, Sec. IV offers
a critical evaluation of our main results alongside a compre-
hensive overview of the model’s phase diagram—with a focus
on the first-order transition regime leading up to the tricritical
point—and outlines directions for future research.

II. TRICRITICALITY

In this section, we identify the tricritical point and validate
several conjectured tricritical exponents through a field-
mixing analysis. This analysis is based on the joint probability
distribution of E; and E », which is calculated using the Wang-
Landau algorithm in conjunction with histogram reweighting
and conventional Monte Carlo methods. Below, we outline the
numerical details of computing the joint probability distribu-
tion and explain how it is utilized in the field-mixing method
to delineate the phase boundary curve and characterize the
tricritical behavior.

A. Wang-Landau joint density of states

We employed the standard Wang-Landau algorithm
[41,42] in triangular lattices and periodic boundary conditions
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FIG. 2. A comparison of the logarithm of the joint density of
states, InI"'(Ej, E5), for the (a) triangular and (b) square-lattice
Blume-Capel models, as obtained through Wang-Landau simulations
for a system with linear size L = 20.

with a single walker on the space of E; and EA to measure
the joint density of states I'(E;, Ex). Hereafter, N =L x L
denotes the total number of spins and L the linear dimension
of the triangular lattice. While the current simulations main-
tain the same numerical framework as the earlier calculations
conducted on square lattices by one of the authors [24], we
have adjusted the stopping criterion for the modification factor
f and the histogram flatness to accommodate the slower con-
vergence observed in triangular lattices. The flatness criterion
for the histogram to update f was set as 95% for L < 14, 90%
for L = 15, and 80% for L > 15. The stopping criterion of f
was set as 1078 for L < 14 and 1077 for L > 14.

Figure 2 compares the landscape of I'(Ej, Ep) for the
triangular- and square-lattice systems, revealing a spiky struc-
ture at high E; in the triangular-lattice case that is absent
in the square-lattice system [20,24]. This spiky structure
in the triangular-lattice system is linked to configurations
exhibiting frustration. Although the frustration is specific
to the antiferromagnetic model, the structure in I' influ-
ences the Wang-Landau process regardless of the sign of
J, as the algorithm must explore the entire energy space,

which can slow down the sampling dynamics necessary to
satisfy the flatness criterion. Here, Wang-Landau data of
the joint density of states were obtained for linear sizes
L =1{8,9,10,12, 14, 15, 16, 18, 20, 21, 22, 24}. Five (two)
samples of the density of states were prepared from inde-
pendent simulations for L < 20 (L > 20). The deviations
between different samples turned out invisibly small for the
data analyzed in the following sections. In computational time
cost, the largest system size L = 24 of our current simulations
in the triangular model is comparable to the previous calcula-
tions conducted on the square-lattice model with L = 48 [24].

Once the joint density of states is obtained, one can gen-
erate the probability distribution of an energy-based quantity
Xg, £, at a given set of (A, T') without additional measure-
ments simply by enumerating

P(X)= Y P(Ej,En; B, )X —Xg, 5,).-  (2)
EjEn

Note that P(E;, Ex; B, ) at any 8 = 1/T and u = A/T is
directly given by the density of states I" via

1
P(E; Ex; B, 1) = ZT(Ey, Ep)e PEi=HEs 3)

In evaluating the probability density P(X), we approximate
the discrete spectrum of the §-function by Gaussian peaks
with small finite broadening.

B. Histogram reweighting

Despite the advantage provided by the Wang-Landau joint
density of states, we should note that it is only available
for relatively small system sizes. To solidify our estimate of
the tricritical point identified by the Wang-Landau data, we
additionally considered the histogram reweighting technique
[43,44] based on conventional Monte Carlo calculations of
Metropolis type at a specific parameter for larger systems. The
histogram H(E;, Ex; o, tto) measured at fixed 8y and o can
be reweighted to generate the probability distribution of Ej
and E at nearby 8 and p values via

P(E;, Ep; B, ) o< H(E;, En; Bo, po)e PE=WEs (4)

where 8’ = B8 — By and ' = — po. The range of validity
in B/ and u' is generally guided by the response func-
tion, decreasing as it approaches the transition point and
as with increasing system size. To keep the reweighting
range as narrow as possible for reliability, we collected
the data of histograms at each pseudotransition point ex-
trapolated from the Wang-Landau estimates for 7' € {0.97,
975, 0.98, 0.985, 0.99, 0.995}. We mostly used the single-
histogram reweighting along the w axis for a given temper-
ature, while we employed the multiple-histogram variant for
the finite-size scaling analysis of the specific heat. Histograms
were obtained through 10% x L? Monte Carlo measurements
that are split into 100 bins for the jackknife estimator of
statistical errors. The statistical errors turned out to be much
smaller than the marker size and the line thickness of the data
shown below in Sec. I D.
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C. Method of field mixing

The partition function of the Blume-Capel model at zero
magnetic field can be written as

Z(B, )= Y T(E;, Ep)ePFPrED, (5)

EjEn

where 8 =1/T and u= A/T. As it is well established
for Ising critical phenomena in fluid models and the spin-1
Blume-Capel model on the square lattice [20,24,45-48], the
phase transition in the 8 — p plane is asymmetric in the vicin-
ity of the tricritical point, where 8 and p are not the relevant
scaling fields. Instead, the relevant scaling fields are written as
their linear combinations

A= (u—pm)+rB— B, (6)
g= (B —B)+s(u — o), @)

where s and r are the system size-dependent field-mixing
parameters, and B, and u. indicate the tricritical point. The
direction of the scaling field g is tangent to the phase-
coexistence curve. The field A is across the phase boundary
but is not necessarily orthogonal to g. The directions of A and g
are graphically described in Fig. 1(b), where the field-mixing

parameters are associated with the angles as r = —tan 6 and
s = tan V. The scaling operators conjugate to A and g are
Q= (n — se), ®
1—rs
&= (e —rn), C))
1—rs

respectively, where € = L™E; and n = L™?E, with dimen-
sion d = 2 in our model, satisfying the relation (O,) = —L™¢
dyIn Z. Note that n represents the density of nonzero spin
states, and the operator Q deviates from n when s # 0. For ex-
ample, at T = 0.985, our estimates are s ~ 0.028 for L = 24
and s &~ 0.085 for L = 48, as we discuss in the analysis below.
The probability distribution of the operator Q is a crucial tool
in the field-mixing analysis, enabling the determination of the
phase-coexistence curve and the identification of the tricritical
point.

At a first-order transition point, the probability distribution
P(Q) conjugate to the field X in the direction across the phase
boundary is double-peaked and symmetric. On the other
hand, the distribution of the operator £ conjugate to the field
g along the tangent of the phase boundary is bell-shaped.
Although both follow the scaling ansatz near the tricritical
point, it was demonstrated that the symmetric double-peaked
structure of P(Q) works as a sensitive indicator of the phase
coexistence when computed using the Wang-Landau joint
density of states [24].

We determine the parameter set of (s;, A}) for a given
temperature 7' that produces the double-peaked symmetric
shape of the distribution P(Q). Note that the mixing parame-
ter sy, and the pseudotransition point A} exhibit system-size
dependence. The other mixing parameter r does not influ-
ence the shape of P(Q) and thus remains undetermined.
For a given T, we solve two coupled equations with the
distribution of Q. Since the shape of the distribution is in-
dependent of both the scale and shift, we consider a variable

Q = (9 — (Q))/og normalized with the average (Q) and the

(a) ' ' ' (b) ' ' '
— T=0.94
— T =0.96 ol r=09 1
T =0.98
L —T=10 ] —L=s
a L=16
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1/L? Q

FIG. 3. Locating a transition using the field-mixing method and
Wang-Landau simulations: (a) Probability distribution P.(O) of the
scaling variable Q determined for L = 24 along the phase transition
curve. The system-size dependence of P.(Q) is contrasted between
the first-order transition at 7 = 0.9 [(b)] and the second-order tran-
sition at T = 1.0 [(d)]. (c) Determination of the transition point A%
from the extrapolation of the finite-size pseudotransition points A}
along the 1/L? scaling line.

standard deviation og in the numerical procedures. The first
equation is the equal-population condition, » 5_, P(Q) =
1/2, which can be solved directly with discrete spec-
trum. The second equation is the equal-height condition,
maxs_ o P(Q) = maxg-o P(Q), where we introduce a small
Gaussian broadening of 1072 for L > 16 (2 x 1072 for 10 <
L < 15and 3 x 1072 for L < 10) to evaluate the peak height.
The procedure begins by setting an initial set of (s, A) values
in the graphical search for the parameters at which two peaks
appear in P(Q) and then proceeds to our numerical solver
composed of nested loops. The outer loop solves the equa-
tion of the equal-height condition for the mixing parameter
s, and the inner loop finds A that satisfies the equal-height
condition for every value of s visited in the outer loop.

Figure 3 exemplifies the shape of the resulting P(Q) along
the phase-coexistence curve and the determination of the
transition point. At a low temperature deep in the first-order
transition area, two sharp peaks are prominent, even for very
small system sizes. The peaks broaden as the temperature
increases toward the tricritical point. The pseudotransition
points A} detected by the double-peaked structure show a
clear 1/L? scaling behavior expected in first-order transitions
[49,50], allowing us to determine A% via the finite-size scal-
ing formula

Af = A+ bpL 2 (10)

In Eq. (10) above, A7 is the desired transition field and bp
a nonuniversal fitting parameter. The values of A’ are listed
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TABLE 1. A collection of transition/critical (A% /A.) fields for the spin-1 triangular Blume-Capel ferromagnet. Several results obtained in
the current work from two-parametric Wang-Landau (WL) (second column) and multicanonical (MUCA) simulations (third column) at fixed
temperatures (first column) are shown, including earlier estimates of critical temperatures (7;) (fourth column) from Wang-Landau simulations
at fixed values of A (fifth column) [8]. The last column indicates the order of the transition for the particular values of the temperature/crystal
field considered during the course of the simulations. The location of the tricritical point that separates the two regimes is highlighted.

T A% /A (WL) A% /A (MUCA) T. (WL) A Order of transition
0.500 2.998 691(8) First
0.550 2.997 482(6) First
0.600 2.995 600(5) First
0.650 2.992 852(4) First
0.700 2.989 055(4) First
0.750 2.984 020(4) 2.984 06(3) First
0.800 2.977 568(3) 2.977 58(7) First
0.850 2.969 520(2) 2.969 60(3) First
0.900 2.959 721(4) 2.959 72(1) First
0.950 2.948 08(1) 2.947 95(3) First
0.960 2.945 53(1) First
0.965 2.944 22(2) First
0.970 2.942 90(2) First
0.975 2.941 57(2) First
0.980 2.940 21(2) First
0.9850(8) 2.9388(2) Tricritical
0.990 2.937 45(3) Second
0.995 2.936 05(3) Second
1.000 2.934 64(3) Second
1.372(4) 2.75 Second
1.639(3) 2.50 Second
1.978(2) 2.00 Second
2.210(3) 1.50 Second
2.395(2) 1.00 Second
2.395 1.014(1)* Second
2.549(3) 0.50 Second
2.675(2) 0.00 Second
2For comparison, note the inverse computation of 7, = 2.395(2) via Wang-Landau simulations at A = 1 [8].
in Table I for the temperatures in the first-order transition area ~ fourth-order cumulant
and the vicinity of the tricritical point. (0%
Although the double-peaked structure is evident at tem- U LQ =1- W , (11

peratures both below and above the tricritical temperature T;,
as illustrated for small systems in Fig. 3, the definite first-
and second-order character of the transition can be undoubt-
edly distinguished by the finite-size behavior of P(Q). At
the first-order transition regime the peaks become sharper
as L increases [see also Figs. 9(a) and 9(b) below]. In con-
trast, at the second-order transition, as shown in Fig. 3(d),
the double-peaked structure becomes less pronounced and
the peak height appears to decrease with increasing system
size. Within the scope of the present calculations, we are
unable to make a definitive prediction regarding whether the
double-peaked structure persists in the thermodynamic limit.
Addressing this question would require numerical data for
very large systems, which are beyond the reach of our current
computational resources.

D. Locating the tricritical point

At the tricritical point, the probability distribution P(Q)
becomes scale invariant. This can be assessed by probing the

along the phase boundary Aj(T) and the mixing parameter
s (T) determined in the field-mixing analysis described in
Sec. I C. Figure 4(a) illustrates the curves of U, LQ as a function
of the temperature 7 computed for different system sizes.
From the power-law extrapolation of their crossing points, we
estimate the tricritical temperature 7; = 0.9850(8) at which
the tricritical field is determined to be A, = 2.9488(2). Ex-
actly at the tricritical point we find ULQ = 0.571(3), which
is in good agreement with the estimate 0.574(2) reported by
Wilding and Nielaba [47] for the square-lattice Blume-Capel
model. This finding is a clear manifestation of Ising tricritical
universality.

As shown in Fig. 4(b), the tricritical temperature is esti-
mated from the value of T, derived from curve fitting the
crossing points of adjacent curves for L and L 4 3, where
L €{9,12,15, 18, 21}. The power-law fit, described by the
empirical law T}, = Ty, + aL™?, aligns well with the data for
smaller system sizes. However, slight deviations are observed
in the data points for L = 18 and 21, which is possibly due to

013214-5



MATARAGKAS, VASILOPOULOS, FYTAS, AND KIM

PHYSICAL REVIEW RESEARCH 7, 013214 (2025)

0.58

056 -~ L =36 (HR)
—&— [ = 48 (HR)
0.54 . . . .
0.97 0.975 0.98 0.985 0.99 0.995
b)o 986 ' B ' '
0044 T = 0.9850(8)
HR(36, 48 .
0.984 ( )] + A% (WL)
O A% (HR)
2.942 .
& 0.982
0.98 - 2.94 .
— w=1.924051 Ay = 2.9388(2)
0.978 . . .
0 0.01 0 0.002  0.004
L~ L2

FIG. 4. Location of the tricritical point: (a) The fourth-order cu-
mulant ULQ is plotted at A7 (T'). The data of L = 36 and 48 are the
histogram reweighting (HR) estimates. (b) The tricritical temperature
Ti = 0.9850(8) is determined by the power-law extrapolation of the
crossing points between the Wang-Landau (WL) curves of L and
L + 3. The horizontal bar indicates the crossing point of the his-
togram reweighting curves. (c) The tricritical field A, = 2.9388(2) is
computed by the 1/L? extrapolation of the Wang-Landau data. The
markers refer to 7 = 0.985 and the shaded area is bounded by the
lines of AJ(T') for T = 0.9850 % 0.0008.

the reduced flatness criterion we employed to address compu-
tational time constraints in the Wang-Landau calculations of
the joint density of states.

We further refine our estimate of the tricritical point
(A, T;) by conducting histogram reweighting calculations
for larger system sizes of L = 36 and 48. We prepared the
histogram H(Ej;, Ea; Bo, to) from Monte Carlo measure-
ments using the Metropolis algorithm at a predetermined field
A(LO) = o/ Po for a given temperature 7 = 1/8y. To ensure

accuracy, it is crucial to position A(LO) as close as possible to
the pseudotransition point that we aim to identify. Therefore,
we set A(LO) to the value of AJ, extrapolated for a larger L
using the fit of Eq. (10), applied to the Wang-Landau data
from small sizes. Thus, reweighting with |u/| < 0.005 proved
sufficient for our field-mixing analysis, accurately providing
the mixing parameter s and the pseudotransition point for
L =36 and 48.

The resulting fourth-order cumulant curves ULQ obtained
using the histogram-reweighted probability distributions are
shown in Fig. 4(a). As shown in Figs. 4(b) and 4(c), the
crossing point between the L =36 and 48 curves falls
within the error bar of our estimate for 7; = 0.9850(8).
Additionally, the pseudotransition points derived from the
reweighted distributions align well with the extrapolation line
of the Wang-Landau data points, supporting our estimate of
A¢ = 2.9388(2).

—
o
Nasg
—_
ot

0.5

L~(d=v) P (Q)
_

0.62 L =18 (WL) |
0.6 L =21 (WL) |
’ —%— L =24 (WL)
Q L
bq 0.58
| = L=36(HR)
0.56 ® [ =48 (HR)
0.54 +
—0.4 —0.3 —0.2 —0.1 0 0.1 0.2
LY (T —Tp)

FIG. 5. Test of the conjectured tricritical eigenvalue exponents.
(a) Scaling collapse of the distribution P, (Q) with y, =9/5 at
T =0.985. (b) Finite-size scaling analysis of the fourth-order cu-
mulant ULQ with y, = 4/5 on the phase coexistence curve. Results
obtained via Wang-Landau (WL) and histogram reweighting (HR)
methods.

E. Tricritical exponents

The identification of the tricritical point in our field-mixing
analysis prompts us to verify the proposed tricritical Ising ex-
ponents. Near the tricritical point, the probability distribution
can be expressed as

Py o pi(a LY Q, ay 'L E @ LU m, ay LY A,
aglg, ayL’"h), (12)

where pj is a universal scaling function; m and / denote the
magnetization and magnetic field, respectively; and a’s are
nonuniversal factors (for further details on the field-mixing
method we refer the interested reader to Refs. [45-48]). The
relevant eigenvalue exponents for the tricritical Ising univer-
sality class in two dimensions are known to be y, = 9/5,
ye =4/5,and y, = 77/40 [51-54].

At the tricritical point, the finite-size scaling ansatz for the
variable Q can be expressed more explicitly as

PL(Q) = L™ P,ILI7(Q — (Q))], (13)

where P, is scale invariant. To examine this scaling form,
it is essential to have both mixing parameters, r and s, to
compute Q. While we have obtained s from the field-mixing
analysis, the other parameter r can be determined from the
phase coexistence curve in the 8 — u plane. In Fig. 1(c) we
obtained r = —3.2009(3) from the slope of the curve at the
tricritical point. Figure 5(a) shows an excellent finite-size
scaling collapse of P, (Q) with the given exponent y, = 9/5
at T = 0.985, verifying the conjectured tricritical exponent in
the triangular Blume-Capel ferromagnet.
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The finite-size scaling expression (12) also suggests that
the fourth-order cumulant U,2 would follow the form U2 =
u,(L7:g) if computed along the phase boundary of A = 0. The
scaling field g is the deviation from the tricritical point in
the direction tangent to the coexistence curve. As we have
shown in the inset of Fig. 1, the curve is almost linear near
the tricritical point in the S-u plane. Thus, we can express
g x (T —T}) in its leading-order approximation for T =~ T;,
which enables us to reformulate the finite-size scaling form as
follows:

US = UIL(T — T))]. (14)

This specific scaling form is illustrated in Fig. 5(b), where data
points from different system sizes fall nicely onto a common
curve with the exponent y, = 4/5.

In addition, we consider the specific heat and isothermal
compressibility to measure the tricritical exponent o, [24].
The finite-size scaling analysis can be done along each axis
of the § — u plane near the tricritical point. Along the tem-
perature axis, the specific heat at fixed w is defined by the
fluctuations of € = L~9E; as

L, 2

C=5Ue) (e ): s)
which is examined for a range of temperatures 7 by setting
A =Tp. We have u = A/T fixed at the Wang-Landau es-
timate of the tricritical value A¢/T;. Note that for the larger
system sizes L = 36 and 48, the multiple histogram method
was used in order to explore the two-dimensional space of
(A, T) by assuming the Poissonian variation in the histogram
[55]. On the other hand, the isothermal compressibility of the
nonzero spin density n,

L (n*) — (n)?
T (n)?

is evaluated at a fixed T = T; for varying A. In the tricritical
area both quantities are expected to exhibit a similar finite-size
scaling behavior, namely,

C = L*/"C°(T — T,)L'™], 17)

; (16)

Kt =

and
)2y = LKA — AQLY™], (18)

respectively, where C° and K° are universal functions. The
exponents ¢, and v, are related to the tricritical eigenvalue ex-
ponent y, as o /v; = —d + 2y;, and the hyperscaling relation
dv; = 2 — o, indicates v, = 1/y,. Thus, the conjectured value
of «; /v, 1s 8/5 in the tricritical Ising universality class.
Figure 6 displays the finite-size scaling analysis for «; /v,
based on the specific heat [Fig. 6(a)] and the isothermal com-
pressibility of nonzero spin density [Fig. 6(b)]. Examining
the power-law behavior of the maxima of C and (n)%«7,
we measured o, /v, = 1.6058(8) and 1.5950(2), respectively,
both in excellent agreement with the conjectured value 8/5.
Also, the location of the peak showed a clear scaling behavior
of the form x; = xoo +aL ™, where x; = T, and A} for
the maxima of specific heat and compressibility, respectively.
From the linear fit and using y, = 9/5 we obtained the pseu-
dotransition point A% = 2.39847(1) and T} = 0.984 83(1),
which agrees very well with the Wang-Landau estimate of

(a) 3 F T T T ]
L =18 (WL) -
— L =21 (WL) o P og
L =24 (WL) o %
| o L =36 (HR) g ® |
S o p—ssam) g ' °
E =48 (HR) — et/
i 10®
8 aoﬁ ' T
0 1F Cpo *() %0 4
5o By
aP 102—= :
16 32 64
i .
0 1 1 1
—1 —0.5 0 0.5 1
(T —Tg) LM/
(b) T T T T T T T
0.3 F R
o-ab-g
@c;pﬂ ODQ:b
by o a
= a T T O
5 0.2 @,@P _ Let/m B
_ a® a10°
& o 5
1 P 1
s 01 o £
< "
101 1 1
16 32 64
1 1 1 L 1 1

0 1 1
—2 —1.5 —1 —0.5 0 0.5 1 1.5 2
(A= AL) L/

FIG. 6. Finite-size scaling analysis for the tricritical exponent ¢;.
(a) Specific heat C as a function of 7 with © = A/T being fixed at
the Wang-Landau estimate of the tricritical value A,/T;. The inset
shows the estimate of o, /v; = 1.6059(8) from the scaling of the
peak point C;. (b) Isothermal compressibility «7 at the Wang-Landau
estimate of 7;. The estimate of &, /v, = 1.5950(2) is obtained from
the scaling of the maxima. The finite-size scaling collapse is demon-
strated for 7} = 0.98493, A% =2.93847,and v, = 1/y,.

the tricritical point from the field-mixing analysis, i.e., A; =
2.9388(2) and T; = 0.9850(8). Using the measured values
of «, /v, and x, our finite-size scaling tests across various
system sizes demonstrate a perfect collapse onto a single
curve in each scaling axis for the specific heat and isothermal
compressibility.

Finally, let us discuss the tricritical signatures of the
magnetization distribution. A hallmark of the tricriticality
in the magnetization distribution is the emergence of three
peaks [47]. Moreover, the corresponding probability density
function of magnetization per spin, m = L ZX oy, has a
universal finite-size scaling form,

Pr(m) = LY™vP (L™ m), (19)

where the exponent y, = 77/40 is conjectured for the tricrit-
ical Ising universality class. In the seminal work of Wilding
and Nielaba [47], it was discussed mainly in the model of spin
fluids, while it was compared with the square-lattice Blume-
Capel model of a particular system size of L = 40. Here,
our combined numerical efforts in the triangular Blume-Capel
model confirm these signatures with comprehensive finite-size
scaling analysis. Figure 7 identifies the emergence of the
three peaks in the magnetization distribution at the tricritical
temperature, and along the pseudotransition point of A for
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FIG. 7. Finite-size scaling analysis of the magnetization distri-
bution at the tricritical point. The temperature is fixed at 7 = 0.985.
The probability distributions are generated using the Metropolis al-
gorithm at the pseudotransition points A = Aj corresponding to the
peak of the magnetic susceptibility for the examined system sizes.

finite L, the triple-peaked distribution exhibits an excellent
finite-size scaling collapse of different system sizes falling
onto a single curve with the conjectured exponent y, = 77/40.
Therefore, we have successfully verified all three conjectured
eigenvalue exponents, y;, y,, and y,, at our estimate of the
tricritical point.

III. TRANSITION FEATURES AND FINITE-SIZE SCALING

In the following, we discuss the transition characters of
the spin-1 triangular Blume-Capel model by conducting large-
scale multicanonical simulations and a customized finite-size
scaling analysis along both sides of the tricritical point on the
(A, T) phase boundary.

A. Multicanonical simulations

The multicanonical (MUCA) method [56] consists of a
substitution of the Boltzmann factor e #£ with weights that
are iteratively modified to produce a flat histogram, usually
in energy space. This ensures that suppressed states, such as
those in the coexistence region in an (effectively) first-order
transition scenario, can be reliably sampled, and a continuous
reweighting to arbitrary values of the external control pa-
rameter becomes possible [57,58]. Due to the two-parametric
nature of the density of states I'(E;, Ex) in the Blume-Capel
model, the process was applied only to the crystal-field part
Ea of the energy. This allowed us to reweight to arbitrary
values of A while keeping the temperature fixed. Starting from
the partition function of Eq. (5), we can write

Zuuca = Y, T(E;, Ex)e PP W (En), (20)
Ej En

where the Boltzmann weight associated with the crystal-field
part of the energy has been generalized to W(E,). For a flat

marginal distribution in E, it should hold that

-1
W(EA>azMUCA[ZF(EJ,EA)e—ﬂEJ} NI

Ejy

In order to iteratively approximate the generalized weights
W(EA), we sampled histograms of the crystal-field energy.
Supposing that at the nth iteration, a histogram H " (E,) was
sampled, then its average should depend on the weight of the
iteration W ™ (E ) as

(H"™(Ep)) o Y T(E;, Ex)e PPW(EL).  (22)
E;

From Eqgs. (21) and (22), it follows that (H"(E,)) o
W (EA)/W(E,). This justifies our weight modification
scheme WOHD(E ) = W (EN)/H™ (E,) for iterations to
approximate W (E) producing a flat histogram. The itera-
tions stop when the histogram satisfies a suitable flatness
criterion. We tested the flatness of the histogram using the
Kullback-Leibler divergence [58,59], which is adequate for
our distributions that do not have a long tail of near-zero
values. The weights are fixed after the iterations and then used
for the production runs.

As has been shown in detail in Refs. [58,60], the multi-
canonical method can be adapted for use on parallel machines
by performing the sampling of histograms in parallel, with
each parallel worker using the same weights but a different
(independent) pseudorandom number sequence. The accu-
mulated histogram can then be used to update the weights,
keeping communication between the parallel parts of the code
minimal. This scheme has been successfully applied for the
study of spin systems in the past, including the spin-1 Blume-
Capel and Baxter-Wu models [11,61-65]. Here, we performed
our simulations on an Nvidia TURING RTX2080 or on a PAS-
CAL GTX1080T, depending on which was available, giving
us access to simulating 47 104 and 57 344 independent copies
of the system. At each time, a subset of these threads are
actually running in parallel, while the excess in the number
of parallel tasks is employed to improve the latencies due to
memory accesses [66].

Since the multicanonical method allows unrestricted
reweighting to any value of A, the canonical expectation value
of an observable O = O({c}) at a fixed temperature can be
computed for an arbitrary A as

(0({o'}) e PAEAQDW —1(E A\ YWmuca
(e PAEADW—1(EA)Mmuca

(O)a = (23)
Evaluating Eq. (23) requires high-precision summation of
the exponentials to prevent numerical overflow and round-
off errors. We addressed these challenges using the GNU
MPFR library [67] with allocating a sufficient number of bits
for numerical representation. To identify maxima along the
reweighted curves, we implemented the Brent method from
the GNU Scientific Library.

In our multicanonical simulations, we considered triangu-
lar lattices with periodic boundary conditions and linear sizes
in the range 12 < L < 128. To thoroughly probe the charac-
teristics of the transition on both sides of the phase boundary
across the tricritical point, we performed simulations at
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FIG. 8. Specific heat (main panel) and magnetic susceptibility
(inset) curves as a function of A for the L = 16 triangular Blume-
Capel model at 7 = 2.395 (in the second-order transition regime).
Different sets of numerical data obtained via Wang-Landau (WL),
multicanonical (MUCA), and Metropolis simulations are compared.

various temperatures from 7 = 2.395 in the second-order
transition regime down to 7 = 0.75 in the first-order regime.
We note here that the multicanonical simulations become
prohibitively demanding in the low-temperature regime, a fact
that is also reflected in the statistical fluctuations of the large-L
data illustrated in Figs. 10 and 11 for 7 = 0.75. Last but not
least, for all fits performed throughout this paper, we restricted
ourselves to data with L > Ly;,, adopting the standard X2
test for goodness of fit. Specifically, we considered a fit as
being acceptable only if 10% < Q < 90%, where Q is the
quality-of-fit parameter [68].

B. Observables

Using the multicanonical simulations, we measured the
statistics of various observables, including the energy
E =E; + AE, and the order parameter m, leading us to the
estimate of the magnetic susceptibility

x = BN[(m*) — (m)?] 24)
and the specific heat
C = B>N[(E?) — (E)*]. (25)

Additionally, for the direct estimate of the critical exponent
v from the finite-size scaling behavior, we computed the
logarithmic derivative of nth power of the order parameter
[22,69,70]

K" =

dIn (m") _ |:(m”E) - (E)} 6)

aT (m")

At this point, having defined some of the main observables
of interest, we call attention to a comparative check that
highlights the numerical accuracy of the simulation methods
implemented in this work. Figure 8 contrasts the specific
heat and magnetic susceptibility curves of a L = 16 triangular
Blume-Capel system at the temperature 7 = 2.395 obtained

— T =0.95 T =085
—T=09 —T=038 ,
0 0.2 0.4 0.6 0.8 1

b) 1 R :

— T =0.75

0.6 |

P(ea)

0.4

0.2

0 1
0 0.2 0.4 0.6 0.8 1

€A

FIG. 9. Probability density functions P(e,) obtained from mul-
ticanonical simulations at (a) selected temperatures within the
first-order transition regime for a system with linear size L = 64,
(b) the characteristic temperature 7 = 0.9 and a wide range of sys-
tem sizes, and (c) the estimated tricritical temperature (7 = T} =
0.985) for the same set of system sizes as in (b). Note the logarithmic
scale of the vertical axis in (a) and (b).

via three different protocols: (1) the Wang-Landau joint den-
sity of states outlined in Sec. ITA, (2) the multicanonical
scheme sketched here, and (3) the well-known Metropolis
algorithm [55]. Without a doubt, Fig. 8 showcases a perfect
matching among the three datasets.

As we are mostly interested in the first-order characteristics
of the transition, following the prescription of Ref. [64], we
constructed the probability density function of EA per spin,
P(ep), where ep = Ex/L?. Tt is well known that a double-
peaked structure in the probability density function in finite
systems is a precursor of the two delta functions expected
in the thermodynamic limit for a first-order phase transition
[49,50]. Typical (normalized to unity) probability distribu-
tions P(ea) for various system sizes and temperatures in the
first-order transition regime and at the proposed tricritical
point are shown in Fig. 9. A few comments are in order:
(1) In the first-order transition regime, the barrier increases
upon lowering the temperature, reaching the order of ~10~2*
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for T = 0.75 [Fig. 9(a)]. (2) Note the strong enhancement
of the barrier with increasing system size [Fig. 9(b)], ex-
hibiting a major suppression of intermediate states, which
is common for first-order phase transitions. (3) At the pro-
posed tricritical point, [Fig. 9(c)], the distributions still feature
a double-peaked structure, yet with a much smaller barrier
which seems to be independent of system size. A more il-
luminating discussion on the asymptotic behavior of these
observables regarding the distributions of Fig. 9 is given
below.

C. Finite-size scaling analysis
1. First-order transition regime

The observations in Fig. 9 naturally lead us to investi-
gate the systematic behavior of the surface tension that may
characterize the transition as suggested by Lee and Koster-
litz [71,72]. The multicanonical method is instrumental for
this purpose since it allows the direct estimation of the bar-
rier associated with suppressing intermediate states during a
first-order phase transition. Considering distributions with two
peaks of equal height (eqh) [73], such as the ones shown in
Fig. 9, allows one to extract the free-energy-like barrier in the
e space,

1 Pmax
AF(L) = —1 27
=557 n(Pmm>eqh, @7

where Pn.x and Py, are the maximum and local minimum
of the distribution P(ea), respectively. The resulting barrier
connects a spin-0 dominated regime (e, small) and a spin-
41 rich phase (e large). The corresponding surface tension
3(L) = AF(L)/L is expected to scale as

Y(L) = Too + il + O™, (28)

in two dimensions, possibly with higher-order corrections
[74-76]. We point out here the recent numerical evidence of
Ref. [77] that relates the surface tension X to an interface
between a spin-+1 phase separated by a surfactant layer of
zeros, leading to a reduced effective surface tension [78,79].
The scaling behavior of the surface tension is depicted in
Fig. 10(a) for the complete set of temperatures considered
during the multicanonical simulations, and the solid lines are
fits of the form (28). The retrieved X, values are plotted
against the temperature difference from the tricritical point
(T; — T) in Fig. 10(b), featuring an almost linear increase in
Y as the temperature decreases toward the limit 7 — O.
This result agrees nicely with the observations by Jung and
Kim for the square-lattice Blume-Capel model; see Fig. 4(a)
in Ref. [33]. Additionally, we verify that at the proposed
tricritical temperature 7 = 0.985, the surface tension vanishes
to a limiting value of Yo, =3 x 1070+ 2 x 1073,

We now examine the system-size scaling behavior of the
pseudotransition field A} obtained using the probability den-
sity function P(ep). We determine A} by the value of the
crystal field at which the two peaks of equal height appear in
P(ep), as illustrated in Fig. 9. Figure 11 presents the behavior
of A} for selected temperatures in the first-order transition
regime. Our data indicate an excellent fit to the expected
first-order behavior of the scaling form (10) as demonstrated
by the solid lines in Fig. 11. The extrapolated values of the
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T = 0.985
0.02 e i
[ essoe—
0 [ 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06
1/L
(b)0.15 ; ; T T
01t v
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A
0.05 |- v .
v
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FIG. 10. (a) Limiting behavior of the surface tension X (L),
specifically at the tricritical point (7" = 7; = 0.985) and well inside
the first-order transition regime for a series of selected temperatures,
as indicated. Data are obtained from the equal height P(e,) distri-
butions of the multicanonical simulations, and results for L > 16 are
shown. The solid lines are fits of the form (28), including a second-
order correction term and Ly, = 48. (b) Temperature dependence of
Y as obtained from the fits documented in (a), measured in relation
to the distance from the tricritical point, 7; — T'.

transition field A% obtained here from P(es) confirm to a
high numerical accuracy the transition points obtained from
the field-mixing analysis in Sec. IIC. Table I provides the

2.98 i

2.96 W

rv T = 0.75 |
T=028
T =0.85
2.95 . g0 AT =09
i T =0.95
2.94 ! . ! :
0 0.0005 0.001 0.0015 0.002
1/12

FIG. 11. Shift behavior of pseudotransition fields A} determined
by the equal-height peaks of the probability density function P(E,)
for the range of temperatures considered in Fig. 9. Results for L >
16 are shown. The solid lines are fits of the form (10) to the data
points of L > Ly, = 24. The extrapolated values of A% are listed in
Table I.
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FIG. 12. Finite-size scaling behavior of the specific heat (main
panel) and magnetic susceptibility (inset) maxima, located along the
A axis at the fixed temperature 7 = 0.9 in the first-order transition
regime. The solid lines indicate fits of the forms (29) and (30),
respectively, for L > Ly, = 24.

comparison between the two different methods, showing that
a deviation in A%, is about 10~ or less.

The strong agreement in A% between the two different
approaches suggests that the parameter s in the field-mixing
analysis may have a minor role in determining the transition
point within the first-order regime. The probability density
function P(e,) corresponds to the case of s = 0 for the scal-
ing operator Q. Although the value of s determined in the
field-mixing analysis varied with system size and temperature,
it was generally around 0.01 in this model. Notably, when
considering only the equal height condition, we observed a
weak dependence of A} on s. In contrast, the fourth-order
cumulant ULQ becomes increasingly sensitive to s as it ap-
proaches the tricritical point, highlighting the importance of
the field-mixing analysis for accurately locating this point.

To conclude this section, we will focus on the temperature
T = 0.9 to explore further aspects of the characteristic scaling
associated with first-order phase transitions. In the specific
heat and magnetic susceptibility, we expect that their maxima
along the A axis behave as C; ~ LY and x; ~ L in the lead-
ing order of L, respectively. Scaling corrections at first-order
transitions are in inverse integer powers of the volume [80,81],
and thus one may write the corresponding scaling behavior as

Cy = beL* (1 + bpL™?) (29)
and
Xi = b L1+ b, L), (30

where {b¢, b, by, b/X} are nonuniversal amplitudes. This scal-
ing ansatz provides an excellent fit to our data for both
observables, as shown in Fig. 12. From the data fitting with
Lnin = 24, we obtain x = 2.000(2) and 2.000(4) for the spe-
cific heat and the magnetic susceptibility, respectively, which
are in perfect agreement with the expected value d = 2 of the
first-order transition in this model. Note that due to the value

1.7 T T T T T T T
v~ 0 =C -
L6 O=x 1
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FIG. 13. Shift behavior of several pseudocritical temperatures, as
defined in the main text, obtained from simulations at 7" = 2.395 in
the second-order transition regime.

of x &~ 2, the 1/L?* correction simply becomes an additive
constant.

2. Second-order transition regime

As already mentioned above, the Blume-Capel model for
crystal fields A < A undergoes a second-order phase transi-
tion between the ferromagnetic and paramagnetic phases that
falls into the universality class of the classical Ising ferro-
magnet. This has been affirmed in several numerical studies
of the model focusing mainly on the square lattice—see, for
example, Ref. [61] and references therein—but also on the
triangular lattice [8]. In the following we outline the finite-size
scaling analysis of our high-precision numerical data obtained
from multicanonical simulations at 7 = 2.395 that corrobo-
rates previous results on the model.

We start in Fig. 13 with the shift behavior of several
pseudocritical temperatures corresponding to the peaks of the
specific heat (O = C), magnetic susceptibility (O = x), and
logarithmic derivatives of the order parameter (O = K™, for
n = 1 and 2). These scale with the system size as

A} o= A+ ba, L7V (1 4B,y L7, (31)

with {bAO,b’AO} nonuniversal constants [similarly for the
fitting coefficients {b), ). bc, b, b} used in the scaling
Egs. (32)—(34) below] and w the universal corrections-to-
scaling exponent, fixed to the Ising value 7/4 (see, for
example, the discussion in the Supplemental Material of
Ref. [82] and comment [83]). Simultaneously fitting the nu-
merical data for the larger system sizes studied (L, = 32)
to the power law (31), we obtain A, = 1.014(1) (see also
Table 1) and v = 1.00(2), the latter in very good agreement
with the exact value v = 1 of the Ising ferromagnet. Figure 14
yields a supplementary estimation of the correlation-length’s
exponent v via the finite-size scaling behavior of the loga-
rithmic derivatives of the order parameter. In particular, we
demonstrate in Fig. 14 the cases with n = 1 and 2 of Eq. (26).
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FIG. 14. Finite-size scaling behavior of the maxima of the loga-
rithmic derivatives of nth power of the order parameter with n = 1
and 2 in a double logarithmic scale at 7 = 2.395 in the second-order
transition regime.

Fittings of the form [69]
(K" =LY (1 +b), , L) (32)

(again with Ly, =32) give an average estimate of
v = 0.996(5), in excellent agreement with the Ising value.
Finally, in Fig. 15 we depict the scaling behavior of the
maxima of the specific heat (main panel) and the magnetic
susceptibility (inset). Following the pioneering work of Ferdi-
nand and Fisher [84] the maxima of the specific heat (close
to the critical point) obey the following finite-size scaling
expansion:

CZ =bc + b/C In (L), (33)
4 T T
1000 g T
~v/v = 1.752(3) y
35| 100 J'/,/'/!
* =
=
10 ¢ E
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1.5 1 1
10 100

L

FIG. 15. Finite-size scaling behavior of the maxima of the
specific heat (main panel) and magnetic susceptibility (inset) at
T = 2.395 in the second-order transition regime. Note the horizontal
logarithmic scale in the main panel and the double logarithmic scale
in the corresponding inset.

whereas the maxima of the magnetic susceptibility scale with
system size according to the usual form

X =LA+ B L), (34)

In both panels of Fig. 15 the solid lines are fits of the form
(33) and (34) with the cut-off of Ly, = 24. A clear logarith-
mic divergence is observed for the specific-heat data and the
computation of the magnetic exponent ratio y /v = 1.752(3)
is in excellent agreement with the value 7/4 of the two-
dimensional Ising universality class.

IV. SUMMARY AND OUTLOOK

In this paper, we presented a comprehensive numerical and
finite-size scaling investigation of the spin-1 Blume-Capel
ferromagnet on the triangular lattice. In the first part of our
study, we mapped the detailed line of first-order phase tran-
sitions, filling in a previously underexplored region of the
phase diagram at low temperatures. Using Wang-Landau sim-
ulations to measure the joint density of states, along with
histogram reweighting based on the Metropolis protocol and
field mixing, we achieved a high-accuracy determination of
the first-order transition line—a summary of transition points
is provided in Table I—and of the tricritical point at (A, T;) =
[2.9388(2), 0.9850(8)]. Additionally, via our combined nu-
merical scheme we confirmed the tricritical Ising exponents
v =9/5, y, =4/5, and y, = 77/40, up to a very good nu-
merical accuracy. In the second part, we conducted extensive
multicanonical simulations to investigate the finite-size scal-
ing properties of the model in both its first- and second-order
transition regimes. Our analysis yielded high-accuracy esti-
mates of transition and critical fields, which can also be found
in Table I. These align well with those stemming from the
two-parametric Wang-Landau simulations carried out in the
first part of our study, as well as with previous results reported
in the literature [8]. In the first-order transition regime, we
identified key characteristics indicative of a first-order tran-
sition by examining the probability density function of the
crystal-field energy and computing the surface tension of the
transition using a method proposed by Lee and Kosterlitz
[71,72]. Our data indicate a linear increase in surface tension
as the temperature decreases within the first-order transition
regime. This finding is consistent with earlier analysis of the
square-lattice model [33]. Subsequently, we confirmed that
the triangular Blume-Capel model falls within the universality
class of the two-dimensional Ising ferromagnet in the second-
order transition regime. This is characterized by the critical
exponents v = 1 and y /v = 7/4 for the correlation length and
magnetic susceptibility, respectively, along with a logarithmic
scaling of the specific heat.

Closing, we propose an open research challenge: explor-
ing the phase diagram of the triangular Blume-Capel model
using the transfer matrix method with large strip widths en-
hanced by advanced Monte Carlo techniques and dedicated
simulation platforms. This approach would enable the direct
estimation of the phase diagram across multiple directions. It
would provide valuable insights into the first-order transition
regime, leveraging the exact and deterministic nature of the
method. Additionally, it would facilitate the identification of
the tricritical point and allow for a thorough examination of
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the second-order regime using phenomenological finite-size
scaling based on the correlation length. Such an endeavor
would not only complement our current findings but also build
upon the successful work of Jung and Kim, who applied this
method to the square-lattice Blume-Capel model [33].
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