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Abstract 

The separation of biological cells or microorganisms in a liquid based on their size by deterministic lateral displace-
ment is widely used in laboratories. The analytical equation for the critical diameter is derived under the assumption 
that flow between two posts is better described by flow in a rectangular tube than between parallel plates. The 
height position of the particle is an additional parameter that affects the critical diameter. Preliminary experiments 
were carried out on the separation of particles in deep and shallow microchannels. This study shows that the critical 
diameter is not a constant value for a given design but is different on each plane parallel to the top and bottom of 
the channel. The theoretical model was used to analyze experimental data on the separation of particles larger than 
4.2 µm from particles ranging in size from 2.5 to 7.9 µm.
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Introduction
Separation of particles by deterministic lateral displace-
ment (DLD) is based on the movement of liquid in a 
rectilinear microchannel of a rectangular cross-section 
[1, 2]. The width of this flat microchannel significantly 
exceeds its height. On average, the liquid moves inside 
the channel parallel to its walls. At the same time, the 
microfabricated post arrays provide separation of parti-
cles according to their size. The top view of the middle 
part of the microchannel and the scheme of experimen-
tal device are shown in Fig.  1. On a large scale, the liq-
uid moves from top to bottom parallel to the far walls. 
On a detailed scale, the liquid follows the “zigzag” mode 
formed by the streamlines (see Fig.  1A). Small particles 
are involved in this zigzag mode and move straight down 
on average. Large particles jump from one post to another 
and displace to the right in the “bump” or “displacement” 

mode. Here and below, it is assumed that each under the 
row of posts is shifted to the right by a row shift fraction 
relative to the upper row. Thus, small particles can be 
directed to the left, and large particles to the right (see 
Fig. 1B). The separation into small and large particles is 
determined by the critical diameter, which depends only 
on the micropost array geometry. Inglis et al. [2] derived 
an equation for the critical diameter. The derivation of 
the equation is based on two assumptions: firstly, the 
height of the microchannel is much greater than the gap 
between the posts or even if the posts are infinitely high, 
and secondly, the flow in the gap between two posts is 
similar to the flow between two parallel plates. Based on 
these assumptions, the division into small and large par-
ticles should be mathematically rigorous.

Beech [3] and Holm [4] found through 3D finite ele-
ment modeling that channel height affects the flow pro-
file and, therefore the critical diameter.

Their results for the median plane between the top and 
bottom of the channel show that the critical diameter 
increases with increasing channel height. The variation 
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of the critical diameter on other planes other than the 
median has not been studied.

Expert opinions on fundamental, practical, and com-
mercial issues with DLD have been described in many 
reviews (see, for example, refs. [5–7]).

In practical devices, the separation efficiency is greatly 
reduced, so that small particles can enter the right outlet 
to large particles and vice versa. Published studies men-
tion several reasons for the decrease in efficiency: clog-
ging of the device with comparable sizes between the gap 
and beads, a high bead concentration, and the influence 
of boundaries where the periodicity of the post array is 
violated [2, 8]. The effects of Brownian motion and diffu-
sion can also make it difficult to separate submicron sized 
beads. It can be assumed that the channel height also 
affects the separation efficiency.

This work aims to study the influence of the micro-
channel height on the critical diameter and particle sepa-
ration efficiency by deterministic lateral displacement.

Theoretical analysis
The top view of the circular post array is shown in Fig. 1. 
The flow is caused by a pressure difference and moves 
down in this figure. The structure is periodical. The hori-
zontal period is λ and the vertical period is λ*. For practi-
cal reasons, the periods are usually chosen approximately 
equal so that λ ≈ λ*. If λ < λ*, then the microfluidic device 
will be unreasonably long. In the case λ > λ*, a big parti-
cle can get stuck between the rows. Mosaic tiles λ × λ* are 
laid out in such a way that each subsequent row is shifted 
to the right by ελ relative to the previous one, using the 
row shift fraction, ε. If the value n = 1/ε is a whole num-
ber, then the structure will repeat every n row. Figure 1 
shows the case for n = 4.

The fluid is incompressible, and the flow at a long dis-
tance is limited to the right and left by non-deforming 
vertical bounding walls. Thus, the average flow velocity is 
directed strictly downward. The left and right bounding 
walls violate the ideal periodic structure, which leads to 
aberrant fluid flow near the boundaries. Inglis [8] shows 
how to eliminate this problem by modifying the bound-
ary interface. However, disturbances near the bounda-
ries have very little effect on the flow in the middle part 
of the microfluidic device shown in Fig. 1. Inglis et al. [2] 
assumed a parabolic velocity profile at the narrowest part 
of the flow between the two posts.

According to the theory of fluid mechanics, a para-
bolic velocity profile arises between two infinite parallel 
plates, which is described by the Hagen-Poiseuille equa-
tion. This equation, apparently, is sufficiently accurate for 

Fig. 1  Deterministic lateral displacement arrays. A Top view of the middle section of a typical sorting device. The pattern is laid out with rectangular 
mosaic tiles of size λ × λ*. B Scheme of the experimental device for the separation of large particles

Fig. 2  Theoretical and empirical points of the particle diameter 
divided by the gap, versus the row shift fraction, ε (primary axis); the 
ratio between theoretical and empirical critical diameters (secondary 
axis)
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a two-dimensional model of flow in microfluidic devices, 
which has been confirmed by many numerical calcula-
tions. In particular, Al-Fandi et  al. [9] showed that the 
flow approaches a parabola not only between cylindrical 
posts but also between rhomboid and airfoil posts.

The narrowest part of the flow, the so-called gap g 
(g = 2a), and the parabolic velocity profile u(y) are shown 
in Fig.  1. The coordinate system is chosen so that the 
x-axis is co-directed with the flow (vertically down) and 
the y-axis is perpendicular (horizontally to the right).

Total flow flux through the gap g can be divided into 
1,2, …, and n flow streams, as described by Huang et al. 
[1] and Inglis et  al. [2]. In the subsequent row, the first 
stream bypasses the post, stream 2 becomes 1, stream 3 
becomes 2, and so on (see Fig. 1). The stream numbering 
order is restored after passing through n rows of posts. 
Therefore, each stream must carry an equal fluid flux. 
Based on these considerations, Huang et al. [1] and Ing-
lis et al. [2] proved that if the radius of a particle is less 
than the width of the first streamline β, then it will follow 
the zigzag mode. If the particle radius exceeds the width 
of the first streamline β, it will travel in the bump mode. 
This makes it possible to determine the critical particle 
diameter Dc: Dc = 2β. The equivalence of fluid flow in 
each streamline is expressed by the following equation: 

Using the parabolic Poiseuille flow velocity profile, 
Inglis et al. [2] solved Eq. (1) for β and found the critical 
diameter (Inglis diameter):
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[

1
8 − ε

4 +
√

ε
16 (ε − 1)

](1/3)(

− 1
2 − j

√
3
2

)

 and j 
is the imaginary unit j =

√
−1.

Equation  (2) is valid for flow through an array of infi-

nitely tall posts. The fraction DInglish
c /g from Eq.  (2) 

is shown by the blue solid line in Fig.  2. This model 
almost predicts the particle separation into the zigzag 
and bumping mode but gives an underestimated critical 
diameter.

Davis [10] tested the particle separation in many 
devices with different row shift fractions and gap sizes 
and devised the following empirical formula for critical 
diameter (Davis diameter):
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The fraction DDavis
c /g from Eq.  (3) is plotted as the 

red dashed line in Fig.  2, which also shows the ratio 

DDavis
c /D

Inglis
c  by the green dotted line.

In reality, the DLD microfluidic device has a limited 
space between the top and bottom of the channel (see 
Fig. 3). It can be assumed that the flow between two posts 
will be described by the flow in an infinite rectangular 
pipe.

To consider such a flow, it is convenient to place the 
origin at the center of a rectangle with the range of 
sizes − a ≤ y ≤ a, − b ≤ z ≤ b.

The analytical solution of the Poiseuille flow in the rec-
tangular duct is expressed as follows [11, 12]:

where µ is the dynamic viscosity and p is the hydrostatic 
pressure.

Figure 3 shows the velocity profiles in different planes 
between the top and bottom of the channel and color 
cross-sectional velocity maps for a to b aspect ratios of 
1/2 and 1/4. The critical diameters differ at different 
plane levels, where z = const.

In the limiting case, when the channel height b tends 
to infinity, Eq. (2) gives a parabolic velocity profile for the 
Poiseuille flow between two parallel plates.

The equation for the width of the first streamline at a 
certain level is similar to Eq. (1):

To compose Eq. (5), it is necessary to take the integrals 
of cos(iπy/2a):
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After substitutions and simplification, the equation for 
the width β takes the form:

In this study, Eq. (6) was solved numerically.

Variability of critical diameter
Figure  4A and C show the comparison of analyti-
cal approximation for the critical diameter of particles 
with the numerical solution of Eq.  (6) where the veloc-
ity profiles were calculated using Eq.  (4). For compari-
son, the following geometric parameters of the idealized 
device model were chosen. The gap between the posts 
is g = 10 μm, and, accordingly, half of the channel width 
is a = g/2 = 5  μm. The row shift fraction is ε = 0.1. The 
height of the deep and shallow channels is 50 and 10 μm, 
respectively. Thus, the aspect ratio of height to width a/b 
is 1/5 (Fig.  4A) and 1/1 (Fig.  4C). Additionally, Fig.  4A 
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and C show the critical diameter calculated by Eq. (2) as a 
reference point.

For the selected parameters of the microfluidic device, 
the difference between the maximum and minimum 
critical diameter is about 0.5 µm. The maximum critical 
diameter in a shallow channel is smaller than in a deep 
one. If the channel height tends to infinity, then the criti-
cal diameter does not depend on the particle position and 
tends to the value described by Eq. (2). Thus, the separa-
tion efficiency increases as the channel height increases. 
Comparison of Fig. 3B and D shows that the separation 
boundary between small and large particles is sharer for 
a deeper channel.

Fig. 3  Microfluidic channel height effect on the velocity profile. Height-to-width aspect ratio a/b is 1/2 (A) and 1/4 (B). (i) Flow between two posts 
is modeled as laminar flow in a rectangular channel. (ii) Velocity profile in different planes z = 0, ± 0.5b, and ± 0.75b. (iii) Color map of the laminar 
flow through the rectangular pipe
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Idealized particle separation
The previous subsection shows that the critical diam-
eter depends on the position of the particle between the 
bottom and top of the channel. This means that in a real 
device, it is impossible to separate particles into strictly 
larger and strictly smaller ones than the given critical 
diameter.

Thus, if polydisperse particles are separated by a DLD, 
then after separation, the set of small particles will con-
tain particles larger than the critical diameter, and vice 
versa, large particles will contain particles smaller than 
the critical diameter.

It was assumed that the diameter of polydisperse parti-
cles obeys the lognormal distribution:

(7)f (x) =
1

xσ
√
2π

exp

(

−
(ln x − µ)2

2σ 2

)

where σ is the shape parameter (or the standard deviation 
of the log of the distribution) and μ is the scale parameter 
(or the median of the distribution). The shape and scale 
parameters affect the skewness of distribution. In the 
idealized case, shown in Fig. 4B and D, these parameters 
were chosen as σ = 0.35, and μ = 1.

Figure 4B and D show the separation efficiency of the 
idealized DLD microfluidic devices with the geometric 
parameters described in the previous subsection. After 
separation, the probability density distributions of small 
and large particles were calculated numerically using the 
Eq. (6) for the critical diameter.

It can be seen that the separation boundary between 
small and large particles is not a sharp vertical line but 
is noticeably blurred. The separation efficiency increases 
with increasing channel height.

Fig. 4  Variation of critical diameter and efficiency of particle separation. The critical diameter versus the vertical position of particles in shallow A 
and deep C channels. Idealized separation of small and large particles in shallow B and deep D channels
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Experiment
The main goal of the experiment was to separate large 
particles from the polydisperse system, collect them at 
the outlet, and send small particles to waste. The ideal-
ized case was discussed in the previous section, and the 
separation results are shown in Fig.  4. The preliminary 
experiment results are shown in Fig.  5 and discussed 
below.

Preparation of polydisperse system
Three different sets of polystyrene particles purchased 
from Spherotech Inc (Lake Forest, IL) were mixed 
together: (1) particles with a diameter of 3.5 to 3.9  µm 
and a mean size of 3.80 µm; (2) particles with a diameter 
of 4.00 to 4.49 µm and a mean size of 4.16 µm; (3) parti-
cles with a diameter of 4.5 to 4.9 µm and a mean size of 
4.79 µm. In all sets, the concentration of particles was 5% 
w/v. The aim was to obtain a mixture with an approxi-
mately uniform particle size distribution in the range 
of 3.5 to 4.9  µm. The final mixture contained particles 
with a minimum diameter of 2.1 µm and a maximum of 
8.0 µm. The particle size distribution was measured using 

a cell counter (Z2 Coulter counter, Beckman Coulter) and 
is shown in Fig. 5 with black dotted lines.

Device design and fabrication
Two DLD channels were fabricated with the same gap 
(g = 9 μm) and row shift fraction (ε = 0.1), but at a differ-
ent height (42.3 μm for the tall device and 10.8 μm for the 
shallow one).

The critical diameter calculated by analytical Eq.  (2) 
is DInglis

c = 3.52 µm . The critical diameter calculated by 
empirical Eq. (3) is DDavis

c = 4.17 µm . The ratio between 

these critical diameters is DDavis
c /D

Inglis
c = 1.185 . This 

ratio also visible in Fig. 2 at row shift fraction ε = 0.1.
The master mold of the microfluidic chip was fabri-

cated by soft photolithography. A 4-inch Silicon wafer 
was spin-coated with negative photoresist (SU-8 2035, 
MicroChem, USA).

After spin coating, the wafer was soft-baked at 95  °C 
on a hot plate. The baked wafer was exposed to 160 mJ 
UV irradiation and baked (post-exposure bake) at 95 °C. 
After the baking, the wafer was developed using a 

Fig. 5  Separation of particle mixture in deep (A and C) and shallow (B and D) channels. Idealized separation model in a deep A and shallow B 
channel, when separation efficiency is only affected by a change in the critical diameter. Realistic separation model in a deep C and shallow D 
channel, when 30% of the particles do not separate into large and small, reach the outlet and create noise in the particle size distribution
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developer (SU-8 developer, MicroChem, USA) and baked 
again (hard bake) at 150  °C. Hydrophobic surface treat-
ment was then applied to the plate, finalizing the fabrica-
tion of the master mold. Finally, the polydimethylsiloxane 
(PDMS; Sylgard 184, Dow, USA) slab was fabricated 
using a conventional replica molding technique.

Outlet particle size distribution
Large particles were separated and collected at the outlet. 
The outlet particle size distribution was measured using 
a Z2 Coulter counter. The distribution at the outlet of the 
deep channel is shown by orange line with round markers 
in Fig. 5A and C. The distribution for the shallow channel 
is shown by a blue line with round markers in Fig. 5B and 
D.

Discussion
The inlet particle size distribution has four distinct peaks 
at 3.5, 3.85, 4.48, and 4.81  µm (see Fig.  5, black dot-
ted lines). The output distribution shows that the 2.5 to 
4.2 µm particles were mostly sent to waste. Thus, the crit-
ical diameter is higher than 4 µm, which is close to the 
DDavis
c = 4.17 µm . As shown above, the critical diameter 

reaches its maximum in the median plane between the 
top and bottom of the channel. Numerical calculations 
give a maximum critical diameter of 3.52 and 3.46  µm 
for deep and shallow channels, respectively, which is 
smaller than the Davis diameter [10] and corresponds to 
the Inglis diameter [2]. However, many publications have 
shown that the Davis diameter is more accurate than the 
Inglis diameter, and the Davis diameter is widely used to 
develop new devices [5–7]. For this reason, the results of 
numerical calculations of the critical diameter were mul-
tiplied by a factor of 1.18.

The numerically calculated size distributions of par-
ticles at the outlet of the deep and shallow channels are 
shown in Figs. 5A and B with red and green solid lines, 
respectively.

In this idealized case, the particle cut-off diameter 
is approximately 3.94–3.98  µm. In fact, the output par-
ticle size distribution contains the entire range of par-
ticle diameters, from the smallest to the largest. This is 
explained as follows. The particle concentration at the 
inlet is quite high. The flow rate between two adjacent 
posts and between the top and bottom of the chan-
nel varies from zero to the maximum value. Stagnation 
zones appear in the upper part of the posts where some 
streamlines terminate. Thus, the particles move with a 
large spread of velocities, and collisions are inevitable. 
In this way, small particles enter the outlet. As a result 
of numerical fitting, it was found that 30% of the parti-
cles reach the exit without separation into small and large 

ones and create noise in the particle size distribution at 
the outlet. Figure  5C shows a good agreement between 
the experimental data (orange line with round markers) 
and numerical calculation (red solid line) of DLD particle 
separation in the deep channel.

In the case of a shallow channel, the experimental data 
show a particle size distribution peak at 5.5  µm in the 
outlet reservoir (Fig. 5D, blue line with round markers). 
This means that most of the large particles in the range 
of 4.2 to 5.0 µm were sent to waste. The cross-section of 
the channel between the two posts is rectangular, 9 µm 
wide, and 10.8 µm high. The inlet mixture contains parti-
cles up to 8.0 µm in diameter. It is possible that a number 
of larger particles can be found. However, even two par-
ticles with a size of about 6.0–7.0 µm are enough to clog 
part of the channel. Blocking the microchannel with large 
particles disrupted the DLD separation. The larger cross-
section in the deep channel (9  µm wide and 42.3  µm 
high) avoids blockage.

Thus, a deep channel allows less variation in the critical 
diameter across the height of the channel and provides 
better particle separation efficiency. A deep channel is 
less clogged than a shallow one. In addition, in the case 
of a deep channel, the hydraulic resistance is reduced, 
which makes it possible to increase the flow rate. How-
ever, high cylindrical posts in this case become very flex-
ible, and their effect on the separation has not yet been 
studied.

Figure  1B shows that the device contains 10 posts in 
each row. The row shift fraction is ε = 0.1. This means 
that in 1 section of the device, all large particles will be 
deflected from the left to the right by one post. In “Theo-
retical analysis” Section, large particles will be deflected 
one more post to the right. Ideally, all large particles will 
be collected at the outlet after 10 sections. An increase 
in the number of sections, on the one hand, leads to an 
increase in the separation efficiency, and, on the other 
hand, can cause clogging of the microchannel. This issue 
requires further study.

Conclusion and further work
Theoretical analysis for the variation of critical particle 
diameter in deterministic lateral displacement separation 
has been presented, with additional parameters being 
the height of the microchannel and the level of particles 
between the top and bottom of the channel.

The analytical solution of the Poiseuille flow in a rec-
tangular duct gives a more complete description of the 
critical diameter than the parabolic flow profile through 
the gap between two posts of the separation array.
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Preliminary experiments show the effect of channel 
height on the critical diameter and efficiency of particle 
separation.

In further experiments, the gap between the posts 
should significantly exceed the size of the largest particles 
at the inlet. A wide range of experiments should be pro-
vided for different heights of the microchannel from the 
minimum, determined by the particle size, to the maxi-
mum, determined by the mechanical stability of the man-
ufactured devices.

It is highly desirable that the particles in the initial mix-
ture either obey a lognormal low or have a uniform dis-
tribution in the range of interest.
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