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that higher-order Krylov complexities capture connected bulk contributions encoded by
replica wormholes, while the logarithmic variant probes the replica saddle structure. Finally,
within a third-quantized setting incorporating baby universes, we show that the Krylov
entropy equals the von Neumann entropy of the parent-geometry density matrix obtained
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1 Introduction

In recent years, Krylov complexity has emerged as a powerful tool for quantitatively char-
acterizing operator growth and state evolution in quantum systems [1-3]. Remarkably,
this quantity exhibits universal features in chaotic systems, although exceptions have been
observed, particularly in systems dominated by unstable saddles [4-6]. Nevertheless, Krylov
complexity is widely considered one of the primary diagnostics of quantum chaos, in line with
traditional indicators such as spectral statistics [7-10]. For recent, comprehensive reviews
of Krylov complexity, including further references, see [11, 12].

A variant of Krylov complexity, referred to as Krylov state complexity [2] (or spread
complexity), tracks how a quantum state spreads in the Krylov subspace generated by a given
Hamiltonian, via the Lanczos algorithm. This notion provides valuable insights into the sys-
tem’s time evolution, making it conceptually akin to computational complexity in holography,
where the AdS/CFT correspondence [13-15] relates the quantum dynamics of the dual theory
to geometric quantities in the bulk. In particular, holographic complexity proposals such as
“complexity=volume” (CV) [16], “complexity=volume 2.0” (CV2.0) [17], “complexity=action”
(CA) [18], and the broader “complexity=anything” (CAny) variants [19, 20] attempt to
quantify the same intuitive idea: how ‘difficult’ it is to construct a given boundary state
using bulk gravitational observables.

This conceptual parallel naturally raises the question: can Krylov complexity be identified
with — or serve as a boundary dual to — any of these gravitational complexity proposals?
Addressing this question is challenging in full generality, so it is instructive to begin with
tractable toy models. Recent studies have examined holographic notions of complexity in
Jackiw-Teitelboim (JT) gravity [21-27] and in variants of the Sachdev-Ye-Kitaev (SYK)



model [28-31], and have uncovered intriguing connections between the two, namely: (i) a
duality between wormhole length and Krylov state complexity [32-34]; and (ii) holographic
realizations of Krylov operator complexity [35-41]. These setups, however, are limited
insofar as JT gravity is dual only to certain triple- or double-scaled limits of SYK. To move
beyond this, a broader duality between sine-dilaton gravity and DSSYK at finite ¢ has been
proposed [42—44], within which a correspondence between CV (geodesic lengths) and Krylov
state complexity has been confirmed to hold [45]. Here, our goal is to explore further dualities
within the same framework, involving additional Krylov-subspace quantities.’

In particular, we aim to explicitly identify the holographic dual of the growth rate of Krylov
complexity and to offer physical interpretations. On the quantum theory side, although the
growth rate of spread complexity does not, by itself, carry decisive physical significance, it is
known that the operator complexity problem with a matter insertion in the thermofield double
(TFD) state of DSSYK can be mapped to a state complexity problem in the doubled Hilbert
space evolved with the Hamiltonian Hr — Hy, [36, 51]. The growth rate of state complexity
is therefore interesting in this setting, given its connection to the operator complexity growth
rate, which is closely linked to Lyapunov exponents. On the gravity side, the growth rate of
holographic complexity is crucial because the complexity itself is scheme-dependent (i.e., it
requires renormalization), whereas the growth rate remains well defined. This rate is directly
related to black hole thermodynamics and to the bulk symplectic form. In this work, we
propose that this growth rate is dual to the wormhole velocity in the bulk geometry. Notably,
previous studies have suggested an alternative interpretation, namely, that the same boundary
quantity (its growth rate) corresponds to the proper momentum of an infalling particle in
the bulk [52-54]. This prompts a natural question: Is the momentum interpretation the only
valid dual, and under what circumstances might it fail? One of our goals is to address this
question within an analytically tractable framework consistent with the CV conjecture.

We further extend our analysis to the holographic duals of higher-order Krylov complexi-
ties [55-57], the recently introduced logarithmic Krylov complexity [58], and Krylov entropy.
Higher-order Krylov complexities are related to higher moments of the average position along
the Krylov chain. In chaotic systems, they have been shown to exhibit clearer signatures of
chaos — namely, a characteristic pre-saturation peak. The logarithmic Krylov complexity is
proposed as a resolution of saddle-dominated scrambling and is defined analytically via the
replica trick [58]. In this sense, the higher-order complexities are Rényi-like quantities and, in
the bulk, may receive contributions from replica-wormhole saddles. In particular, we uncover
a gravitational dual of Krylov entropy and discuss its physical interpretation, especially in the
context of a third-quantized bulk with baby universes [59-61]. Our discussion applies equally
to both sine-dilaton and JT gravity, as both represent ensemble-averaged holographic theories.

The remainder of this paper is organized as follows. In section 2, we review the relevant
background on the DSSYK model, sine-dilaton gravity, and Krylov complexity. In section 3,
we revisit the duality between Krylov complexity and wormhole length, and then propose
a correspondence between the growth rate of Krylov complexity and wormhole velocity.

!See also [46, 47] for an alternative approach in which Krylov complexity is evaluated directly in the bulk —
specifically for near-horizon perturbations using the brickwall model [48-50] — rather than on the boundary.
This offers a complementary route to diagnosing quantum chaotic dynamics of black holes.



Using expectation values in coherent states, we further interpret this quantity as a potential
boundary signature of a firewall, based on bulk reconstruction arguments. We next analyze the
alternative dual description in terms of the bulk proper momentum and clarify its limitations.
Subsequently, we explore the gravitational duals of higher-order and logarithmic Krylov
complexities, emphasizing their relation to replica wormholes. Finally, we present a proposal
for a bulk dual of Krylov entropy and discuss its interpretation within the third-quantization
framework. In section 4, we summarize our results and highlight several promising directions
for future research.

2 Preliminary background

2.1 Double-scaled SYK and chord states

The SYK model is a (0+1)-dimensional strongly coupled quantum mechanical system [62—65].
It consists of N Majorana fermions with p-body interactions, which is described by the
following Hamiltonian:

Hgyk = it/? S Jieigti i, {ijr=1,---,N, (2.1)

i<ip-ip<N

where the Majorana fermions follow the anti-commutation relation:

(Wi, by} = 2645, (2.2)

and J;,...;, is the random coupling constants drawn from Gaussian distributions with zero
mean. The quenched averages of coupling are given by

B J2(p—1)!
=T

For convenience, we use the compact indices I to denote a set of ordered p indices

(Jiyeiy) = 0, (J2 i) (2.3)

{i1,42,...,ip}. In this notation, the Hamiltonian (2.1) can be written as:

Hsyg = #/23 " Jpv. (2.4)
1

This model is recognized as being exactly solvable in the double-scaled limit? (for a recent
review, see [66]):

2
N

In this limit, the quenched average turns to the annealed average:

N o0, p—oo, A= fixed, g=e*?e€(0,1). (2.5)

N2 (N
<JI> =0, (J]JK> = 2p2<p> J251K, (26)

where J? = 2|log q|.J?. The moments of Hamiltonian insertion can be represented by chord
diagrams, which turn out to be simply [67, 68]:

mn = (Hpgsyk)J = Zq2#7 (2.7)
#

*We follow notations in [43]. To match with [66], one can simply set ¢ — /g throughout the paper.



where the summation runs over all possible chord diagrams with n/2 chords and # stands
for the number of intersections of chords. This progress of understanding the contraction
from the chord diagrams involves the production of n/2-open chord states, and their closure.
This brought up the concept of Hilbert space in terms of chord number state |n) [51, 69].
The lowering and raising operators are defined as [66]:

_ q2n

1 _ q2 |n - 1>7 CLT’7’L> = |n + 1>7 ﬁ|n> = n\n>, (28)

aln) =

where a and al generate an algebra of g-deformed oscillator that obeys the following com-
mutation relations:

la,a'],2 = aa’ — ¢?ala =1, al, a] (1—gYHa'a— ¢, (2.9)

q ¢ =

which reduces to the Heisenberg algebra of harmonic oscillators when ¢ — 1. Another
useful quantity is the transfer matrix T = a' + a, which acts as a Hamiltonian in the chord
state Hilbert space and generates the time evolution inside the disorder-averaged correlation
function. The transfer matrix is tridiagonal in the chord basis and has a bounded spectrum:

E € [-2/\/1—¢q2,2/\/1 —¢?]. Tt is therefore convenient to parametrize the spectrum by
an angle 0 € [0, 7] via E(0) = 2cos(f)/+/1 — ¢? and to define the corresponding eigenstates
10) by T0) = 2cos(0)/+/1— ¢2|6).

When including matters, it is equivalent to considering another kind of chords in the
chord diagram. Consider the matter operator as:

My = #7123 Jpuh, (2.10)
I
where I = iy,42...,1y and A = p//p. The intersection weight of this matter operator with
the Hamiltonian is
q? = 2. (2.11)

The two point function Ga(f1,f2) can be computed as:
Ga(B1, B2) = (Tr (6—51HDSSYKMA6—52HDSSYKMA)>JJ, — <0’€—51Tq/2ﬁ6—52T|0>_ (2.12)
By inserting an identity in the 6-basis and chord basis, it can be written as [70]

(4% 4% o0
(q2Aei(:|:91:|:92) q2)00

)

/0 d91d@ge_ﬁlE(el)_’BQE(%)p(Hl),0(92) (2.13)

2.2 Sine-dilaton gravity: a holographic dual to DSSYK

Given a quantum theory as DSSYK, it is then natural to ask what the corresponding
holographic dual would be, particularly at finite ¢ and finite temperature. A recent work [42]
proposed the sine-dilaton gravity as a candidate. Sine-dilaton gravity is one type of 2-
dimensional dilaton gravity with dilaton potential given as a sine function, which is described
by the following path integral:

sn<2l1gq\¢>>ﬂ , (2.14)

1
DgD® ~ [ d? P
/g eXp[2/ Iﬁ( i+ |log q



After rescaling the dilaton field ®' = 2|log q|®, the sine-dilaton gravity action admits a
classical black hole solution with cosmological horizon:

ds* = —F(r)dt* + dr? F(r) =2(cosf — cosr), ' =r. (2.15)

F(r)
With constraint of coordinate range from r € [0, 27|, this geometry has a black hole horizon
located at r = ® = 6 and a cosmological horizon at r = 27 — 6. In the region behind the
cosmological horizon, F(r) becomes negative, which suggests that light rays cannot reach out
to r < 2w — 0. Expanding the metric near the asymptotic boundary, one can read off the ADM

energy as Fapy = — Qfﬁ)sgaq‘, where 6 labels the location of the black-hole horizon [42]. As will
become clear after canonical quantization, this same parameter labels energy eigenstates of
the sine-dilaton Hamiltonian; under the DSSYK /sine-dilaton dictionary it is identified with
the 6-basis introduced above. For this reason, we use the same symbol 6 on both sides and
do not distinguish them in what follows. To get an AdSs black hole geometry similar to the

JT gravity, one can perform a Weyl rescaling and a coordinate transformation of the metric

d~2: —i(I)dQZ_ 2_'26dt2 d2
’ ‘ ’ (o7 = sin” 6)di” + p? —sin* 0 a (2.16)
p=>o=1i(e"® 4 cosh),
where the dilaton profile is complex with a boundary condition
D(p — 00) = g +ico. (2.17)
To quantize the sine-dilaton gravity, consider the Hamiltonian in the canonical formalism [71]
given as
H ! ( (P) + 2ot 4) (2.18)
= ——|—cos —e'e .
P 9log ] 2 ’

where L is the geodesic length operator and P is its canonical conjugate. This Hamiltonian
exactly matches the transfer matrix 7' in DSSYK. The holographic dual of the geodesic
length operator is proposed to be proportional to the chord number operator through the
following relation:

L = 2|log g|. (2.19)

This relation should be understood as a holographic identification at the operator level.
Consequently, at the disk (leading semiclassical) level, the geodesic-length eigenstate |L) in
sine-dilaton gravity is mapped to the chord-number eigenstate |n) in DSSYK. The wave-
function in the geodesic length basis is

Yo(L) = (0| L) = Hp, /105 42| (cOS 0|q%), (2.20)
where |6) is the energy eigenbasis with energy E(#) = — cosf/|log ¢?| and H is the g-Hermite
polynomial. This matches the wavefunction in the chord number basis in DSSYK. Observing
the non-Hermitian Hamiltonian in (2.18), one consequence is that the complex conjugate
of Yy(L) does not equal to itself but rather
H ) og g2/ (cos 0]¢?)

(@% 4% L)) 10g 2|
where (a; %), = [[}—5(1 — ag?*) is the q-Pochhammer symbol.

¥p(L) = (L|0) =

(2.21)



2.3 Krylov state complexity

In recent years, the Krylov subspace method has become increasingly important in the study
of quantum chaos and black hole physics. One approach to utilizing this method is through
the investigation of quantum state complexity under time evolution. In particular, for systems
prepared in special entangled states such as the thermofield double state, this framework
provides a useful tool for probing dynamical properties. The quantity defined for this purpose
is called Krylov state complexity or spread complexity [2], which has been proposed as an
indicator of quantum chaos [7], characterized by an initial quadratic growth, followed by
linear growth, and eventually reaching a peak and saturating at a finite value.

Consider a quantum system with dynamics governed by a time-independent Hamiltonian
H and an initial state |©(0)). The time evolution of this state |¢(t)) = e~®|©(0)) naturally
generates a basis {|pn)} = H"|¢(0)). Applying the Gram-Schmidt procedure to this basis,
we could generate an orthonormal basis, called the Krylov basis {|K,,)}, where |Ky) = [¢(0)).
We can define the Krylov state complexity to study how much the initial state overlaps
with the Krylov basis as time evolves:

Cs(t) = Y nl(Knlp(®)*. (2.22)

n

The Krylov basis is the basis that minimizes this quantity in the vicinity of ¢ = 0. Here,
one can also denote

pa(t) = [(Knlp(t)?, (2.23)

which are the probabilities of finding the time-evolved initial state in the n-th Krylov basis
vector. The Shannon entropy of this probability distribution is the Krylov entropy or spread
entropy [72], defined as

S(t) = - an log pp,. (2.24)

Moreover, one can actually define a sequence of such complexities that are minimized
by the Krylov basis. We call them higher-order Krylov complexities (or generalized spread
complexity) [56, 57] defined as

CEM (1) = Y 0™ |(Kalp(t)) 2, (2.25)

which are proposed to more accurately capture the pronounced peak structure for chaotic
systems.

3 Zoology of holographic descriptions for Krylov-space observables

3.1 Krylov complexity and wormhole length: a quick review

In this subsection, we briefly review previous work [45] on the duality of Krylov complexity in
DSSYK and wormhole length in sine-dilaton gravity. To start, consider that the sine-dilaton
gravity action (2.14) admits a Schwarzchild-like metric (2.16):

dp?

2 _ 2 2 2
ds® = —(p* — sin” 6)dt —|—m.

(3.1)



This metric reduces to JT gravity at the low energy limit § < 1. The normalized classical
wormbhole length is given as

L,e = 2log(cosh(tsinf/2)) — 2log(sin ), (3.2)

which is useful for the “complexity=volume” conjecture in two dimensions.?® One can also
obtain the geodesic length at finite temperature at the full quantum level. Consider the
normalized two-point function using geodesic approximation with boundary states prepared

in Euclidean signature:

L = o) HsD AL (-7 Hsp | I, — ), (3.3)
Zs

where A is the scaling dimension of the boundary probe operator. This two-point function
exactly matches the one from DSSYK shown in (2.12) by setting $; = 7 and 2 = 5 — 7,
where A = p/p’, the ratio of interacting fermions in Hamiltonian and matter. The Lorentzian
two-point function can be acquired by setting 7 — /2 4 it. To get the geodesic length,
one simply takes the derivative with respect to A and sets A — 0. The explicit formula
can be written in the following integral form

(L) = & / " 001d0p(01) p(02) e~ EC+E®2))8/2—it(E @) ~E(02)

<3 =

mHL” log ¢2| (COS 01 IQQ)HL/‘ log ¢2| (COS 02|q2) (34)
L/ogq2l=0 \ 1 o

Consider the dual in DSSYK through (2.19), one can translate the above formula into:

2

e—iT(t—=iB/2)
_— , (3.5)

JZ5

where |n) is the chord number state and T is the transfer matrix. The summation part of

(n] 10)

2|log ¢ Zn
n

this expression has a clear physical meaning in terms of Krylov state complexity:

2

e—iT(t=i6/2)
) (3.6)

(| ——==—10)

VZs

which measures how the zero-chord initial state located on half of the Euclidean thermal

Cs(t) = Zn

circle evolves on the chord number basis. As a result, this Krylov complexity has a clear
bulk correspondence as geodesic length:

(L)

() = Fogql

(3.7)

Notably, this duality holds at the full quantum level and finite temperature. When taking
the triple-scaled limit, this duality reduces to the one proposed in [32].

3This CV conjecture here is strictly constrained to the 2d metric without considering the origin of JT
gravity from higher-dimensional gravitational theories, where CV would be corrected by the geodesic length
weighted by the dilaton profile [23-25].



3.2 Growth rate of Krylov complexity and wormhole velocity

Next, given the bulk dual of Krylov state complexity, it is natural to ask what the dual of
the growth rate of Krylov state complexity would be. For convenience, we denote the state

lp(t)) = L\/%mw} = %W(O)), which is the Euclidean and Lorentzian time-evolved

zero-chord state with a normalization factor. The Krylov state complexity can be rewritten as

Cs(t) =D (o()In)(nlg(t)) = (o)Al (1), (3-8)

n

where Y, |n)(n| = # is the chord number operator, which is also the Krylov operator K
for the initial state being the zero-chord number state. To study the growth rate of Cgs(t),
we consider the Heisenberg picture, in which the Krylov complexity can be written as the
expectation value of the time-evolved Krylov operator with respect to the state |¢(0)):

Cs(t) = (¢(0)]eT K e (0)). (3.9)

By using the Ehrenfest theorem for any time-independent operator A stated as:

A

(A(t)) = i([H, A]). (3.10)

Sl

We find the growth rate of Krylov state complexity as

d
%Cs(t)

(@()]i[T, A1)

= Zlﬁ /0 d01d05p(61)p(02)i(E(01) — E(62))e O +E©2))8/2=it(B(6:)~E(02)
x> (qz.qu)Hn(COS 01lq%) Hy(cos ba]q”) . (3.11)

On the sine-dilaton gravity side, we find that a similar object is the wormhole velocity
operator [73], which is defined as a quantity conjugate to the wormhole length:

# = i[Hsp, L). (3.12)
The expectation value of this operator can be written as

() = i(L = 0le~""s [Hgp, L]e”~DMse| L = 0)
0 .
= i {(L — 0|€—THSD [Hsp, e_AL]e_(ﬁ_T)HSD|L _ 0)} ‘

oA (3.13)

A—0

We can then do a Wick’s rotation: 7 = [3/2 + it to acquire the Lorentzian expectation
value of wormhole velocity.

By applying the holographic dictionary (2.19), we can immediately find the duality of the
growth rate of Krylov complexity in DSSYK and the wormhole velocity in sine-dilaton gravity:

Loy = 0 1




This duality is straightforward to observe through simple quantum mechanical commutation
relations, as done above. Nevertheless, it is more interesting to discuss the physical interpre-
tation of this duality. Namely, we would like to study in depth the growth rate of Krylov
complexity in DSSYK and how this quantity can probe the physics in the bulk. For this
purpose, let us consider the wormhole velocity operator in DSSYK given as:

#p = i[T, 7). (3.15)

From section 2.1, we know that the transfer matrix 7' in DSSYK is written as

R 1— q2ﬁ,

T:aT+a, a:al_ti, CLT :O[T, (316)
where an) = |n —1) and of|n) = |n+1). Since [af,7] = —af, [a,7] = a, the DSSYK
wormhole velocity operator is thus

#p =i(a —al). (3.17)

Therefore, the operator 7p acting on chord states would create or annihilate a chord, which
seems to correspond to the expanding or shrinking (firewall) of the wormhole in the dual
picture [73, 74]. Operator #p has a nice Toeplitz tri-diagonal matrix form in the chord
number basis:

0 -1
2
=5 0 -1
—gt . .
(fp) =i =L . , (3.18)
. . —1
_2(N—-1)
1 (iti 0

where N is the dimension of the chord Hilbert space. Following [70], similar to the transfer
matrix, we can see that this operator has a bounded spectrum in the large-N limit:

2 2
(i) o9

Although this spectrum is identical to the transfer matrix, it is worth noticing that they do not

share the same eigenstates. Thus, the commutator of T' and 7p is nonzero. Given the form
of the wormhole velocity operator (3.17) in DSSYK, it is natural to consider its expectation
values in coherent states. This is because the coherent state intrinsically diagonalizes the
annihilation operator, which leads to expectation values of operators like the wormhole
operator behaving simply and classically. As we will see in the next subsection, this turns out
to be highly useful for interpreting the operator in terms of wormhole dynamics and firewalls.

3.2.1 Coherent state in DSSYK and bulk description
Knowing from section 2.1 that a and a in DSSYK form the algebra of ¢-deformed oscillator:
n—1), alln) = |n+1), (3.20)

aln) = [n]g|



2n
2 = 11__qq2 is the g-numbers, it is natural to consider the coherent state |z). To find

where [n],

the explicit form of it, we consider expanding it in the chord state basis:

o0

|z) = ch|n>, (3.21)

n=0

where ¢, = (z|n) are overlaps of coherent state and the chord number state. One of the
definitions of a coherent state is that it is a unique eigenstate of the annihilation operator:*

[o@)
alz) = Z cnzln). (3.22)
n=0
Plug (3.21) to this definition together with (3.20), we have
o0
alz) = Z Cng1[n + 1] g2[n). (3.23)
n=0

By comparing (3.22) and (3.23), we can find the recursion relation for coefficient cy:

Cng1[n + 1] = zcp. (3.24)
We can therefore conclude:
ZTL
n - ) .2
c [n]qQ!co (3.25)

where [n],2! = [[i_;[k],2 is the g-factorial. Eventually, we find the normalized coherent state:

1 22"

|z) = > In), (3.26)

N E=10"
1

where |cg|? = ENE) by imposing (z|z) = 1, and we denote 622(’2‘) as the g-deformed squared
q

exponential defined as:

|Z|2n

; Tl (3.27)

eg2(121?)

This is the normalized coherent state for the q-deformed oscillator [76]. It is then straight-
forward to observe that this coherent state can be obtained by acting the g-deformed
displacement operator on the zero-chord state:

|2) = Dy2(2)]0), (3.28)
where T )
Dy(z) = W (3.29)

4Note that there are three different definitions of coherent state. Except for the first one we mentioned here,
the second and third ones are group theoretical definitions through the displacement operators and definitions
through minimal uncertainty. They generally may not be equivalent to each other in certain scenarios [75]
(in fact, they only agree in the case of the Heisenberg-Weyl group). However, in our case, we showed the
equivalent of the first and second definitions in (3.28) in g-deformed oscillators.

,10,



here e,(z) = 372 ﬁl, is the g-deformed exponential (or g-exponential). Before moving
2!

on, we would like to comment on the chord basis in (3.20). This widely used notation for

the chord basis {|n)} is perfectly fine for DSSYK computations. However, this chord basis

is known to be the orthogonal basis with the inner product:
(nm) = [n],2'0nm. (3.30)

Therefore, it is imperative to note that this usual chord basis cannot play the role of a Krylov
basis, which is defined to be orthonormal through the Lanczos algorithm. The correct basis
for the Krylov space should be the orthonormal chord basis {|n)}:

ali) = /[nleln — 1), af|a) = /In + 1eln + 1), (3.31)

which obeys the orthonormality condition:
(R|) = . (3.32)

Nevertheless, this change of chord basis does not affect the result of complexity if one does
it properly with normalization. In this orthonormal chord basis, the displacement operator
for the coherent state will be changed to:

-i- —

. es2(zal)e2(za

D(z) = M‘I;()’ (3.33)
e2(|2]?)

where only the normalization factor in the denominator is just the ¢-exponential. This

coherent state can also be prepared through the Euclidean path integral [77-79],° which

can be done via an inserted source:

0
— drJo(T)¥a(T)
|z) = Teq2f*°° 0), (3.34)
where T' means time ordering, e,z is the q-deformed exponential, .J,(7) is the source. This
is a general Euclidean state preparation procedure for any operator ¥, and vacuum state
|0) that belong to the same Hilbert space. Since we are working in the H-chord basis, J, ¥,
can be taken as the Hamiltonian H (or any composite operators well defined in the chord
Hilbert space that can be decomposed as modes of a and a'). Thus, to prepare the coherent
state in the H-chord Hilbert space, one shall take:
0
— drz(T)H, (r)
I2) = Teq2f —o P 0y, (3.35)
where this perturbation is the large-p generalization of the ones introduced in [82, 83].
Certainly, H contains both creation and annihilation operators in the chord basis. However,
when acting on the zero-chord state |0), only the creation operators contribute. The mixed
terms proportional to the number operator contribute only a constant. Therefore, the
Euclidean path integral prepared state can be written as

) oc e28]0), (3.36)

5 Another way of preparing a semi-classical state is to slice the Euclidean wormholes through a time-reflection
symmetric slice, which yields an order one overlap with the TFD state semi-classically [80, 81].
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where z contains the information of the source and plays the role of a coherent parameter.
This matches the unnormalized coherent state we found in (3.28).

We then move on to evaluate the wormhole velocity operator in the coherent state
in DSSYK:

(z|i(a’ — a)|z) = 2Im(2). (3.37)

Given the coherent state as a superposition of chord states with weights, its bulk dual can
be interpreted as a collection of geodesic paths (a wavepacket on the geodesic basis), which
can be probed by classical bulk fields. Next, we will simply show that Im(z) corresponds to
a time shift of field excitations in the bulk description. Consider the boundary one-point
function in the coherent basis:

(210(t)]z), (3.38)

which is finite in the coherent basis. Here, operator Oisa composite operator built from
a and a' in the ¢g-deformed oscillator, whose one-point function can still be non-trivial.®
Acting explicitly on the chord basis, it is given by

(z10(t)]z) = N*(|2]) D en(nlOt)[n) + D cren{m|O()n), (3.39)
n m#n

where N(|z|) is the normalization factor, ¢, = 2"/[n],!, and

’Z ‘ m+nei(n7m) arg(z)

mCn = 3.40
m® [n]2![m] 2! (3.40)

Using the HKLL reconstruction map [84], the bulk field can be reconstructed by
(60r0) = [ AWK 6)10)]2), (3.41)

where () denotes the expectation value under the bulk corresponding state of |z). Taking
the relevant part of the smearing function K (r,t;t'),” it can be expressed as:

(B(r,8)) ~ 303 emieltHnmm a2/ £ () 4 cc, (3.42)

n,m w

which indicates a time shift of the corresponding bulk field modes. Take the first term as
an example. Consider n > m and modes with |(n — m)|/w ~ 1. Using the definition of
argument of a complex number: arg(z) = arctan(Im(z)/Re(z)) € (—m, 7] when Re(z) > 0,
a negative imaginary part implies arg(z) € (—m,0). This corresponds to a backward shift
in time for the bulk field modes, as illustrated in the figure 1 (a). Likewise, for modes with
n < m, the positive imaginary part of the coherent parameter would contribute to the

50ne should not consider this as a matter operator, whose one-point function certainly vanishes. We thank
Sergio E. Aguilar-Gutierrez for pointing this out.

"Note that although HKLL reconstruction was proposed in AdS, where the smearing function can have a
nice form, which may not be true in dS. However, in our arguments, we only care about the Fourier modes,
which shall hold generally.
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effectively

— infalling probe

(a) (b)

Figure 1. (a) shows the backward shift in time of modes for bulk field ¢ according to equation (3.42).
The blue curves are constant r slices, and the red line is a constant time slice. (b) shows an effective
picture with bulk modes of the infalling probe unchanged, but a relative boost of the left perturbation.
The dashed green curve represents a boosted perturbation. The orange dashed line stands for
an unchanged infalling probe. The blue star represents a collision of the infalling probe and the
perturbation.®

backward shift in time. Effectively, this results in a relative boost of the left perturbation
depicted in the figure 1 (b), such that a collision of the infalling probe and a perturbation
can happen. This matches the interpretation of black hole/white hole tunneling. As shown
in the figure 1 (b), the orange dashed line represents an infalling probe with no boost, which
does not intersect with the solid green curve. However, after having a backward shift in time,
the probe (dashed orange line) collides with the dashed green curve, effectively producing a
firewall. This scenario corresponds to the Stanford-Yang [74] type of firewall (see also [85]
for comments related to Krylov complexity and firewalls). To summarize, in DSSYK, the
wormbhole velocity operator captures the imaginary part of the coherent parameter, which,
through bulk reconstruction, indicates the possibility of experiencing a firewall.

Moreover, we would like to comment on several notable aspects regarding quantum
information complexities with coherent states. Given the coherent state, it is straightforward
to study its quantum information geometry, i.e., the Fubini-Study metric. To proceed, we
start with the expression for the coherent state and observe that

0z|z) =0, 0.(z| = 0. (3.43)
We define the Kahler potential for the unnormalized coherent state:
K (2, ) = log({2]2)) = log(e (|2])). (3.44)
The Fubini-Study metric is defined as:
ds® = 0,0:K (z,2)dzdz = g,zdzdz, (3.45)

where z, z play the roles of coordinates in a complex manifold with the Kéahler metric g,s.
Therefore, there exists a closed Kéhler form, which is also a symplectic form, written as

Q=10,0:K(z,2)dz N\ dz. (3.46)

8We thank Zhenbin Yang for pointing out a misleading part in the previous plot.
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In the language of the Euclidean path integral, as in (3.36), this symplectic form is prepared
at the boundary of the Euclidean manifold. It can be pushed into the bulk to any Cauchy
surfaces anchored at tp = 0 through the “new York” deformation [86-89]. Using the piece-
wise holographic dictionary [77, 90], one can correspond the boundary source z to the bulk
classical field configuration ¢:°

o(t,x) = ¢t (t,x) + ¢ (t,2), (3.47)
and
¢E(t,z) = Gp(t, ;1) 2 (t), (3.48)
o+
where z*(t) is defined as
2E(t) = 2(t), for tedM™;  zE(t)=Z(t), for te oM. (3.49)

Consider any initial Cauchy slice 3, the initial position ¢ and conjugate momentum 7 are
related to the bulk field configuration on g:

(p(to,$0) = Re[¢+(t0,$0)], W(to,l‘o) = Im[8n¢+(t0,$o)], (350)

where 0,, denotes the derivative in the normal direction of ¥y. Consider (3.48) and the fact that
2T and 2z~ are complex conjugate to each other; the initial position and momentum are thus
real valued. Especially, the momentum is proportional to the imaginary part of the source:

m(to, o) o< Im[z(to)], (3.51)

which surprisingly matches with our result in (3.37).

It would also be interesting to compute the volume associated with this Fubini-Study
metric (3.45) and compare it with the complexity of the initial coherent state, despite the
absence of an analytical expression for the metric. Additionally, it would be worthwhile to
study the Fubini-Study cost function proposed in [93]. However, these directions lie beyond
the scope of the present work and are left for future investigation.

3.2.2 Bulk proper momentum

So far, we have studied the duality between the growth rate of Krylov complexity and the
wormhole velocity. However, a recent work [52] proposed an alternative duality between
the Krylov complexity rate and the proper momentum of a massive particle falling into the
bulk geometry.'® Motivated by this, we investigate such duality and its limitations. Starting
from the AdSy black hole geometry given in (3.1), we perform the following coordinate
transformation to obtain a flat-space coordinate that measures the proper distance to the
black hole horizon:

p = sinf coshr. (3.52)

9The inverse problem, namely “bulk reconstruction from complexity,” yields a precise notion of emergence
of spacetime from optimized computation in the dual CFT [91, 92].
198¢e also [53, 54] for the massless case.
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The metric turns into
ds* = —sin? @ sinh? rdt* 4 dr?. (3.53)

This geometry is similar to the case studied in [52]. Consider an infalling massive particle
following a time-like trajectory:

tanh r(0)
tanhr(t) = ————. 3.54
anhr(t) cosh(tsin 0) (3:54)
After rescaling, the proper momentum in r-direction is then given as
. sin 0
P, x sinh ( 5 t) . (3.55)
Compared to the rate of classical geodesic length (3.2):
dL in 0
dtre = sin f tanh (51121 t) , (3.56)

two results do not match exactly. However, keep in mind that this classical geodesic length

is accurate only in early time, where we can assume cosh (Siget> ~ 1. By adding the cosh
term to the proper momentum, we find that

}¢<xtmﬂ1($;9t>, (3.57)

which matches well with the growth rate of classical geodesic length in the early time.
Rather, one can also consider the low-energy limit where § < 1, (3.55) and (3.56) also
match in this limit:

dLye 0
P =2t .
& 5 (3.58)

where they both show a linear dependence in time. From equations (3.57) and (3.58), we
see that the growth rate of Krylov complexity and proper momentum agree with each other
at both low energy and early time limits. This is not an accidental consequence. In the
low-energy limit, the cosmological horizon disappears and sine-dilaton gravity reduces to JT
gravity. For the proper momentum of a particle inserted at ¢t = 0, it probes the geometry
only near the boundary at early times, where the geometry of sine-dilaton gravity agrees
with JT gravity asymptotically. Thus, these two limits essentially probe the same effective
geometry, which yields the agreement.

It is worth comparing our results with ref. [52], where an exact correspondence between
the proper radial momentum and the growth rate of Krylov (spread/state) complexity is
found to hold at all times. In contrast, we find that this duality does not hold exactly in
our setting. This should not be viewed as a counterexample to ref. [52]. Rather, we study
a more general (and more microscopic) setup in which the momentum-complexity relation
holds only in the Schwarzian limit, i.e. at low energies/early times. From the boundary
perspective, ref. [52] considers a situation in which the relevant dynamics closes on an SL(2, R)
algebra. By contrast, in DSSYK we probe the full spectrum, and the dynamics is governed
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by SL(2,IR) only in the Schwarzian regime. Our results therefore suggest that the duality
between proper momentum and the growth rate of complexity can be sensitive to UV physics
and may receive nonperturbative corrections. From the bulk perspective, this is also natural:
since DSSYK is a disorder-averaged (ensemble-type) theory, its gravitational dual is expected
to exhibit strong nonperturbative effects beyond the universal IR. These effects become
important at later times/higher energies and can account for the observed deviations from
the probe-momentum picture away from the Schwarzian limit.

From the above observations, we argue that the statement presented in [52] appears to
hold only at the early times or the low energy limit of our setting. The dual of the growth
rate of Krylov state complexity can be summarized as follows:

exact early time/
>

Wormhole velocity «+———— Rate of Cg(t) Proper momentum.

(3.59)
Beyond the Schwarzian (early-time/low-energy) limit, where the leading term in the

low energy

growth rate of Krylov state complexity is dual to the proper radial momentum, it would be
very interesting to understand whether the subleading terms admit a direct gravitational
interpretation. A natural expectation is that they correspond to corrections beyond the
leading semiclassical approximation, e.g. finite-G  effects (and more generally corrections to
the JT /Schwarzian approximation in sine-dilaton gravity), possibly including ensemble/non-
perturbative effects. Since a systematic analysis of these corrections is beyond the scope
of this paper, we leave it for future work.

3.3 Higher-order Krylov complexity and replica wormholes

In DSSYK, higher-order Krylov complexity can be generated by the generating func-
tion [31, 94]:

L(t) = (p(t)]e (1)), (3.60)

which contains information for all moments of 7 evaluated in the state |¢(t)). To extract
each moment, we take derivatives of I,(t) to get Krylov complexity at any order m:

am
CmM@) = (-1 =—1IL,@#)| . (3.61)
a'um g n—0
The higher-order Krylov complexities are thus written as
A Tr g(UTA™U
Cm(e) = (oteamiott) = A, (3.62)

where Zg = Tr (e PH), U is the Lorentzian time evolution, and Tr is the thermal trace taken
in the zero-chord state. This quantity is closely related to a quantity we call logarithmic
Krylov complexity, denoted as LC:'

LO(t) = (¢(t)|log n|¢(t)) - (3.63)

UThis is different from log(C/(t)). More detailed analysis of logarithmic Krylov operator complexity in
quantum systems is shown in [58].
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S

Figure 2. (a) The schematic picture of replicated manifolds with three replicas in DSSYK. The crosses
label the indices for the matrix 7;;(t) = (UTAU);;, which is no longer a diagonal matrix in general.
The red lines indicate the contraction of indices. (b) The schematic picture of the disconnected saddle
in the bulk gravity. (c¢) The schematic picture of the connected replica wormhole saddle in the bulk
gravity.

This can be computed using the replica trick:

(m) (m) (¢) —
LC(t) = lim dem(t) = lim M

m—0  dm m—0 m

(3.64)

When m is only taken as a positive integer, C("™) (t) reduces to the higher-order complexity
discussed in [56, 57]. Nevertheless, m is, in general, a continuous parameter that requires
analytical continuation. Notice that this replica trick is different from the one used for
entanglement entropy, but rather close to the one shown up in the free energy calculations [95].
To be more precise, the higher-order Krylov complexities should be written in terms of the
ensemble-averaged quantities:

c(m) (t) = w (3.65)

where it already represents the ensemble average of samples of random Hamiltonians in the
chord Hilbert space. Note that 7(t) can be understood as prepared from 7 = 0 by a Euclidean
path integral in imaginary time. Unlike in [96], the manifolds at 7 = 0 are cut open since
n(t) has support on the entire geometry. They are then connected cyclically on replicated
manifolds, see figure 2 (a) as an example for m = 3. It is worth noting that the crosses on
the plot do not mean the edge of a subregion, as in entanglement entropy. They are simply
notations of matrix indices of 7(¢). In this case, one cannot regard the Krylov operator
(chord number operator) as a density matrix because its trace is not bounded. Instead, one
can break down the summation and deal with each term separately:

Tr g(A(t)™) = Tr (181 (£)™) + 2™ Tr 5(rin())™) + . .., (3.66)

where 711 = [1)(1], fix = |2)(2|, and so on. In this way, one can regard it as a reduced density
matrix in each term, with the traces as 1.

On the bulk side, using the holographic correspondence (2.19), the higher-order complexity
can be computed through the following expressions:

Cm(t) / dL(Lo| (LIL(£))(L(t)))™ | Lo) = — aaATr (e72E"®) \M? (3.67)
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where the integral is the Fuclidean gravitation path integral. Or, from another perspective,
one can also obtain it via:

C(t) e [ AL{Lol (LLONLOD™ |Eo) = ()" 5 T (520) L (308)
oA™ A—0

Our interpretations of these two perspectives are: the first one can be understood as a
particle with scaling dimension A sent to a replicated bulk geometry to probe the replicated
geodesic, which would include contributions through the replica wormholes. The second
perspective can be viewed as sending many light probe particles to probe a fixed bulk
geometry. Figure 2 (b) and 2 (c) show examples of connected and disconnected geometry
in the case of three replicas. We believe these two perspectives shall be equivalent at early
times when replica wormhole contributions can be neglected. However, it was shown in [95]
that connected topologies might dominate in low temperatures, where these two perspectives
shall deviate from each other dramatically.

Similarly, by using the replica trick, the log Krylov complexity can also be computed
in the bulk from two perspectives:

)
m—0

99 o (—alm ‘
LC(t) +— . 8ATr (e ) o

. 9 ogm A
— (=1) am aAmTr (e AL(t))‘

(3.69)

)
A—0lm—0

where in the second line, one cannot switch the order of derivatives trivially.

3.4 Krylov entropy and baby universe

For Krylov complexity in quantum systems, one can define an associated quantity called
Krylov entropy [72]:

S(t) = - Z |‘pn(t)’2 10g(|§0n(t)’2)7 (370>

where ¢, (t) is the transition amplitude:

nlt) = (nlp(t)) = (n]e= T (0)). (3.71)

In the limit as t — 0, the state is localized, resulting in a Krylov entropy of zero. In the
limit ¢ — oo, if the system is chaotic enough, and the chord basis is of dimension N, we
have |, (t)|> = +. Thus, the Krylov entropy is S(c0) = — 3>, 1/Nlog(1/N) = log N, which
indicates that the state becomes delocalized in the geodesic basis after time evolution. Thus,
the range of Krylov entropy is

0 < S(t) <logN. (3.72)

In disorder-averaged theories like SYK, one should look at the ensemble-averaged den-
sity matrix:

o) = [ dHPH) T p(0) 0 0) ", (373
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which stays pure for any ¢ with or without ensemble averages. In the DSSYK, the ensemble
averaging is encoded in the chord Hilbert space formalism, and the density matrix for the
time-evolved initial state is

p(t) = e Tp(0)) (p(0)|eT". (3.74)

This shall give a trivial von Neumann entropy because the state from the boundary observer’s
point of view is always pure. This is the consequence of the lack of detectability of information
in the bulk from the boundary [61]. However, in the holographic dual picture of gravity,
this would change if one studies the wormhole in the open universe with baby universes. In
this setup, we try to write the Krylov entropy in the bulk Hilbert space. This can be done
through the so-called third-quantization scheme [59-61],'? which has already been explored
in JT gravity. Although baby universes are not rigorously studied yet in sine-dilaton gravity,
it is worthwhile pointing out that our discussions here do not depend on details of the theory.
We consider the total bulk Hilbert space as

%tot = %geo ® 7fbabyy (375)

with state being written as |L) ® |b). This factorization should be understood purely in the
context of quantum gravity once wormhole/baby-universe effects are included. Our goal is to
identify the correct bulk dual of the boundary Krylov basis. Before tracing/factorizing out
the baby-universe sector, the naive geodesic basis is not the appropriate orthonormal basis
(in particular, wormhole effects lead to the “wormhole shortening” discussed above). After
tracing/factorizing out the baby-universe sector, the geodesic basis provides an orthonormal
basis that can be identified with the bulk representation of the Krylov basis. In this framework,
the boundary Krylov entropy admits a natural bulk interpretation as the entanglement entropy
between the geometric sector and the baby-universe sector.'® Therefore, the initial state
can be written as:

p(0)) = |L = 0) @ [0),apy- (3.76)

After time evolution, the state becomes

ZwLb )IL) ® |b), (3.77)

where this wavefunction v, ;(t) is the propagator P, from [98] setting one boundary as L =0
for nonzero b. It can be written as follows in JT gravity:

Yrp(t) = (L] @ (b))e™ 7 (IL = 0)5 ® |0))

16cos b\/ﬁ it _ _
_ / 16cos(bV2E) _ig-is/2)e, LRE, ep(de MK, cr(4),  (3.78)

23ee also [97] for a slightly different approach.

13This should not be interpreted as a factorization of the boundary Krylov basis: boundary observers are
blind to the baby-universe sector.

4The geodesic in JT gravity is defined as Ljr = f ds, while in sine-dilaton gravity, it is defined as
Lsp = fdseiiq)/2 [42].
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|L = 0)5®0)

Figure 3. An illustration of the wavefunction ¢, ;(t) in eq. (3.78): the parent universe emits a baby
universe of size b while its geodesic boundary length L evolves. The Euclidean half-disk at the bottom
sets the Hartle-Hawking state, time evolution propagates it by t/2, the geodesic loop of length b
marks the baby universe, and the geodesic boundary of length L is the remaining parent.

which can be obtained from the trumpet wavefunctions. The summation of b is from 0
to co. When b — 0, ¥ o(t) — »Pk(¢). It is shown in the figure 3 in the piecewise
Euclidean and Lorentzian geometry. The initial state |L = 0) has a constant overlap with
bulk energy eigenstates: (E|L = 0) = 1, which indicates that the initial state is the maximally
entangled state.'> After the Euclidean preparation, it becomes the TFD state, which should
be considered as dual to a Hartle-Hawking state |H Hg) in the presence of a proper ensemble-
averaged quantum theory [98].1® Therefore, the wavefunction vy, ,(t) is proportional to
the trumpet wavefunction in this setup. Note that we omit contributions of emitting and
reabsorbing baby universes, which are suppressed by the factor e 2% with y = 1 — 2n
from topology changes. While in sine-dilaton gravity, given the trumpet partition function
from [99], we are able to derive the trumpet wavefunction 1/1%]3 5/2(L,b) as

cos(b0)
¢, ¢%, e q%) oo

T/J%]rj,ﬁ/Q(Lab) = /de( e_gE(e)l/)a(L), (3.79)

where E(6) is the spectrum of sine-dilaton gravity given below (2.20) and the ¢y (L) is the
wavefunction in (2.20). Detailed derivations of trumpet wavefunctions in JT and sine-dilaton
gravity are given in the appendix A.

The density matrix of the time-evolved initial state can be written in this picture as:

proc(t) = [pONWO) = D Drp®)viw (OIL) (L@ [b) (] (3.80)

LbL' b

'5This initial state can also be understood in the Euclidean disk with defect. L = 0 is the minimal geodesic
that wraps around once the half-defect [42].

16Tt has been shown that the path integral over wormhole topologies yields non-trivial late-time contributions,
establishing a connection with random matrix behavior and the ETH interpretation [98].
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Note that at this point, the density matrix remains pure since the closed system unitary

evolution does not change the purity. Consider that they both form an orthogonal basis:!'”

(LILY < 6(L — L"), {(b|b') o Gy (3.81)

One can trace out the baby universe part and be left with the density matrix only from
the geodesic basis:

pgeo( ) Tr baby ptot Z |¢L | |L | (382)

where pgeo(t) now becomes a diagonal mixed density matrix since the geodesic basis is
diagonal. Here, 1,(t) shall be dual to the transition amplitudes shown in Krylov entropy
in DSSYK. This is because we can only have an orthonormal geodesic length basis after
separating the baby universe sector, which can serve as a bulk Krylov basis. We can thus
find the von Neumann entropy for this density matrix as

—Tr (pgeo(t) 10g pgeo(t Z [¥1(t)|*log [¥r(t)* «— S(t). (3.83)

We argue that in the Hilbert space including baby universe, the original Krylov entropy,
defined as the Shannon entropy, becomes the von Neumann entropy of peeo(t) in the bulk.
This von Neumann entropy quantifies the amount of information lost to the baby universe
as the initial state gets increasingly entangled with it over time. This picture involving the
baby universe is consistent with the ensemble average interpretation: the presence of different
ensembles can be understood as arising from the existence of baby universes. Since, overall,
the baby universe is formally defined in the gravitational path integral, which is an equivalent
interpretation of the matrix ensemble integral [60].

4 Conclusions

In this work, we extended the program to establish holographic duals for Krylov-space
observables in the double-scaled Sachdev-Ye-Kitaev (DSSYK) model. Building on the known
duality between Krylov complexity and geodesic length in Jackiw-Teitelboim (JT) and sine-
dilaton gravity, we identified the growth rate of Krylov complexity as dual to the wormhole
velocity, and clarified a complementary interpretation in terms of the proper momentum of
an infalling particle in the semiclassical regime and at early times. Furthermore, by studying
expectation values in coherent states, we showed that this observable can serve as a boundary
diagnostic of bulk features such as firewalls.

More specifically, motivated by the proposal that negative eigenvalues of the wormhole
velocity operator signal a white-hole/firewall, we analyzed the dual boundary quantity, the
growth rate of Krylov complexity in DSSYK, focusing on the coherent-state basis. We
showed that these eigenvalues are determined by the imaginary parts of the coherent-state

"The orthogonality condition is only required at the disk level in the third quantization picture. Although
it is naturally satisfied in the canonical ensemble, it fails to be orthogonal even at the disk level in the
microcanonical ensemble [100]. Nevertheless, one can force it through the Gram-Schmidt process, which is
actually the natural steps in the Lanczos algorithm. One can thus always interpret pr as a probability.
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(Boundary) Krylov Observable (Bulk) Holographic Gravity Dual

Krylov complexity Wormbhole length

Growth rate of Krylov complexity ~Wormbhole velocity;

Proper momentum (small-E or early-t regime)

Higher-order Krylov complexities = Rényi-like wormhole length

Logarithmic Krylov complexity Probe wormhole length via replica wormholes

Krylov entropy Entanglement entropy of geodesic

and baby-universe sectors

Table 1. Krylov-space observables in the double-scaled SYK model and their dual descriptions in
sine-dilaton/JT gravity.

parameters. Using the HKLL bulk reconstruction method, we found that indications of a
firewall are encoded in the negative eigenvalues.

We then extended the dictionary to more refined quantities in the Krylov subspace. We
argued that higher-order Krylov complexities naturally map onto connected replica wormholes,
providing a bulk counterpart to Rényi-like refinements of operator growth. The logarithmic
Krylov complexity is defined via the replica trick and probes wormhole saddles beyond the
disconnected phase. Finally, we studied Krylov entropy, defined as the Shannon entropy of
transition amplitudes. On the bulk side, we found that it equals the von Neumann entropy of
the reduced density matrix obtained by tracing out baby universes in the third-quantization
picture.'® Thus, the bulk dual of Krylov entropy quantifies the entanglement between the
geodesic-length basis and the baby-universe basis, thereby measuring the information lost
to the baby-universe sector.

The holographic dualities discussed in this paper are summarized in table 1. This summary
highlights the utility of the Krylov subspace as a boundary framework for diagnosing not
only quantum chaos but also holographic duality. More broadly, the developments here
reinforce the view that Krylov-based methods are powerful probes of operator growth and
state spreading, and provide windows into the emergent structure of spacetime.

Several directions remain for future exploration. It would be valuable to test these
dualities in other solvable holographic models, to study the role of coherent states and
quantum information geometry more systematically, and to investigate possible signatures
of baby universes in boundary observables. It is also natural to ask whether this Krylov-
based holographic picture continues to hold under quantum corrections, order by order;
see [44, 99, 102] for recent developments.'?

Exploring the proposed dualities in higher dimensions is a long-term, technically chal-
lenging objective. The simplest extension may lie in the AdS3/CFTs correspondence. Even

18See [101] for a different discussion on the von Neumann entropy of subsystems in DSSYK and Krylov
complexity.

19Tn section 3.2.1, we derive the coherent states in DSSYK and compute the growth rate of Krylov complexity
in the coherent-state basis. It is straightforward to compute the Fubini-Study metric for this g-deformed
oscillator. It would be interesting to test whether the statement that Krylov complexity equals volume in the
information metric continues to hold in the g-deformed algebra.
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in two dimensions, given the established correspondence between observables in DSSYK
and sine-dilaton gravity, a natural question arises: Is this duality unique? More concretely,
starting from the Krylov complexity of DSSYK, one may ask whether analogous quantities in
other two-dimensional dilaton gravity models with different dilaton potentials and boundary
conditions reproduce the same behavior. A notable example is the dS limit of sine-dilaton
gravity, recently explored in [103].2°

Another accessible direction is to examine different initial states, for instance, the
thermofield-double (TFD) state expressed in the chord basis, which requires only the con-
struction of the corresponding Krylov basis. We plan to report further progress on some
of these directions in the near future.
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A Trumpet wavefunctions 1 g/2(L,b) in JT and sine-dilaton gravity

In JT gravity, the wavefunction of canonical Hamiltonian in the geodesic basis is

V(L) = 4e 2K, gp(de7t/?), (A1)

20 Another related issue has been addressed in JT gravity [104].
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where K, is the modified Bessel function of the second kind. This wavefunction obeys the
orthogonality condition:

5(E — E)

po(E) (82)

e™50 / dLe" (L) g (L) =

where po(E) = eSOSmh(;TM is the density of states in JT gravity. Now, consider a single

trumpet partition function from the Euclidean path integral
Zin(B,b) = e 50 /eL<HH5|L><L,b]HH5)dL
= e [ eFg 5p(L)m (L DAL, (A3)

where b is the size of the baby universe and ¢y, 4 /Q(L) is the disk wavefunction given as

Vb salL) = (HHGIL) = [ dBp(B)e /203 (L). (A4)

Consider the trumpet wavefunction can be written in the same form:

Vv 52(L,b) = /0 " AEpn (B, b)e PE (L), (A.5)

Therefore, the task is to find the trumpet density p1(E,b). In order to do so, we plug (A.5)
and (A.4) into (A.3) and integrate over L. By using the orthogonality condition (A.2),
one can get

Zu(B.D) = [ dEpr(Eb)e ", (A.6)

The trumpet partition function is given in [105] as

1
\/me 28, (A.7)

where we take v = 1. To derive the trumpet density, one simply employs the inverse

ZTr(ﬁv b) =

Laplace transform

One can straightforwardly obtain the trumpet density as

cos(bv2E)

T E,b = A9
pr:(E,b) 2k (A.9)
Thus, the trumpet wavefunction can be written as [98]
o cos(bV2E) _zp
aso(L,b :/ dESEONVEE) —BE[2y, (1), A10
QzZ)T ,5/2( ) 0 W\/ﬁ TZJE( ) ( )

In sine-dilaton gravity, unlike JT gravity, the geodesic is intrinsically discretized. One
therefore should not consider L as the same quantity in two theories. Instead of the energy
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basis, it is more convenient to use the #-basis, where the wavefunction with respect to geodesic
length is given in (2.20), which is written in terms of g-Hermite polynomials. They are
known to obey the g-Mehler formula

o~ Hn(cos0]g*) Hn(cos0'|q®) , — (1%6)oo
> (0% @)oo U7 etz g2y

n

(A.11)

In the limit of » — 1, the right-hand side can be approximated by (¢?%; ¢*)0cd(6—6"). Therefore,

~ (0% ¢)0c6(0 — 0'). (A.12)

i H,,(cos 0|q?)H,(cos 0'|¢?)
- (4% ¢%) oo

Similarly to JT gravity, by using the above formula, we can write the trumpet partition
function in sine-dilaton gravity as

252 :/0 d0pre(6,0)(4%, ¢, €% ¢ )oce PP (A.13)

On the r.h.s., the integrand is a periodic function in 6, and we introduce

5 p
8= ) A.14
2| log q (A1
and define
£(6,5) = pre(6,0)(6*, 4%, €7 ¢%) oo (A.15)
We then expand the function f in terms of its Fourier modes:
f(0,b) = Z cn(b) cos(nd), (A.16)
n=0

where the odd part of the Fourier modes vanishes in (A.13). We can therefore rewrite the
trumpet partition function as

Z5P(8,b) = /0 dfe=Pcos(®) Z cn(b) cos(nd). (A.17)
n=0

Consider the integral representation of the Modified Bessel function of the first kind

L(z) = 1/ e’ Y cos(ny)dy, (A.18)
T Jo
we can find
Z%12 = cn(O)In(B). (A.19)
n=0

Ref. [99] derived the trumpet partition function in sine-dilaton gravity as

Z3(8,b) = I(B). (A.20)
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Comparing with (A.19), we find the coefficients as
cn(b) = bnp, (A.21)

which leads to the following expression for trumpet density:

cos(b0)

pTr(ea b) = (qg’ qg’ 6i2i9; q2)oo (A22)
Therefore, the trumpet wavefunction in sine-dilaton gravity is given as
cos(bh) _
w%‘]r),ﬁ/Q(Lab) :/d9 2 2 _+2i0. 2 € BE(G)/ZQM(L% (A23)
(4%, 4%, e ¢%)

which is exactly (3.79).
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