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Motivated by bulk reconstruction of smeared boundary operators, we study the Krylov complexity of

local and nonlocal primary CFT, operators from the local bulk-to-bulk propagator of a minimally coupled

massive scalar field in Rindler-AdS,,; space. We derive analytic and numerical evidence on how the
degree of nonlocality in the dual CFT; observable affects the evolution of Krylov complexity and the
Lanczos coefficients. Curiously, the near-horizon limit matches with the same observable for conformally

coupled probe scalar fields inserted at the asymptotic boundary of AdS,, | space. Our results also show that
the evolution of the growth rate of Krylov operator complexity in the CFT,; takes the same form as to the
proper radial momentum of a probe particle inside the bulk to a good approximation. The exact equality

only occurs when the probe particle is inserted in the asymptotic boundary or in the horizon limit.

Our results capture a prosperous interplay between Krylov complexity in the CFT, thermal ensembles at
finite bulk locations and their role in the holographic dictionary.

DOI: 10.1103/6bgg-vglp

I. INTRODUCTION

A central challenge in AdS/CFT research is to define a
precise and robust boundary theory quantity that effectively
captures the growth dynamics of the black hole interior.
This quantity has been proposed to embody a notion of
quantum complexity in the boundary theory [1]. Although
numerous measures on the gravity side have been proposed
to measure the growth of the wormhole interior [5,6],
finding the corresponding notion in the conformal field
theory (CFT) or boundary theory remains an open
problem. Recent progress in the study of the double-scaled
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Sachdev-Ye-Kitaev (SYK) model [7,8] suggests that the
bulk geometric length is dual to the Krylov complexity of
the boundary theory [9—-13]. Moreover, increasing evidence
indicates that the growth rate of Krylov complexity for
thermal states perturbed by local operators in holographic
CFTs corresponds to the proper radial momentum of a
particle in anti—de Sitter (AdS) space [14,15] (see related
developments in [16,17]).% Given these promising develop-
ments, it is now crucial to determine whether Krylov
complexity can serve as a robust and reliable new entry
in the AdS/CFT dictionary, extending beyond the scope of
the double-scaled SYK model to more general holographic
scenarios.

Krylov operator complexity provides a framework for
quantifying operator growth in quantum systems. Under
time evolution, Heisenberg operators do not explore the
entire Hilbert space of operators but are constrained to a
smaller subspace called the Krylov subspace. This measure

*For earlier work in this direction within the context of the
SYK model and Jackiw-Teitelboim gravity, see [18]. Other
arguments that this relation should hold for more generic notions
of quantum complexity appears in [19-24], which was more
rigorously studied for the CV conjecture in [25-27].
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captures how an initially local operator spreads within the
Krylov basis, becoming progressively more nonlocal and
complex. The dynamics of this process can be mapped onto
a one-dimensional particle hopping on a chain, where the
Krylov operator complexity corresponds to the particle’s
average position on the chain. Recently, this concept has
received significant attention as a novel tool for character-
izing quantum chaos. It bridges early-time diagnostics of
chaos, such as out-of-time-order correlators (OTOCSs)
[28,29], with late-time measures like spectral statistics
[30-32]. For a detailed review, including an introduction
to Krylov state complexity (also known as spread complex-
ity), we refer the reader to [33]. Since quantum chaos has
played an important role in recent developments in AdS/
CFT, it is valuable to explore Krylov complexity in this
context, as it offers a new perspective on it that can
potentially give us valuable lessons about the inner-work-
ing mechanisms of AdS/CFT. However, care must be taken
when discussing chaos in quantum field theories (QFTs), as
there are subtleties and limitations to the applicability of
Krylov complexity in this setting. See for instance [34-37].

In this work, we investigate the Krylov operator com-
plexity of bulk fields in AdS, focusing on a minimally
coupled scalar field in a Rindler-AdS,,; geometry. This
particular foliation of AdS space admits a dual boundary
description in terms of a d-dimensional CFT on hyperbolic
space [38]. It provides a convenient setup to model the
presence of a horizon while preserving the analytic trac-
tability of pure AdS geometries, including, for instance,
explicit knowledge of bulk-to-bulk and bulk-to-boundary
propagators, which are essential for the calculations in this
paper. Specifically, we consider the bulk-to-bulk propaga-
tor of the scalar field as the autocorrelation function ¢ (¢)
in the Lanczos algorithm. Our study is aimed at exploring
the proposed equivalence between the proper radial
momentum of a bulk particle and the rate of change of
Krylov complexity associated with boundary operators.

The proposal that the rate of change of Krylov complexity
of boundary operators corresponds to the proper momentum
of a bulk particle was initially investigated in the context of
AdS;/CFT, [14]. Although the proper momentum can be
computed for higher-dimensional backgrounds, as demon-
strated in [16], the corresponding CFT results have not yet
been derived. In this work, we explicitly show that this
proposal extends to higher-dimensional scenarios, specifi-
cally within the Rindler-AdS,,;/CFT, correspondence,
obtaining a precise match between calculations on both
sides of the duality.

Furthermore, we show that the relation between Krylov
complexity and proper momentum of an infalling particle
also holds exactly for bulk-fields in the near-horizon
region, and holds approximately for bulk fields in any
AdS radial location. Additionally, investigating the Krylov
complexity of local bulk fields is particularly interesting, as
these fields correspond to nonlocal boundary operators, as

established in the seminal work by Hamilton, Kabat,
Lifschytz, and Lowe (HKLL) [39-42], which we review
in Appendix B. In this context, the bulk radial coordinate is
interpreted as a scale that controls the degree of nonlocality
of the dual CFT observables.’

A. Summary of our findings

We compute the Krylov complexity for bulk fields at an
arbitrary AdS radial position r in a Rindler-AdS,,; geom-
etry.4 We obtain analytical results for the near-boundary
region (r — o0), which, as expected, match the correspond-
ing boundary results for a conformal field theory in hyper-
bolic space. Similarly, for the near-horizon region (r — 1),
our results coincide with conformal field theory operators
with scaling dimension A = (d — 1)/2. Interestingly, this
scaling dimension corresponds to a conformally coupled
scalar bulk field in AdS,, ; with mass m> = (1 — d*)/4. For
intermediate values of the AdS radial coordinate,
1 < r < o0, we compute the Krylov complexity numerically.

One of the main findings in this work is the relation
between the growth rate of Krylov complexity of boundary
operators and the proper momentum of a bulk particle
remains valid in higher dimensions. Moreover, a similar
relation exists for bulk fields, although it can only be
approximately satisfied at for arbitrary finite radial locations
due to breaking of conformal invariance in the corresponding
two-point function. This suggests this duality can be
extended for nonlocal operators only approximately.
However, we highlight that our results indicate the holo-
graphic dictionary between the momentum of the probe
particle and the rate of growth of Krylov complexity is not a
simple proportionality relation when we consider an arbitrary
radial location and locally probe the bulk matter fields.

Interestingly, although the duality between the growth
rate of Krylov complexity and the proper momentum of a
bulk particle holds only approximately at finite radial
positions in AdS, it becomes exact again near the horizon.
This behavior may point to an emergent conformal sym-
metry governing the bulk-to-bulk two-point function in this
region.

B. Outline

In Sec. II we investigate the evolution of Krylov
complexity of holographic CFTs from the bulk-to-bulk
propagator in Rindler-AdS space for local operators in the

3This consideration has also played an important role in other
contexts, such as in holographic tensor networks, e.g., [43], and,
crucially, in the algebraic approach to quantum gravity observ-
ables, where smeared fields are constructed within the Gelfand-
Naimark-Segal formalism [44].

As a side calculation, we also compare our results with those
of TT deformed CFTs, dual to finite cutoff AdS space in
Appendix F. The Krylov complexity of nonlocal primary
CFT, operators shares a noteworthy similar structure to primaries
in TT-deformed CFTs.
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bulk, corresponding to nonlocal observables in the boun-
dary theory. In Sec. III, we match the rate of growth of
Krylov operator complexity for the bulk propagator with
the proper radial momentum of an infalling bulk particle,
near the boundary of AdS as well as in the near-horizon
region. Lastly, in Sec. IV we comment further on the
connection of our results and recent discussions on the
relation between Krylov complexity in CFTs and holo-
graphic complexity. Additionally, we provide a summary of
our results and point out directions for future developments,
including the switchback effect in Krylov complexity and
holographic complexity. We provide several appendixes
with technical details. In particular, we discuss the simi-
larities between our results with finite cutoff AdS space
dual to TT-deformed CFTs in Appendix F.

II. KRYLOV COMPLEXITY FROM
BULK-TO-BULK PROPAGATORS

In this section, we evaluate the Krylov complexity of
local bulk fields (corresponding to smeared CFT operators)
considering a free scalar field in Rindler-AdS,,; space-
time, which is the main setting for the rest of the work.

A. Gravity setup

To begin with, we review the framework of Rindler-AdS/
CFT [38], which we employ in this work. The essential
point of this framework is that a pure AdS geometry in
arbitrary number of dimensions can be seen as a maximally
extended ‘topological’ black hole geometry, which is dual
to a thermofield double (TFD) state constructed by entan-
gling two copies of a CFT in hyperbolic space. This setup
allows for great analytic control for many calculations, both
in the gravity side and in the field theory side of the duality.

We start by considering Einstein gravity,

1 d(d—1)
= THx|R+——— 2.1
S 167zGN/d x[ A ] 1)

where £ denotes the AdS length scale and d is the number
of spatial dimensions. As a solution to the equations of
motion following from the above action, we consider a pure
AdS,.; geometry, which can be defined as the universal
cover of the hyperboloid,

T3 -T3+ X7+ + X3 ==, (2.2)
embedded in a space with ambient metric given by
ds? = —dT? —dT3 +dX3 + - +dX3.  (2.3)

In what follows, we set £ = 1 for simplicity.
In global coordinates, one chooses the following para-
metrization

T, =/p*+ 1cost, T, =1/p*> + 1lsinz,

XI+- o+ X3 =p% (24)

in terms of which the metric becomes

d 2
dS2 = —(1 +p2>dT2 + rppz +P2dQ§_17 (25)

where 7€ (—00,),p€[0,00). The AdS boundary is
located at p = oo and the dual field theory description is
given in terms of a CFT in R x S¢~!. In particular, the pure
global AdS geometry describes the vacuum state |0) ,par Of
such a CFT.

Given a constant time slice of the geometry, we can
divide the spatial boundary into two hemispheres B; and
Bp. The vacuum state of the CFT defined on the full sphere
can be written as a TFD state constructed out of the states of
the CFTs defined on the hemispheres. Finally, a conformal
transformations can be used to map the domain of depend-
ence of B; and By to R x H,_;. This implies that vacuum
state |0)giona can be written as a TFD state of two hyper-
bolic space CFTs [38],

global

10)gtobar = Z772) e |E,) ® |Ey)gs (26

where E; and Ejy label the energy eigenstates of CFT,
and CFTjy.

The dual gravitational picture for a single CFT in
hyperbolic space is given in terms of Rindler coordinates
in AdS, which can be obtained by parametrizing the
embedding coordinates as follows:

T, =V r*—1sinht,
X,=Vr*—1cosht,

where 1€ (—o0, ), and r,y €[0,00). In terms of these
coordinates, the metric becomes

T, =rcoshy,
X34+ X3 =rsinh?y, (2.7)

dr?

ds? = —(r* = 1)de> + 5

] + rzdﬂ-ﬂfi_l, (2.8)

where dH2_; = dy? + sinh? ydQ3_, denotes the unity met-
ric in a (d — 1)-dimensional hyperbolic space, H,_;, with
dQ? , being the unity metric on the (d — 2)-sphere.
The AdS boundary is located at » = oo, and the geometry
has a horizon at r = 1, which leads to a nonzero Hawking
temperature given by T = /11 = 5. The coordinates (7, r,x),
where x € H,_;, describe an accelerating observer in AdS,
and only cover one of the two Rindler wedges in AdS,
which are shown in light gray in Fig. 1.

The maximally extended geometry of this hyperbolic

foliation of AdS can be obtained by using the following
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S

FIG. 1.
cylinder).

Rindler wedges (shown in gray) of global AdS (solid

embedding coordinates involving Kruskal-Szekeres coor-
dinates (U, V):

;. _U+V 1oy
Tirov T irovt?
U-v 1—UV\2
VTV oxrhgx2 (22 ) iy, (2.9
gy e (1 UV) sinhy. (2.9)

Substituting the above coordinates into the embedding
space metric (2.3), one obtains

44UV (1=UV\?
ds? = — dH2_. (210
YT o (1 + UV> e (210

In Kruskal-Szekeres coordinates (U, V, x), the AdS boun-
dary is located at UV = —1, and there is a coordinate
singularity at UV = 1. The geometry contains two hori-
zons, located at U =0 and V =0. The corresponding
Penrose diagram is shown in Fig. 2.

FIG. 2. Penrose diagram of the Rindler-AdS geometry repre-
senting the location of the two points P = (#,r,x) and P’ =
(i, r,x") such that dist(x,x’) = 0.

B. Scalar bulk-to-bulk propagator in AdS-Rindler

We consider a minimally-coupled scalar field ¢ of mass
m propagating in the background (2.8) with action given by

S = =5 [ ¢ TH PO B0+ ). 211

The corresponding equation of motion is

(Oadsr—m*)ep 0,(v/=99"0,p) —m*p=0, (2.12)

1
Vg
where the mass of the field is given by m> = A(A — d) and

A is the conformal dimension of the dual operator at the
boundary.

C. Exact bulk-to-bulk propagator

We are interested in the Lanczos coefficients and Krylov
complexity associated with bulk massive scalar fields ¢
obtained by considering the finite-r autocorrelation func-
tion C(t,r) obtained from bulk-to-bulk propagators. In
particular, we are interested in understanding how the CFT
result is deformed by the finite scale set by r.

Our approach with the bulk propagator is similar to the
computation for holographic CFTs in [34] since the bulk-
to-bulk propagator (2.14) is a solution of bulk equations of
motion (2.12),

(Oagsr —m?)Galt.r.x, 1,1 X)
_ ¢ —_ Nsd-1) (v — %/
T LT T S
V')

However, the result in [34] is for r — oo as the usual
computation of the boundary two-point function in
AdS/CFT.

The bulk-to-bulk propagator between two points
P = (t,x,r) and P' = (¢,x',7) in AdS-Rindler coordi-
nates is given by [45]

Ga(PiP) = (1.3, 1)1 X'1))
A A+1 d

=cp-EF | 5o A+1=5E ), (214
cat&8 o F, <2 > + 3 ¢ ) (2.14)
where A is the conformal dimension of the scalar operator,
¢, 18 a normalization constant that does not depend on the
coordinates, ,F (a, b; c; z) is the ordinary hypergeometric
function and where ¢ is the chordal distance between P and
P’ given by

& Li=cosh (dist(P,P"))

= —\/ﬁ\/ﬁcosh(t— t') +rr’ cosh(dist(x,x")).

(2.15)
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Here, dist(P, P’) is the geodesic distance between P and P’
and dist(x, x) is the geodesic distance between x and x’
in Hd—l‘

From bulk-to-bulk correlation functions, one can
obtain boundary-boundary correlation functions using
the extrapolated dictionary [46],

<O<t1 ’ Xl)‘ "O(tn’ Xn)>

= 1im " (1), X1, 7). (0, X, 7). (2.16)

In particular, for n = 2, the formula above implies that the
bulk-to-bulk propagator reduces to a boundary-to-boun-
dary two-point function as one moves the radial location of
the bulk point to the asymptotic boundary.

We begin by analyzing bulk-to-bulk propagators between
points of the form P = (z,x,r) and P’ = (ie,x’, r), for
generic values of the parameter €. We derive the correspond-
ing Lanczos coefficients and Krylov complexity in two
limiting regimes; the near-boundary case (r — o) and the
near-horizon case (r — 1). Next, we explore Krylov com-
plexity numerically for generic values of r. In this case, we
adopt the canonical choice of the Wightman inner product for
operator Krylov complexity, setting ¢ = /2, which corre-
sponds to two-sided correlators. To probe the relation
between Krylov complexity and the momentum of an
infalling particle, we also consider the regime of small e,
where this connection becomes more transparent.

As mentioned above, we first choose the points P and P’
to be of the form,

r=r, ¢ =0+ ie, dist(x,x’) =0. (2.17)
In this case, the chordal distance (2.15) between the two
points reduces to

E = —(r? — 1) cosh(t — ie) + 1. (2.18)

Starting from the bulk-to-bulk propagator (2.14), we define
an autocorrelation function for points P and P’ (2.17)
separated by a chordal distance (2.18) as follows:

A A+1 d
A ;A 1_7;2 )
2y AT 5)

(2.19)

C(t.r) = N(A, d. r)E5,F, <

where N(A, d, r) is an r-dependent normalization constant
determined by the normalization condition C(0,r) = 1.

D. Near boundary case r — o

In the limit, » — oo, the inverse chordal distance takes
the form,

&= —(r» = 1) cosh(t — ie) + r* ~ r*(1 — cosh(t — ie))

t—ie
:_22 : h2
e (155)

Then, one can obtain a boundary-boundary two-point
function by taking the limit,

(2.20)

) sin(e/2)%A
IimC(t,r) = ———"———, 2.21
i (8,7) [— sinh? (5€)]A (221)
where we define N(A, d, r) such that that lim,_, % =

sin(e/2)** and where we used that , F| (a, b; ¢;0) = 1. The
inverse of the chordal distance £~! (2.18) diverges in the
limit » — oo, which corresponds to the divergence of the
geodesic length at the AdS boundary. The r-dependent
normalization constant N(A, d, r) may therefore be inter-
preted as the introduction of a regularized geodesic length
in the geodesic approximation of the two-point function
(see [47] for example).

E. Near horizon case r — 1

In this case, the factor of & does not diverge, but there is
a divergence coming from the hypergeometric function. We
first use the identity,

2F(a. b c:2)
_I'(c)l(c—a—b)
" T(c—a)(c—b)?
I(e)l(a+b—-c)
[(a)(b)
x,F(c—a,c—=bic—a—-b+1;1-72),

Fa,bja+b—c+1;1-72)

(1 _ Z)c—a—b

(2.22)

with z=&, a=A/2, b=(A+1)/2and c = A+ 1 — d/2.
We can see that the second term in the expansion diverges
as z — 1 because of the term (1—z)¢=4~ = (1—¢£2)~(d-1)/2
for d > 1, because in this case the chordal distance
behaves as

£ = 1 + 86r sinh? <t _2’€>, (2.23)

where we wrote r =1+ 6r and expanded Eq. (2.18)
squared for small values of 6r. Therefore, one obtains

sin(e/2)4!

—_— 0, 2.24
[— sinh? (59| 7 (2.24)

limC(t, 1+ 6r) =
or—0
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where we define N(A, d, r) such that

. I(A+1-d/2)I(G)N(A, d, 1+ 67)
lim = A Al d—1
or—0 F(i)F(TJr) orz

= sin(e/2)7".

(2.25)

F. Lanczos coefficients and Krylov complexity
for general ¢

For an autocorrelation function of the form

C(1) :[ sin(ac) ))]2”, (2.26)

sin (a(t — ie
the corresponding Lanczos functions obtained via the
recursion method (see Appendix C for details) or the

Toda hierarchy technique5 are given by6

_o*n(n—1+2n)

=-2 t , b2 , (2.27
a, a(n—+n)cot(ac) i (ae) ( )
and the Krylov complexity is given by (37,481

sinh?(at)
K.(t)=2n———-. 2.28
e( ) 71 Sinz(a€) ( )

To apply the above formula for our autocorrelation function
near the boundary or near the horizon, we just need to set
a=1/2, and n = A for the near boundary case and n =
(d —1)/2 for the near horizon case. We then obtain,

sinh?(¢/2)
{2A sin’(e/2) °
_ sinh?(1/2)

(d 1) sin’(e/2) °

for r - oo,

K.(1) = (2.29)

for r = 1,

G. Pole structure in autocorrelation function

The pole structure of the autocorrelation function C(, r)
(2.19) near t = ie can be categorized into two distinct
cases; the near-boundary behavior (r — o0) and the finite-r
behavior.

We begin with the near-boundary case. Expanding (2.21)
around ¢ = ie + 6t, we obtain

r—0o0

St —2A
lim C(ie + 6t, r) ~ sin(e/2)** <z§> , (2.30)

indicating a pole of order 2A as 6t — 0.

See Appendix A of [37] for a concise review of the Toda
hierarchy technique.

Given that the correlation function (2.26) is not an even
function in time, it follows that a,, # 0 in the Lanczos algorithm
reviewed in Appendix C.

"Note that the cutoff ¢ introduced here differs from the one in
[48] by a minus sign and a factor of two, namely, €pee = —2€here-

In the case of finite r, the analysis is slightly more subtle.
The function &, defined in (2.18), approaches unity at
t = ie, with the following expansion:

Nt = ie+61) ~ 1 —%(rz — s (231)

At this point, the prefactor £ in (2.19) remains regular, but
the hypergeometric function develops a divergence as
& — 1. This divergence becomes manifest when applying
the identity (2.22), in which the second term is singular
at z = 1.

Consequently, the behavior of C(z,r) near ¢ = ie for
finite r is governed by the leading divergence of the
hypergeometric function,

r
C(ie +6t,r) ~ N(A,d,r)

(= P)sry@r (2.32)

exhibiting a pole of order d — 1.
In summary, the behavior of the autocorrelation function
near the pole at t = ie is

5t—2A
5[—(d— 1)

for r — oo,

Clie+6t,r) ~ { (2.33)

for finite r.

H. Two-sided correlators

Now we consider the case in which ¢ = z, which
corresponds to a two-sided correlator, where P and P’
are located in opposite Rindler wedges (see Fig. 2 for
details). In this case, the chordal distance (2.15) between
the two points reduces to

&= (r? = 1) cosh(z) + 2. (2.34)
Starting from the bulk-to-bulk propagator (2.14), we

define an autocorrelation function for points P and P’
(2.17) separated by a chordal distance (2.18) as follows:

A A+1

d
C(t,r) ==N(A,d,r)-§A-2F1 (2,2,A+1—2,§2>,

(2.35)

where N(A, d, r) is an r-dependent normalization constant
determined by the normalization condition C(0,r) = 1.

The near-boundary and near-horizon limit for (2.35) are
given by8

¥Note there is no e dependence in these limits.
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cosh(z/2)%4,
cosh(z/2)471,

for r - oo,

Clt.r) = { (2.36)

for r - 1.

These limits can be obtained from (2.21) and (2.24) by
setting ¢ = z. Thus, (2.35) with finite r can be interpreted
as a deformed autocorrelation function from the usual
CFT autocorrelation function, as expected. Note that this
expression is valid for CFTs in (d — 1)-dimensional hyper-
bolic space H,_;, and it should be contrasted with the
expression derived for d-dimensional free scalar fields in
flat space in [34]. However, the location of the poles at
t = +if/2 in the Wightman two-point correlation of the
form (O(r + i/2)O(0)) is universal for any quantum field
theory.

In contrast, [34] observed that the same characteristics of
exponential growth in Krylov complexity for integrable
CFTs can be reproduced from thermal Wightman two-point
functions due to the universal pole structure for QFTs. In
comparison, our study involves not only to the universal
properties for local CFTs but also including nonlocal ones.

1. Lanczos coefficients and Krylov complexity

The Lanczos coefficients for an autocorrelation function
of the form (2.36) are given by (2.27) fore =z, a = 1/2
and n = A for the near-boundary case and n = (d — 1)/2
for the near-horizon case,

L /n(n—1+42A), for r - oo,

b,={"? ( ) (2.37)
Iyn(n—1+d-1), forr— 1.

Thus, we expect to see a transition of b, from

1/n(n—=1+2A) to1y/n(n—1+(d-1)) by varying r
from the near-boundary (r — o) to the near-horizon (r — 1)
limits. Since the order of the pole for finite ris d — 1, b,, for

finite r would approach 1\/n(n—1+(d—1)) as n
increases. The corresponding Krylov complexity K(¢)
(obtained from (2.28) for € = x) is given by

[ 2Asinh?(1/2),
K = { (d — 1) sinh?(1/2),

for r - oo,
(2.38)

for r - 1.

The results for r — oo can also be derived from the boundary
perspective in terms of a CFT in hyperbolic space. We review
such a derivation in the Appendix A.

For finite r, we expect K(¢) to interpolate between the
two cases in (2.38) as r varies from the near-boundary to
the near-horizon limits. To illustrate the behavior of the
Lanczos coefficients and Krylov complexity obtained for
finite r, there are two interesting regimes that we can
consider in the parameter space {A, d} that are consistent
with unitarity [A > (d —2)/2] and the Breitenlohner-
Freedman (BF) (m?> > —d?/4) bounds. From (2.38), it
can be seen that these regimes are 2A € (d—2,d — 1]

) — —
o
o
® =50 o
40 ¥=1.0001 ol 1
®r=2 ’of"t h
30 Ar=11 ’,g"‘ ]
. v =101 o2
S o
20} S 1 ]
..::3‘ E — — \n(n-1+21)
0‘::,"" ) f
10F S = T4(d=1 1
ey (=1 +(@="1)
"» 2
4
£
O 1 1 1 1
0 20 40 60 80 100

FIG. 3. Lanczos coefficient b, for C(t,r) (2.35) with A =15
and d = 4 for different values of r = 50, 2, 1.1, 1.01, 1.0001. The
blue and orange solid curves are the boundary r — oo and
horizon r — 1 Lanczos coefficients, respectively, in (2.37).

100

80F

-_—r=

K@®

40f

— 2Asinh? (/2)
(d=1)sinh? (/2) ]

L 1 L 1

0 1 2 3 4 5
nt/B

FIG. 4. Krylov complexity K(z) for C(z, r) (2.35) with A = 15
and d = 4 for different values of r = 50,2, 1.1, 1.01, 1.0001. The
blue and orange solid curves are the boundary r — oo and
horizon r — 1 Krylov complexities, respectively, in (2.38).

and 2A € (d — 1, ).” In Appendix E we present a detailed
analysis of the Lanczos coefficients and their associated
Krylov complexity in both regimes.

Figures 3 and 5 are plots of the Lanczos coefficients b,,
computed from C(z, r) (2.19) with A = 15 and d = 4 and
A = 1.2 and d = 4, respectively, where each point repre-
sents b, for different r, and two solid curves that represent
b, in the two limits (2.37). Meanwhile, Figs. 4 and 6 are
plots of Krylov complexity K(¢) for different r and the
same choice of parameters, where we also plot two solid
curves corresponding to the horizon and boundary limits
(2.38). These figures show the transition of b, and K(r) at
finite r. The first set of plots corresponds to a positive
squared mass of the scalar field m> > 0, while the second
corresponds to a negative squared mass m?> < 0.

Recall that ,F (a,b;c;z) does not exist when ¢ =
0,—1,-2,.... Since ¢ = (2A +2 —d)/2, then the autocorrela-
tion function is not defined when 2A = d — 2.
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Lanczos coefficient b, for C(t, r) (2.35) with A = 1.2 and d = 4 for different values of r. The blue and orange solid curves on

the left-hand side plot are the boundary r — oo and horizon r — 1 Lanczos coefficients, respectively, in (2.37). The left-hand side plot
shows the behavior of b, for n€0,100] with r = 12, 8, 1.5, 1.2, 1.0001, while the right-hand side plot shows the behavior for

n€l0,15] with r =12, 4, 1.5, 1.0001.

40~
-r=12
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FIG. 6. Krylov complexity K(r) for C(z, r) (2.35) with A = 1.2 and d = 4 for different values of . The blue and orange solid curves
on the left-hand side plot are the boundary » — oo and horizon r — 1 Krylov complexities respectively in (2.38). The left-hand side plot
shows the behavior of K(r) for r€0,4.1] with r = 12, 8, 1.5, 1.2, 1.0001 while the right-hand side plot shows the behavior for

t€[3.5,5] with r =12, 4, 1.5, 1.0001.

As seen in Figs. 3 and 5, in both parameter regimes the
Lanczos coefficients b, at large n tend to the line
corresponding to the near-horizon limit. This is consistent
with the pole structure (2.32) for any finite r. In the case
A = 15 and d = 4, corresponding to m> > 0, the sequence
corresponding to the horizon (r — 1) autocorrelation func-
tion lies beneath the one corresponding to the boundary
r — oo. The Lanczos sequences for intermediate r € (1, o)
approach the lower sequence, displaying an intermediate n
regime where their transient growth is sublinear.
Interestingly, as can be seen from Fig. 5, in the case
A = 1.2 and d = 4, corresponding to m? < 0, the horizon
Lanczos sequence lies above the boundary one, with
intermediate-r sequences approaching the horizon one
for a finite window in n, signaling a transient super-linear
growth. For more numerical evidence and a detailed
analysis, see Appendix E.

Figures 4 and 6 show that in both parameter regimes
{A,d} the finite-r Krylov complexities lie between the
boundary and horizon K(t) for all times ¢. In Appendix E
we show that the finite-r Krylov complexities have an

approximate sinh? behavior for finite time-window At of
the form

K(t) = Ky(r)sinh?(Ag (r)t/2), for finite r,  (2.39)

where K(r) and 1 (r) are approximately constants for a
given time window At. Figures 14 and 21 in Appendix E
show the behavior of these functions for ¢ € [0, 4]. For both
parameter regimes, the horizon and boundary behavior of
these functions is consistent with the expectation (2.38).
However, we remark that the true Krylov complexity
obtained for finite r has a more complicated functional
dependence on r and ¢.

If b, is a smooth function of n, it is known that the
asymptotic behavior of b, for large n is determined by the
(high-frequency) exponential tail of the power spectrum
p(w) at high frequency [491."° Thus, the asymptotic n — oo

"The power spectrum is the Fourier transform of the auto-
correlation function: p(w) = [dre'C(1).
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behavior of b,, and the late-time behavior ¢t — oo of Krylov
complexity K(t) is determined by the behavior of their
high-energy modes. In the discussion in Sec. IV, we
comment on these findings from the perspective of holo-
graphic renormalization group (RG) flow (Sec. IVA) as
well as from TT deformed CFTs (Sec. IV B).

I. Interpretation of the near horizon limit

Let us discuss the interpretation of the factor d — 1 in the
second case of (2.38). Compared with the CFT result, the
scaling dimension A of (d — 1) sinh?(#/2) can be regarded
as A = (d —1)/2. In AdS/CFT, scalar mass m and A are
related via AL =4+ \/%znt m?, where we set the AdS

. . . 11
radius as one. If the scalar mass is given by

, 1=

m 1

(2.40)

we obtain A_ = (d — 1)/2. Equation (2.40) is known as the
mass of a conformally coupled scalar in AdS,.; (see,
e.g., [51]). More explicitly,

L, 1 (1=d _d-1
EfRf/J? _§(T>¢’ = —orr

where R = —d(d + 1) in AdS,y,.

III. PROPER MOMENTUM/KRYLOV
COMPLEXITY ENTRY IN THE
HOLOGRAPHIC DICTIONARY

Based on the previous result on the Krylov complexity
for the thermal correlator in Rindler-AdS (2.38), in this
section, we consider the corresponding rate of growth of
complexity,

. Wsinh(t), for r — oo,
K(l) = d—1 . (31)
Wsmh(t), for r - 1,

and we compare it to the radial momentum of a particle
falling into Rindler-AdS,; spacetime.

A. Proper radial momentum in Rindler-AdS, . space

The notion of infalling radial particle momentum is
inherently coordinate dependent. In Ref. [14] it was
proposed that the proper radial momentum of a particle
falling in the bulk is related to the rate-change of the Krylov
complexity of perturbed thermal states in AdS. As long as
the radial coordinate in the chosen coordinate system

""Note that while the conformally coupled scalar is tachyonic
V d > 1, it still obeys the BF stability condition [50], which in

our notation is expressed as m? > —%.

computes the proper distance from the location of the
particle to the black hole horizon (or the center of global
AdS or the Poincaré horizon), the holographic identifica-
tion should hold. On the other hand, Ref. [52] proposes a
different construction of this identification in AdS;/CFT,,
where Krylov state complexity of boundary CFT states is
interpreted as the energy measured by a bulk observer, and
its rate of change corresponds to the observer’s radial
momentum. Because the measured particle energy depends
on the coordinate choice (associated with a different
symmetry subalgebra on the boundary), both quantities
reflect this choice inherently.

Since our computation of the nonlocal CFT primary
operators via the bulk propagator was done in a coordinate
covering one Rindler wedge in AdS, [see Eq. (2.8)] we will
work in a frame where the Rindler-AdS ., | metric takes the
form

ds? = dp? — sinh? pds® + cosh? pdH?_,,  (3.2)
where r = coshp in (2.8). From the perspective of the
boundary CFT, this choice of coordinates corresponds to an
initial state of the form |y,) = O(x()|TFD), where O(x)
is a local primary field on the boundary of the Rindler
wedge inserted at (7,x9) ER x H,_; on the time slice
t = 0. The proper radial momentum of the point particle
with mass m,,, which we consider to move solely in the
radial direction from the asymptotic boundary at p — oo,
can be derived from its action,'?

/thE —mp/dt\/sinth(t) - (((116)2 (3.3)

From the equations of motion with p(0) = p, and p(0) =
vy we find,

coth(p(t)) = cosh(t) coth(py) — vy csch?(py) sinh(z), (3.4)

and moreover, we have that the radial momentum for the
particle is

dcC h(#) — 2 sinh 2p, sinh(¢
P35 vy cosh(r) . 2sm p;)sm () (3.5)
dp(1) \/sinhpy — v

(where we selected the sign that represents a geodesic
where a particle starting at p = p, with vy = 0 falls into the
Rindler-AdS,, interior). We note that in this case, the

Note that we do not require the mass of the point particle to
be identified with the scalar field for our derivations, in contrast
with [14], unless the particle is located at the asymptotic
boundary. However, as remarked in Sec. III B the holographic
dictionary relating the probe particle with an CFT operator
insertion is no longer valid beyond this limiting case.
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proper radial momentum (3.5) coincides with the measured
radial momentum, as shown in [52].

We emphasize that the numerical results for finite-r
suggest that the sinh?(¢) behavior for Krylov complexity is
a good approximation, but it cannot be strictly true for all 7.
The reason is that Krylov complexity grows exponentially
at finite times with an effective time dependent exponent,
except when the radial location is at the black hole horizon
or at the asymptotic boundary. In contrast, the Lyapunov
exponent, which is evaluated at ¢ — oo is independent on
the radial location. Our results thus suggest that the duality
between the particle’s proper momentum and the Krylov
operator complexity differ for finite bulk radial locations.
This is perhaps not surprising since the bulk dictionary
relation the particle’s energy and the operator’s conformal
dimension does not hold at arbitrary finite bulk radial
locations (see Sec. III A), and since the two-point function
used to evaluate Krylov complexity is no longer confor-
mally invariant.

Moreover, given that the proposal in [14] states that the
proper momentum of the probe particle in AdS space is
dual to the Krylov complexity, we will set vy = 0 (since the
particle does not have velocity according to its own frame).
Another way to see that we should impose v, = 0 for the
identification of P, and K(r), is that Krylov complexity for
a Hermitian system is generally an even function of 7 due to
the time-reversal symmetry of the autocorrelation function
C*(t) = C(—1) for the usual Hermitian inner product. Thus,
the time derivative of Krylov complexity K () is an odd
function of . When v, # 0, the time-reversal symmetry is
broken, and P, (3.5) is not an odd function of 7. After
plugging (3.4) in (3.5) we recover that

P, = —m,, cosh(p) sinh(z).

; (3.6)

Thus, the time dependence agrees with the momentum and
the rate of growth of the Krylov complexity (3.1) for both
cases. Below, we will deduce the relation between the
particle’s mass and the radial location p,.

B. On the particle’s and the CFT energy

In order to gain full information about properties that the
particle has in the correspondence above, we also want to
express the energy of the particle in terms of CFT
quantities. This can be evaluated from

oL sinh? p

Eocr=pos ey P
particle pap mp\/m

We are particularly interested in the energy at p, with
p = 0; where we obtain

(3.7)

E pariicle = M, sinh py. (3.8)

This should match the CFT energy associated to an operator
of the form O, = 77 O(t)e3!. Motivated by (7) in [14], a
definition of the CFT energy for general € is
_ 2zA
Pran(%)’
(3.9)

Ecpr = (w(t)|H|y (1)) = (w(0)|H|w(0)) = ao

where |y(#)) is a locally excited state as defined in
Appendix A. When ¢ <« f, the CFT energy becomes
Ecpr ~ 2A /e which is consistent with (7) in [14]. In order
for the above quantity to be a meaningful measure of the
CFT energy we study the energy fluctuations caused by the
CFT primary in the CFT spectrum as a point particle. Since

H|Ky) = b|Ky) + ag|Kp). (3.10)

(W (0)| Ay (0)) = b} +a} = ( i >>2+ ( 724 )

ptan(’ Psin(%)
(3.11)
we can then recover the standard deviation
B A B ) Y% 2A
O0Ecpr = \/<W(0)‘H |W(0)> (ECFT) =D _ﬁisin(%)'
(3.12)

Thus, in order to describe a localized particle at a given
radial location with a well-defined energy, we require that

SEcgr _ by _ mV2A pran() 1
Ecrr  ap ﬂsin(%) 27A mcos(%)

<1 (3.13)

which is satisfied when A > 1, as in the original analysis
in [14] (which also assumes ¢ — 0). Under this consid-
eration, one may impose the equality E.qicie = Ecpr to
derive part of the holographic dictionary relating the
particle’s parameters and those of the CFT,"

. 2A
m, sinhpy = —.
€

(3.14)
Equation (3.14) establishes the dictionary between p, and
the conformal dimension A of the CFT operator and the
parameter e.'"* We stress that in order to have a concrete
identification of dictionary above, we indeed require a

YThere are other ways of defining the CFT energy, see

e.g., [53], which include additional terms with respect to (3.14).

Particularly for p, > 1, we have cosh p, ~ sinh p, ~ ¢ /2,

so that (3.14) together with (3.6) returns one of the main results
reported in [14],

(3.15)
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small cutoff parameter. Nevertheless, our numerical studies
relied on other values of the cutoff to investigate how
smeared boundary reconstruction works under more gen-
eral conditions.

C. Holographic dictionary

According to the proposal [14], there should be a match
between the Krylov complexity for locally excited states
due to primary CFT, operator insertions, K(); and the
radial momentum of a particle falling into an asymptoti-
cally AdS; spacetime, denoted by P,; i.e.,

, 2
K(t)=—--P,,
() =-2P,

(3.16)

where € is a regulator parameter associated with the
conformal boundary.

We have found that the time dependence of the Krylov
complexity of primary CFT operators computed holo-
graphically with the bulk propagator in Rindler-AdS,.
matches the proper radial momentum of an infalling
particle in the same background, showing that the relation
proposed in [14] is valid in higher dimensions. Moreover,
we show that a similar relation is valid in the near-horizon
limit for bulk-to-bulk propagators. For € <« 1, Eq. (3.1)
takes the form

A, for r - .

. 4n .
K(t) = — sinht, =
(1) €? 1 {%, for r - 1.

(3.17)

In the same limit (¢ <« 1), Eq. (3.14) is valid and together
with (3.6) implies the relations,

. _%Pp’
K(1) = 2(d-1)

for py —
(3.18)

P, for py— 0.

e m I

o=

The first equation in (3.18) reproduces Eq. (27) in [14] for
boundary-boundary two-point functions, while the second
equation shows that a similar relation is valid for bulk-to-
bulk two-point functions in the near-horizon limit.
Therefore, our results extend to those in [14] by general-
izing the result to higher dimensions (albeit in the s-wave
sector of the dual CFT,), as well as when the particle is
located near the horizon. We stress that for the identifica-
tion to work, we needed the initial condition p(0) = 0 when
we place the probe particle at either the asymptotic
boundary and in the near-horizon region.

As an additional comparison, the rate of growth of
operator Krylov complexity was matched with the radial
momentum of massless particles in [16] for planar AdS;
black hole backgrounds. Our results instead consider
massive particles, and we are extending the cases consid-
ered in the literature [14,15] to the near-horizon region.

D. Intermediate locations inside the bulk

So far, we have considered the rate of change of Krylov
operator complexity near the asymptotic AdS boundary and
near the horizon. For intermediate bulk regions, we can
arrive at similar conclusions, as follows. First, we know that
Krylov complexity at early times behaves as [54]

K(1) = b3* + O(t*). (3.19)
In order to recover a match of K(¢) with the proper
momentum in (3.5) as in (3.16) we see that we must
impose vy = 0 for any value of pj, which indicates the
probe particle is at rest in its proper frame for the relation to
dictionary entry to work. On the other hand, for the large-
time behavior, we need to study the asymptotic behavior of
b, for n> 1 [49]. We notice from the pole structure for
general finite bulk radial location in (2.32) that the
autocorrelation function contains a pole of order d — 1 at
t = ie. We can then deduce from the pole structure (see
Appendix A.2 in [49]) the asymptotic behavior of the
Lanczos coefficients being b, ~ n. This indicates that at
very late times the Krylov complexity asymptotes to
K(r) «¢', which agrees with the large-time dependence
in (3.6). Indeed, for large times, the above considerations
and Eq. (3.17) suggest that the following relation should
hold: K (1) = K (po)e'/€?, where K(py) varies from 2A to
d — 1 as py ranges from oo to 0. In this case, one can derive
the following relation:

K 2 K
== 0(po) cosh po,
P € my,

(3.20)

(t - o),

which is expected to hold at late times for arbitrary values
of po. Thus, one can match the rate of growth of Krylov
complexity with the proper radial momentum at arbitrary
locations in the bulk in the early and late times. Meanwhile,
to study intermediate-time regimes we employ numerical
methods. Our results from Appendix E indicates that at
intermediate times and generic radial bulk locations, the
relation K  sinh(¢) does not strictly hold. Nevertheless, it
is still a good approximation to the evolution of Krylov
complexity, as substantiated in Appendix E. The reasons
that this relation is only approximate have been explained
in the paragraph after Eq. (3.5), and they are further is
discussed in the next section.

IV. DISCUSSION AND FUTURE DIRECTIONS

In this work, we have investigated the evolution of
Krylov complexity of holographic CFTs from the bulk-to-
bulk propagator in Rindler-AdS space for local operators in
the bulk, corresponding to nonlocal observables in the
boundary theory. In particular, the near horizon limit of our
results show that the propagator corresponding to a probe
minimally coupled scalar field in the near the horizon
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region has a very similar structure to a conformally coupled
scalar field in the asymptotic boundary. In order to match
the rate of growth of Krylov complexity with the proper
radial momentum, we had to impose that the initial velocity
of the particle in the proper frame vanishes, just as if it were
located on the asymptotic boundary, as per the original
proposal [14], while the specific coefficients involved in the
holographic dictionary are altered. We found that the bulk
dual of the rate of growth of Krylov complexity for a TFD
state perturbed by a nonlocal operator still is described by
the proper momentum of a probe particle in the bulk.
However, there is no exact matching, and the correspon-
dence relation is only approximate at finite radial distance
since conformal symmetries in the corresponding observ-
ables are broken. It is interesting to note, however, that one
recovers exact matching for bulk fields in the near-horizon
region of the geometry, suggesting an emergent conformal
symmetry for the autocorrelation function in this region.

A. Comparizon with spread complexity

To conclude the summary, we stress the similarities and
differences between our study with the original work [14]
establishing a match between Krylov spread complexity of
excited states (due to operator insertions on the vacuum)
holographic CFTs with the proper radial momentum of a
bulk probe particle (generated by the operator insertion in
the boundary theory). Our work finds this same type of
match for Krylov complexity for the CFT operators instead
of spread complexity. In both cases Krylov complexity is
proportional to the proper radial momentum when the
particle is placed at asymptotic boundary. Thus, Krylov
operator complexity in (3.18) reproduces exactly Krylov
state complexity [14]) in this system. The reason for this
has been proven in more general systems in [55] (also
discussed in [10] Appendix F 2) which shows that the
Lanczos algorithm for the thermofield double state with an
operator insertion as reference state evolving unitarily can
be isometrically mapped to the Lanczos algorithm for
Krylov complexity of the operator insertion, and then
Krylov spread/operator complexity under these conditions
are exactly equal to each other. Our work extended the
previous discussion to higher dimensions and for smearing
CFT operators. Based on the proof by [55], spread com-
plexity would also only match the proper radial momentum
approximately when conformal symmetries are broken, as
our evaluations from Krylov operator complexity indicate.

We now elaborate on the interpretation of our results, its
connection with other parts of the literature, and related
future directions.

B. Analogous interpretation of our results
with holographic RG flow

Here we comment on qualitative similarity between our
results for Lanczos coefficients and Krylov complexity for
two-sided correlators from perspective of holographic RG

flow [56]. However, we stress that our results are not
intended to reflect a RG flow, since we work with free
scalar field correlation function is AdS-Rindler; while to
have a UV-IR flow, one would need to introduce a relevant
operator insertion that would backreact on the black hole
background. As shown in Sec. IIH 1, depending on the
relation between the conformal (scaling) dimension A of
the dual operator and the spatial dimension d, the Lanczos
sequence for the horizon r — 1 lies above [2A < (d —1)]
or below [2A > (d — 1)] the boundary sequence r — oo,
with intermediate finite-r sequences lying between these
two for all n and r. Moreover, for sufficiently large n, any
finite-r sequence approaches the horizon sequence, as can
be seen in Figs. 3 and 5. In general, the asymptotic n — oo
behavior of b, and the late-time behavior t — co of Krylov
complexity K (¢) in QFTs are determined by the behavior of
the high-frequency regime in the power spectrum, typically
corresponding to the UV limit of the theory undergoing a
RG flow. Here we offer an analogous interpretation of this
result from the perspective of holographic RG flow (see [57]
and references therein); which, again, does not strictly
speaking apply to the setting we have studied.

In essence, holographic RG flow (see [58] for a modern
review) is based on the statement that the radial coordinate
rin AdS/CFT can be identified with a renormalization scale
4 of the boundary field theory. In this case, the UV theory,
corresponding to y — oo is typically identified with the
boundary CFT at r — oo [58]. At the same time, there
exists an effective IR theory at the horizon r = 1 (in units
where the AdS radius is £ = 1), where the renormalization
scale in this case is y ~r — 1 — 0. As we move from the
boundary deeper into the bulk, the effective scalar field
theory at finite r “flows” from the UV theory at the
boundary to the IR theory at the horizon. In other words,
the scalar field theory at finite », QFT(r), corresponds to a
would-be “effective” theory in the analogous holographic
RG flow. Keep in mind that throughout this argument we
keep the UV (CFT) theory and boundary conditions for all
fields fixed at r — oo.

From Eq. (2.32) it can be seen that for any finite r, the
autocorrelation function C(z, r) has a pole in ¢ of the order
d —1 (corresponding to the horizon pole order), which
implies that the high-frequency modes of the power
spectrum p(w, r) corresponding to C(z,r) will be domi-
nated by the high-frequency modes of the horizon theory
(see Sec. II'I). This is consistent with the behavior of the
Lanczos coefficients for finite r in both parameter regimes;
2A > (d—1) and 2A < (d — 1). In both cases, the finite-r
Lanczos sequences tend to the horizon sequence, regardless
of the relation between 2A and d — 1. This implies that the
late-time behavior of the Krylov complexity will be
dominated by the high-frequency modes of the horizon
theory. From this perspective, it is the effective IR theory at
r — 1 that dominates the late-time behavior of Krylov
complexity.
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It is interesting to contrast this behavior with the case of a
massive scalar field in flat space [35,36]. In that case, the
mass m of the field acts as an IR scale. If we imagine that in
that case we also have an “RG flow” of theories, where the
renormalization scale u is set by the mass m, QFT(m), then
the UV theory corresponds to the massless conformal limit
m — 0, QFT(m — 0) = CFT, and the IR would corre-
spond to an infinite mass m — co, QFT(m — o) = QFT.
Consider each m > 0 corresponding to a different theory
QFT(m). In that case, if we look at the power spectrum of
the constant m theory, then the late-time behavior of Krylov
complexity and large-n behavior of Lanczos coefficients
[dominated by high-frequency modes |w|>> m in the
power spectrum p(w)] are closer to the ones expected
from the UV theory, the CFT with m — 0." This is simply
because the mass m, being an IR scale, does not affect the
high-energy/short-distance behavior of the QFT(m) theory
for any m > 0. Indeed, for any m > O there is a sufficiently
large || such that the high-frequency modes of the power
spectrum are insensitive to it. So, in the end, any theory
with finite m will “behave” like the UV theory (the
massless CFT) at sufficiently late times. In this sense,
the mass of the field m acts as an “inverse” high-energy
scale m ~ 1/Ayy.

We remind the reader that the above discussion relating
the results with a holographic RG flow is intended only as
analogy, since one would need to deform the boundary
theory to produce those effects. Another subtlety in this
discussion is that our autocorrelation function C(¢,r)
describes correlations between local bulk fields in AdS,
which are nonlocal from the perspective of boundary
operators (see Appendix B). Close to the boundary, the
effective theory is well-approximated by the boundary CFT
behavior, where the dual operator to the field is effectively
local. As the scalar field probes deeper into the bulk, the
autocorrelation function describes the correlations between
increasingly nonlocal CFT operators, which are smeared in
an increasingly large boundary subregion. In the limit
where the scalar fields are taken to the horizon, the
boundary operators are effectively smeared over the whole
boundary subregion. Moreover, the pole structure of the
autocorrelation function for 6¢ and finite » [Eq. (2.32)]
implies that for any finite r > 1, the evolution of the
autocorrelation function between the smeared boundary
operators will flow towards the late-time behavior at the
horizon at sufficiently large times.

C. Analogous interpretation of our results with TT
deformed CFTs

One is tempted to compare the finite-r autocorrelation
function (2.19) with the two-point function of primary
operators in a TT-deformed CFT living at a finite radial

15 .
To be precise, the nonzero mass causes nonsmoothness and
staggering in the Lanczos coefficients [35,36].

surface, a la finite cutoff holography [59]. This analogy
could then be naively used to find the Krylov complexity in
a holographic TT-deformed CFT (the reader is referred
to [60,61] for reviews on TT-deformations). Indeed, the
bulk-to-bulk propagator (B18) shares similarities with the
finite cutoff AdS correlation function, where pure gravity
with the finite radial cutoff is holographically dual to
TT-deformed CFT, and T?-deformed CFTs in higher
dimensions [62].

In the context of holographic TT deformations, the
asymptotic boundary is IR (since TT is a irrelevant
deformation). For instance, we treat 1/r> and 1 similarly
in Egs. (4.1) and (4.2). Thus, r — oo corresponds to 4 — 0,
which is IR because the TT deformation is an irrelevant
deformation. If we regard that the asymptotic boundary is
IR and the horizon is UV, our results in Sec. IIH 1 imply
that the large-n behavior of the Lanczos coefficient and the
late-time behavior of the Krylov complexity for finite-r is
determined by the information at UV (the horizon r — 1).
Note that there is a caveat regarding the energy spectrum in
the finite cutoff holography: the energy spectrum becomes
complex if the radial coordinate is inside the horizon.
A similar issue may appear in our computation of the Krylov
complexity if we use the bulk propagator with r < 1.

It is interesting and important to deeply understand the
difference between the two interpretations, the analogous
holographic RG flow and the TT deformation, from the
universal behavior of the Lanczos coefficient and the
Krylov complexity.

However, finding the Krylov complexity in a boundary
theory dual to finite cutoff AdS space would require
integrating out the bulk degrees of freedom corresponding
to high-energy modes in the boundary, while still imposing
Dirichlet boundary conditions on the finite timelike boun-
dary cutoff [62,63]. Moreover, the bulk side would pref-
erably be pure gravity in finite cutoff holography, since
otherwise one needs to introduce matter contributions in the
stress tensor by hand. This implies that the finite cutoff
correlator does not coincide with the bulk-to-bulk propa-
gator (2.14), though their structure is very similar.
Formally, the perturbative expansions of the bulk and
TT-deformed CFT autocorrelation functions with pertur-
bation parameters 1/r> and A can be written as

C(r.r)=C(r) +%c§1>(t) - (%fc&%) +oel (40)

i) =) + a0 + 2P (1) + -, (4.2)

where C\") (t) = lim,_, C(t, r) and CEO)(t) = lim,_ C*(7)
are the unperturbed autocorrelation functions and where

the ellipsis denotes higher-order terms in 1/7> and A,
respectively.
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To understand this relation in more detail, we perform a
perturbative analysis of the finite r autocorrelation function
(2.14) in Appendix F, and its corresponding Lanczos
coefficients and Krylov operator complexity. We compare
the results with an analogous perturbative expansion for the
thermal two-point correlation function in TT-deformed
CFT,, as done in [64]. We find certain puzzling features,
including a decrease in the Lanczos coefficients, reaching
even negative values. In contrast, these effects are not
present in our study with the exact bulk-to-bulk autocorre-
lation function (2.19) as the input in the Lanczos algorithm
for Krylov operator complexity. The same problem has
been observed in studying Krylov operator complexity for
TT-deformed CFTs [64]. In those cases, one relies on a
perturbative expansion of the thermal two-point function
for primary CFT operators, in terms of the TT deformation
parameter. This suggests that the results in [64] would
benefit from revision with a nonperturbative completion of
the correlation functions used in the evaluation of Krylov
complexity. There is no known nonperturbative thermal
two-point correlation function for TT-deformed CFTs;
which is the reason that [64] relied in a perturbative
expansion. It is therefore an important future development
to find the exact thermal two-point function and confirm
our observations. To accomplish this task, one might study
the little string sector in the TvT transformations [65] to
obtain the momentum space two-point correlation function
of the vacuum theory holographically and consider an
appropriate analytic continuation for the thermal one.'®
This might settle one of the possible interpretations from
the findings in [64], that the Krylov operator complexity
(under the assumption of the universal operator growth
hypothesis [49]) could indicate a possible violation in the
chaos bound [66] in the presence of a finite radial cutoff in
the bulk. It should be remarked, nonetheless, that there is a
nonperturbative expression for the TT-deformed correlator
in momentum space (see e.g., [67]). An alternative
approach would consist in transforming it to position
space, although one still finds a divergence in ¢ similarly
to (F9). To the best of our knowledge, there is no consensus
on how to properly renormalize it.

D. The switchback effect in Krylov complexity

As pointed out in [10], there is a relation between the
Krylov operator complexity and the switchback effect. This
is defined in circuit complexity due to the insertion of
precursor operators in a quantum circuit [19]. The switch-
back effect is one of the defining properties of holographic
complexity [5,6]. In the bulk description, the switchback
effect is caused by multiple shockwaves [68,69] back-
reacting in the bulk due to the insertion of heavy or light
operators in the boundary CFT [70] which should be

"®We thank Monica Guica for the suggestion.

inserted in the boundary at different time steps. In contrast,
our study focused on Krylov operator complexity of a
single probe field in AdS,, space (which therefore does
not generate shockwave backreaction).

To properly study the Krylov complexity of multiple
precursor operators acting on an AdS shockwave geometry,
we are studying the Krylov complexity of a set of primary
CFT operators (with appropriate smearing) acting on the
TFD state [70]. We propose building a CFT state with an
arbitrary number of precursor operator insertions in the
two-sided boundaries and evaluate the corresponding two-
sided two-point correlation function with a probe bulk
matter field. Similar to our study, the two-sided two-point
function can be related to a bulk geodesic length in an AdS,
albeit with multiple shock waves [69] due to the precursor
operator insertion. This can allow us to directly relate
the Complexity = Volume conjecture [1,19,71] with
Krylov complexity as recently argued in [11] (see also
e.g., [18,72]).

E. Comparison of Krylov operator complexity for
holographic CFTs with the double-scaled SYK model

Exciting developments have taken place in the holo-
graphic dictionary of Krylov complexity in terms of a
Lorentzian wormhole in the double-scaled SYK (DSSYK)
model (the reader is referred to [73] for a modern review);
see [9-11,13]. We briefly compare with our results in
arbitrary dimensional CFTs to uncover new lessons in
Krylov operator complexity. We now focus on the semi-
classical limit of Krylov complexity for matter chord
operators, O,, where A is the total conformal weight,
and the inner product is defined with respect to a TFD state
at infinite temperature (see more details therein [10]; and a
discussion of how to incorporate finite temperature effects
in the corresponding Lanczos algorithm in [13]). The
authors uncover the following relation:

K(t) = log(1 + (1 — ¢*)sinh?(J1)), (4.3)

|log q

where g € [0, 1] is a parameter controlling quantum effects,
where the semiclassical limit corresponds to |[log(g)| — O,
and J is a constant which measures the strength of the
(Gaussian distributed) coupling constant in the DSSYK
model, which plays the role of the parameter /27 in our
analysis (which we have set 1).

The leading-order contribution in Krylov complexity in
the semiclassical limit appears when g% — 1 — Allog ¢|
(which corresponds to light fields in the bulk), and for
Jt ~O(1). (4.3) becomes

K(t) = 2Asinh*(Jt). (4.4)
We see that Krylov complexity takes exactly the form that
we derived in (2.38) when J =1 (as we have taken
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p/2m = 1), and the operators are inserted at the asymptotic
boundary (i.e., r — o0). We, therefore, expect that Krylov
operator complexity will have the same universal type of
behavior in the higher-dimensional CFTs probed in our
study with respect to this model (or a finite-dimensional
completion [74,75]).

F. First principle derivation for Krylov complexity
growth/proper radial momentum in the
holographic dictionary

In principle there are many other bulk observables that
may have the same time dependence as the proper radial
momentum of a probe particle, which also depends on the
chosen foliation, so the proposed proposed entry in the
holographic dictionary relating the proper radial momen-
tum of a particle with the rate of growth of Krylov
complexity for states and operators needs further develop-
ment to. There are other holographic examples where the is
indeed satisfied [13-17,52]. Our work provides new
evidence for this relation both at the asymptotic boundary
and at the near horizon region; and we show evidence that it
is only approximately satisfied at other locations for local
free scalar bulk operators. However a first principles
holographic derivation of this relation is out of scope in
this work; but we hope it sparks further developments
towards establishing this entry in the holographic dic-
tionary. A productive testground to explore this connection
would be in lower dimensional quantum gravity models
such as sine dilaton gravity theory and the DSSYK model,
an effort started in [13].

G. Autocorrelation function from the bulk
inner product

In the usual Lanczos algorithm for operator growth, [49],
one constructs a Hilbert space for the operators in the
algebra of the theory, through the Choi-Jamiotkowski
isomorphism [76,77] (see Appendix C). In this process
we map an operator to state in the Hilbert space which is
defined based on the inner we associate it with. In this
context, the inner product between two states in the
resulting Hilbert space corresponds to an autocorrelation
function. For instance, the Wightman inner product (B21)
is a natural choice to evaluate autocorrelation function of
QFT in a finite temperature ensemble, in the sense that it
simplifies several evaluations. More generally, there are a
formal set of axioms (B24) that the inner product must
satisfy in order for the Hilbert space to be well-defined (see
Appendix B for a more detailed discussion). The notion of
autocorrelation that we used (2.19) needs to obey the same
type of axioms in order to properly define the Hilbert space
as well as the corresponding Krylov space by the Lanczos
algorithm (such as in the moment method, Appendix C). In
Appendix B 1, we have confirmed that two-point correla-
tion functions obtained by the HKLL method applied for
local bulk operators indeed satisfies the expected axioms

(B24) in the asymptotic boundary limit. However, the
technical methods are quite intricate to apply in more
general situations, such as when we are faced with finite
bulk radial location dependence. In particular, to the best of
our knowledge there is no closed-form expression for the
smearing function in Rindler-AdS,, | due to an exponen-
tially increasing factor. Reference [78] discusses this point
from the perspective of wave packet transmission in
Rindler-AdS. For this reason we have not been able to
show that (2.19) is a well-defined inner product at any
radial location in the bulk. It is a future important develop-
ment to treat this problem rigorously, to show that the
method of smeared bulk reconstruction which we have
applied in this work is formally well-behaved at any bulk
location. This would be particularly important in order to
provide an interpretation of our results from the perspective
of the bulk Hilbert space. A useful next step in this direction
might be to perform some of the numerical integrals in
Appendix B 1 to verify that the finite r satisfies the
properties of inner products (B24b).
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APPENDIX A: KRYLOV COMPLEXITY FOR
CFTS IN HYPERBOLIC SPACE

In this appendix, we review the derivation of Krylov
complexity for CFTs in hyperbolic space [36] and show
that the result matches the corresponding calculation on the
gravity side when one moves the operators to the asymp-
totic boundary of the spacetime.

Using a conformal map from R? to S' x HY"!, we can
compute the Krylov complexity in CFTs whose spatial
geometry is a hyperbolic space H?~!. Due to the conformal
map, the curvature scale of H’~! is proportional to (27/),
where f is the period of Euclidean time. The scalar
conformal two-point function on S!'x H?! is given
by [79]

(Oa(11,%1)O04 (72, %32))
N

~ (=2cos (% (r) — 1)) + 2cosh [d(1.2)])*° (A1)

where A is a scaling dimension, 7; is the Euclidean time,
d(1,2) is the spatial distance between x; and x, in H!,
and N is a normalization factor. Substituting 7, — 7, =
it +e+% and d(1,2) =0 for the points (2.17) to the
Euclidean two-point function (A1), we obtain the normal-
ized thermal Wightman two-point function,

sinh(Z€) \ 24
cw= (2t (a2)
Slnh(T)
where we choose AV such that C(r = 0) = 1. Note that (A2)
agrees with Eq. (2.36) when =2z and r — co. The
Lanczos coefficients and Krylov complexity corresponding
to the autocorrelation (A2) are given by [48]

; _ 2z(n+A) p " n(n—1+2A)
" pran(%) " psin(%) ’
sinh? (%)

The above results can also be interpreted as the Krylov state
complexity for locally perturbed thermal states considered
in [14]. The authors of [14] considered the time evolution
of locally excited states by primary operators in holo-
graphic CFTs as

(1)) = Nem e O(xo) lyry). (A4)
where |y) is the thermofield-double state. Its amplitude
S(z) is given by

Sinh(ﬂ(l;is)) —2A

s = o) = (Cop B) o (49)
B

which is identical to the autocorrelation (A2), leading to the
same Lanczos coefficients and Krylov complexity given
in (A3).

In particular, for e = /2 = x, we can identify S(z) with
Wightman two-point function (2.36) for a thermal CFT,
obtaining

1 1
S(t) :W, a,=0, b, :Em’

K(t)=2Asinh?(#/2), (A6)
which is consistent with our Egs. (2.36)—(2.38) in the limit
r — oo. This result also aligns with [80]; see their Eq. (30).

APPENDIX B: THE INNER PRODUCT IN
RINDLER-AdS AND THE HKLL FORMULA

In this appendix, we review the HKLL formula for
Rindler-AdS;. The reader may refer to [81,82] for more
details.

1. The HKLL formula

In AdS/CFT, the HKLL formula [39,41] provides a way
of expressing a local bulk field ¢(y, ¢, x) in AdS,,;, where
(y,t,x) are local bulk coordinates, in terms of CFT,
operators in the boundary, with local coordinates (7, x).
To be precise, a massive scalar bulk field satisfying the free
equations of motion ([Jpgs —m?)(y,1,x) =0 can be
written as

d(y,1,X) —/dt’/dX’IC(y,t,X;t’,x’)(’)A(t’,X/), (B1)

where K(y,t,x;¢,x') is called the smearing function that
has support on operators O, (#,x’) that are spacelike
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separated from ¢(y, 7, x). This allows for the computation
of bulk correlators from their CFT counterpart,

(@1t x0) - Py (Y. Iy X)) aas
:/dt’l...dtj\,/dx’l...dx§\,}C1(y1,tl,xl;t’l,x’l)--~

X Iy (yns tys X5ty XYy)

X (On, (11, %) - - Op, (15, Xy ) ) crr- (B2)

2. The HKLL formula in Rindler-AdS

We are interested in the HKLL formula for
Rindler-AdS,, ;. For simplicity and concreteness, we focus
on Rindler-AdS;. In local coordinates (r,7,y), the right
Rindler wedge of AdS has a metric given by

& dr? r -

dszzrz_fz )

2 2
‘ dt2+%d)(2, (B3)
where 7 is the AdS radius. In these coordinates, where
-0 <ty <-4 and 0 <7 <r < oo, the Rindler-AdS
horizon is located at » = ¢ and the conformal boundary at
r — oo0. It is more convenient to write the metric in a
slightly different form. Following [78], we define a radial

coordinate t = V72 — #2 such that 0 < t < oo, for which
the metric (B3) takes the form

1
A= — 4 (¢/£)2dP +
T (v/2) (x/2)

In these coordinates, the Rindler-AdS horizon is located at
t = 0 and the asymptotic boundary R! x H! (conformal to
R!1)is located at © — oo. In addition, the left Rindler-AdS
wedge can be obtained by a transformation ¢ — ¢ — ix.

In this case, the equation of motion for a massive scalar
field Olg_aqs @(x, 1, y) = m*(x, 1, x) is given by

(1+(x/£)*)dy*. (B4)

1
(g"a% + = 0(V=9970) + g0y — m2> p(r.t.x) =0,

(BS)

with /=g = t/¢. Setting £ = 1, the general solution to
this equation on the right Rindler-AdS wedge can be
written as

P(r,t,y) = /d/l/ da)—

X l//u),/l(r)<a(u./1€ WHMX + aZJ,Aelmt—l}%)’

(B6)

where {awﬁl,al,l} are ladder operators satisfying

(@ 1s azm} =6(w — @')6(A— ') and where

~ Na) _io_ A
Foale) = s (1 + )8

iw—
X, F,

where A:=1-++vm?+ 1 and where the normalization
constant N, ; is fixed such that

iA+A iw+id+A 1
2 ’ 2 B
(B7)

1

o ]
de—y 7 o =—95 B
|7 e s 0as) = 5 o0 - ). (88)
and is given by
r iw—il+A T io+il+A
y,, Ty

Vazo|T(io)|

In [78] it is argued that the implementation of the Banks-
Douglas-Horowitz-Martinec formula [83] fails for Rindler-
AdS due to the presence of tachyonic (negative mass)
modes (w? < A%) that break the causality and unitarity of
the CFT. This suggests that the part of the bulk local
field which is reconstructable in the right Rindler wedge is
given by

~ codf [eody a
B = [ 750 [ E Kt )OS ),

(B10)

where the smearing function KC(x,,x;7, ') is given by

K:(r tyt ’)( / d/l/ da) —iw(1—1")+iA(y—x')
Z

+ e ) f (), (B11)

and where f,,;(x) = ['(A)y, 1 (r)/N,, is given by

iw_A

Joi(r) =t (1 +17)7572
<ia)—i/1+A iw+il+ A 1 )
X 2F1 . .

2 ’ 2 T 4?
(B12)
Note that the smearing function K depends only on
differences 1 — ¢ and y —y": K(r,1 -1,y —4') and that
itis, in general, complex. These facts will be relevant in the
following section.
The operator OST™™(7, ') in (B10) is a large-N
primary field evaluated at a point (#,y') on R!! that
can be expressed as
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CFT.fl NG
O FT.flat 7. / d/l/ [ aCFTe—ithriA;(’
(7'.x) al 27[1_, ( )
( Cl}T it —ily ) (B13)
where {aSFT, (aSFT)"} are normalized ladder operators and

where

CFT _
Nmﬂ -

(B14)

=2\ 2 2
{ 7 for w* > A7,

0 for w? < A2,

is the normalization in large-N CFTs on Minkowski space
R, The relation between ¢(x,,x) and OST™(z, 5) is
given by

limr2p(x,t,y) = (’)gFT’ﬂat(t,)(). (B15)

r—00

The primary field OS¢, ) ata point (7, y) on Minkowski
R!! can also be obtained by a conformal transformation of the
primary field on the cylinder OS*T(z,0) according to

Ot (1 ) = €AW OCFT (1(1, 4),6(1. y)), where
D(ty) — 1
50 — (B16)
\/cosh?(y) + sinh?(z)

is the conformal factor taking the asymptotic metric
—dz? + dé? on the asymptotic boundary of the global patch
of AdS (a cylinder R! x S! with —z/2 < 6 < 7/2) to the
metric ¢2®(—dr* + dy?) on R} x H! via

sinh(¢)
cosh(y)’

sinh(y)

tan(r) = cosh(r)’

an(6) = (B17)

In terms of null coordinates
e®v) = (cosh(u) cosh(v))~1/2.

u=t—y, v=t+y,

3. Bulk inner product

With these ingredients, we can tackle the question of
defining an inner product in the bulk of Rindler-AdS from
the perspective of the boundary inner product of operators.
Here, we distinguish the coordinates on the right Rindler
wedge (rg, 7, xg) from the left Rindler wedge (r;,7;,x;).
Recall that the left wedge can be obtained from the right
one by a shift in imaginary time t; =tz —iz. In the
following, we will drop the superscripts “CFT.flat” from
the CFT operators and the tilde from the scalar fields to
simplify the notation.

Following the HKLL formula (B10), the bulk correlator
of the reconstructible part of two free massive scalar fields
in Rindler-AdS; can be formally written as

<¢I(rl’t1111)¢2(r2»fz,)(2)>R-Ads
1 =)
_ W/ 44\ dtydZy I (201 = 1y = 1)

X Ky (ta,ty = th, 30 — 15)

x (O}, (11.1) O, (1. 25))crrl (B18)

with A;, =1+ ,/mj,+ 1. The boundary correlator
(O} (£, 41)Ou, (ty. 25))p» Which in RI x H' xRN at
finite temperature f~' = 1/(2x) is given by

<OTAI (11, 21) O, (1 5)) p—2r
_ 5A|-,AZCA1
(= cosh(7} — #5) + cosh(y}

AR

where ¢, is a normalization constant. Performing an
appropriate analytic continuation, (B19) can be used to
define an inner product for scalar primary fields in the CFT
using the relation,

(On, (11,2104, (3 23)) cpr

= (0L (1) = im. 2, On (Do th)) 2
N ACA
= L ! . B20
(Cosh(?, =) + cosh, — s (B20)

This inner product can be seen as a special case of the more
general expression for the Wightman (thermal) inner
product for CFT, fields in R} x H' = R" A(t4, x4),
B(tg,xg) with f = 2z given formally by

(A0 Bltn20)" = (4 (1= F 0B )

tr(e HAT (1, — % Xa)B(tg xB))
Z(p)

_ tr(e_ﬁTHN(ZA,){A)E_gB(fBJ{B))
tr(e™?H) '

(B21)

As a consequence, we propose a formula for the inner
product of reconstructible scalar fields ¢, ¢», in Rindler-
AdS; using the HKLL formula (B2) as follows:

(d1(ris b1 1) |2 (22, 12, 02) )R Ads

= <¢I(f1, t = ix, x1) 1 (Y2, 12y 12) )RAds- (B22)

To be precise,
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(D1 (1,1 00) |2 (22, 12, 02) )RoAds

[ atagananiiien.n -t -4)

[Se]

(27)*
X Kooty = th. xa — x5)

X (O, (11:21)104,(13.75) ) crr - (B23)
Note that we also perform the analytic continuation to
imaginary time t, — t; — iz, #; — t; — iz in the smearing
function of the first field /C;, which amounts to placing the
first field on the left Rindler wedge. However, because this
function depends only on the time difference ¢, — |, the
imaginary time rotation by —iz leaves the function
unchanged. Note as well that the CFT inner product
(B20) only depends on the differences 7| —7, and
Xy — x5 and not on their independent values. This also
means that the inner product is invariant under replace-
ments 7, <> 1, x| < xb.

The first question is whether (B23) is a well-defined
inner product. It is known that the CFT inner product (B20)
satisfies the necessary and sufficient conditions for a well-
defined inner product, namely (see e.g., [84]),

(Op, (11, 2)10n, (t5:5) ) crr = (Oa, (15, 25)|On, (£1:41)) s

(B24a)
(@104, (1. 1) + @204, (15, 15)|Op, (5. 45) ) crr
= aj(On, (11, 41)10a, (15, 25) ) crr
+ a5 (On, (15, 15)|Oa, (15, 25) ) crrs (B24b)
(On, (17,2104, (£1..41))cEr 2 0. (B24c)

The first three properties are indeed simple to prove. The
last one is in contrast more complicated since K is in
general complex so it might generically not be satisfied.

What we would like to show explicitly is that by
substituting the expression for the CFT inner product
(B20) into the expression for the bulk inner product
(B23) and after evaluating the smearing function appro-
priately (B11) that we recover the autocorrelation function
(2.35) for two-sided correlators used in Sec. IIH of the
main text. However, performing this task for arbitrary bulk
points is in general difficult, due to the distributional nature
and mathematical structure of the smearing function K.
Nevertheless, in the important case where bulk
reconstruction is performed by an observer at the asymp-
totic boundary * — oo, we can do the derivation explicitly
and recover the usual CFT result.

Taking * — oo in (B12), we have

fou(t = 00) =174, (B25)

since | F,(a,b;c;1) = 1. This means that f,; is just an
overall scaling parameter that we should regularize.

Next, to evaluate K in (Bll), we note that f,; =
constant implies

k=2 " ( - *)dw<cosw_mcos[w@_ﬂ)]

+sin[A(y — )] sin[w (1 —1')]). (B26)
We can use the integral representation found [85],
S(x—x') = 7—1t A " cos (k(x —¥))dk,  (B27)
so that I in (B26)
K = 4r5(y — y')8(t — ') + others, (B28)

where the other terms seem to depend on the way that we
evaluate them in the complex plane by the Cauchy principal
value. Explicitly,

/_ : a1 A “ do(cosfaly — 1)) cosla(t — £

+ sin[A(y — x')] sin[w(t — ')])
_ g [T =1)
= ZA dA )

= (B29)

/_ ~ i /_ * dosin[A(y — )] sinfw(t — £)] = 0. (B30)

Note that (B29) is not well-defined, so we should regularize
it by the Cauchy principal value; while (B30) is conse-
quence of the odd integrand in the A integral, so that (B10)
becomes

P(ry. t.y) = rz2 O 1 o), (B31)

where rp — oo is a regularization radial parameter. It
follows that at least in this limit the bulk inner product
(B18) is well-defined; although, this is not useful for the
case of interest in the main text for arbitrary points inside
the bulk.

However, in general, we do not have a way to analyti-
cally evaluate the bulk operators when the reconstruction is
done inside the bulk. One might attempt to perform the
numerical integration above and compare with CFT corre-
lators. We leave a more involved exploration in this
direction for future directions.
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APPENDIX C: MOMENT METHOD

Starting from the Heisenberg picture, we use the Choi-
Jamiokowski isomorphism [76,77] which maps an operator
O acting on states in Hilbert space H to a state |O) in a
double-copy Hilbert space H ® H, where |O) can be
expanded in a complete basis of states {|y,)} € H as

= Zonml)(mv%n>’ (Cl)

where O,,, = (¢,x|Oly,). In the following, we will consider
the Frobenius product for defining the inner product of
these states as

(X|Y) = Ditr(xfy),

H

(C2)

where D4, refers to the Hilbert space dimension."’
We can represent the evolution of the operator through
the Heisenberg equation as

"For thermal ensembles instead, one can define the operator
scalar product [49]

|
@)= [ sl s-ate . (©)
0
where Z := Trle "], and g(1) is a function that satisfies

6020, glf-2) = g(a). /O”guw:l. (C4)

The corresponding autocorrelation function in terms of (C3) is

CY(1) = (010(1))f = ﬁ A ! g Tr[ePH OOt + i2)]d,
(Cs)

where we assume O = O. One can also choose g(4) as [49]

o) = 5100 €) +8(5 ~ 2= )], (co)

with 0 < € < 1 so that the autocorrelation function (C5) becomes
an even function through the sum of two correlation functions
with 7 + ie and ¢ — ie; explicitly,

Cy(1) = (TrlePHOO(t + ie)] + Tr[e P O(t — ie) O]).

1
22(p)
(€7)

The autocorrelation function (2.26) is not an even function in time
since it corresponds to g(z) =8(f—A+¢) in (C5). Other
choices of inner products inherently related to finite temperature
ensembles can be found in [27,49].

9,|0(1)) = iL]0(1)), (C8)
where L is called the Liouvillian superoperator,
L=1[H." 0(t) = e“10. (C9)

We can then solve (C8) in terms of a Krylov basis, {|0,,)},

K-1
= i",(1)[0,),
n=0

@a(t) = (0,[e10,).  (0,]0,) =8, (C10)

The Lanczos algorithm for determining the Krylov basis,
{]0,)}, takes the form [37]

| n+1) £|0 ) bn|0n—1)_an‘0n)’ :<0n|‘c|0n)7
(C11)
0,) =b7"1A,),  bus1=(A,|4,)' 2 bo=1.  (CI2)

There are further implications if we assume that O(z) is a
Hermitian operator. In this case, the correlation function
is an even function in ¢ that can be expanded as a Taylor
series as

t2n

E m2n ’

where m,,, are referred to as the “moments”. The Lanczos
coefficients b, can be then determined from the moments
using an equivalent algorithm to (C12) [49,86,87],

m—1 m—2
b = an) Q<2r1:l> — ng ) Qék—2)
VCa 2. B

m—

@o(1) = (O( (C13)

(C14)

where Qg(,)() = my, and Qé;” =0.

The other amplitudes can be determined through
the Lanczos algorithm (C12) and the Heisenberg
equation (C8), resulting in the recursion relation,

at¢n(t) = bn(pn—] (t) - anrl(/)nJrl(t)' (CIS)
Krylov complexity is then defined as
k-1
K(t)= ) nle, (0. (C16)
n=0

The above definition was originally motivated [49] to
describe the size of the operator under Hamiltonian
evolution, as it measures the mean width of a wave packet
in the Krylov space.
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APPENDIX D: ANALYTIC DOMAINS
AND KRYLOV GROWTH
FOR SMEARED OPERATORS

In this appendix, we discuss the conditions under which
the Krylov complexity of nonlocal operators exhibits the
same exponential behavior as that of local operators. As
emphasized in [49], the Krylov exponent associated with an
autocorrelation function is fixed by the region in the
complex #-plane where the correlator is analytic, which
is typically a horizontal strip. The width of this strip then
determines the Krylov exponent.

In the particular case where the smearing kernels arise
from HKLL reconstruction, the resulting smeared autocor-
relators provide the boundary dual of the bulk calculation in
the main text for local bulk fields.

1. Analytic domain of Wightman functions
involving local operators

We begin by showing that a positive-frequency
Wightman two-point function of the form,'®
G*(t,x) = (O(t,x)0(0,0)) 4

_ Tr[e " O(1,x)0(0,0)]
B Tr[e PH] '

(D1)

is analytic for —f# < Im¢ < 0. We follow the argument in
footnote 11 of [88].

Expanding in an energy eigenbasis H|n) = E,|n), we
obtain

1 . )
G*(t,x)= EZ(nKQ(O,x) |m) (m|O(0,0)|n)efn=P) g=1Ent

n,m

(D2)
Writing + = Ret + iIm ¢, this becomes
1
G*(t,x) = EZMIO(O,X)ImMmIO(O,0>|n>
x eiE,,Rete—iEmRete—(ﬂ—&-Im NE, ebnlImt (D3)

Restricting to H with positive spectrum, so that E,, E,, > 0
for all n, m, we see that the sum (D3) converges only if
p+1Imt >0, Imz <O,
which together imply —f < Im ¢ < 0. This defines the strip
in the complex -plane inside which G (¢, x) is analytic.

Similarly, one finds that the negative-frequency Wightman
function,

Bpositive frequency in this context means that the two-point
function in momentum space only picks up contributions by
integrating around the negative frequency pole.

G (t,x) = (0(0,0)0(t, x)),

is analytic in the strip 0 < Im? < f.

We will now use this result to show that Wightman
functions involving smeared operators remain analytic in
the same region of the complex plane, provided the
smearing kernels K are analytic everywhere.

2. Analytic domain of Wightman functions involving
nonlocal operators

We now consider a nonlocal operator obtained by
smearing a local field with a kernel K,

Ok (1, %) = (K O)(1,x)

_ / drAXK (i -1, x—x)O(F,¥).  (D4)

The corresponding thermal Wightman function is

Gi(t,x) = (Ok(t,x)0k(0,0)); = K+ G* x K, (D5)
where the stars denote convolution in (¢, x). To determine
the analytic structure of the smeared correlator it is more
transparent to work in frequency space. Let G*(w, k) and
K(w, k) denote the Fourier transforms of G* and K. Since
convolutions become products, we have

Gi(w, k) = K(w, k)K(~w, k)G (0, k).  (D6)
Thermal Wightman functions have a well-known fre-
quency-space analytic structure; G (z,x) is analytic in
the strip —f < Im ¢ < 0, and this is encoded in the fact that
G*(w. k) has poles (the Matsubara poles) at

with no singularities between the real axis and the line
Imw = —2x/f. Thus, the location of the singularities of
G (w.k) completely fixes the strip of analyticity
of G*(1,x).

Equation (D6) shows that the smeared correlator G; can
only develop new singularities if K (o, k) itself has poles or
branch cuts. If the smearing kernel is analytic everywhere
in the frequency space—for example a Gaussian—then
K(w, k) is analytic for all complex @ and therefore cannot
generate new singularities. In this case, G} (w,k) has
exactly the same singularities as G*(w, k), and no new
obstructions arise when performing the inverse Fourier
transform. Consequently,

G (t,x)is analytic in the same strip —f <Imz<0. (D7)
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Thus the analytic domain of the smeared Wightman
function is determined entirely by the singularities of K
and G* in the complex w—plane. If K is analatyic every-
where, the smearing cannot move, remove, or create
singularities, and therefore the analyticity strip of the
original correlator is preserved. Since the analytic structure
of the autocorrelation function determines the Krylov
exponent, one does not expect this exponent to change
when the smearing kernel is analytic everywhere; in such
cases the large-time behavior should remain unaffected.
The situation is more subtle for the HKLL smearing
kernel. In the main text we analyze boundary operators
smeared over the boundary using HKLL kernels K, which
exhibit singularities whenever the bulk point is spacelike-
separated from the boundary. Despite this more compli-
cated analytic structure, our numerics indicate that the
Krylov exponent remains unchanged for arbitrary bulk
radial position r. This is a nontrivial result, given that the
HKLL kernel introduces additional singularities in fre-
quency space that, a priori, could have modified the
analyticity domain relevant for the Krylov exponent.

3. Numerical exploration of effects of locality on the
Lanczos coefficients

In this section, we discuss the effects of nonlocality of
operators in the growth of Lanczos coefficients/Krylov
exponent in the context of lattice discretizations of CFTs.
Here, we focus on the case of the transverse-field (XXZ)
Ising chain

N
A== (2788, +h),
i=1

(D8)

which in the critical limit J = & and for large N corre-
sponds to a lattice discretization of the free (1 + 1)-dimen-
sional ¢ = 1/2 CFT. Here 8¢ are spin-1/2 operators in the
a direction at position 7 in the chain and are given by

Se=1300 g (%) ® I8V, (D9)

where 6, are the usual Pauli matrices for a € {x,y, z} and
where we use the identification 8%, ; = 8. Thus, the system
consists of N spin-1/2 degrees of freedom with periodic
boundary conditions N + i ~ i. The spin-1/2 operators $¢
act locally at each chain site and the Hamiltonian (D8) has an
interaction term which acts locally on two neighboring sites.
As is well-known, this model becomes analytically solvable
via the Jordan-Wigner transform [89]. This transformation is
based on the introduction of fermionic creation and annihi-
lation operators JA”,T and fi. Defining the spin-1/2 ladder
operators ST := 87 + 57, these are related to the fermionic
operators via

i—1

SF= exp<+iﬂ2ﬁj>ﬂ,
j=1

A i_l A

§7 = exp <—m2ﬁj>f,-,
j=1

(D10)

where 7t = f; fj 18 the fermionic occupation number at site

Jj. Equivalently, the inverse transformation is given by

i—1
7= (I1%7)3.

Jj=1
A l_l A A
fi= (H s;) S
j=1

The exponential factor appearing in the fermionic operators
(D10) represents a string operator that acts nonlocally on sites
preceding the insertion of the corresponding fermionic
operator. Because of this, from the spin perspective, the
fermionic operators are nonlocal. This is represented
in Fig. 7.

The concrete idea that we want to test in this appendix is
whether a local spin operator on a fixed site grows faster or
slower than a fermionic operator inserted on the same site.
To be precise, we want to compare the Lanczos coefficients
from two choices of initial operators; Oy = S/, fi.
Figure 8 shows the Lanczos coefficients for these initial
operators using the Wightmann inner product for N = 8
and for f =1 and computed via the moment method
described in Appendix C.

Although the numerical values of the coefficients com-
puted from ﬁ lie above the ones from S‘I, their growth rate
does not appear to vary qualitatively. There are some
fluctuations arising from numerical accuracy, but we do
not expect this behavior to change significantly for larger
N. This is consistent with the analysis in the previous
subsection for smeared operators. We should remark,
nonetheless, that the approach discussed here differs from
that one, in that here the nonlocality here arises from a

(D11)

o+

1 2 3 54
—@ @ @ L 2
i

fermion W—.—

) —
—

ei w(f1+n2+n3)

spin o—

FIG. 7. Representation of the Jordan-Wigner transformation on
a lattice. The ladder spin operator S is written as the product of

the fermionic creation operator JA‘Z and the string (parity)
operator e/#(ititis),
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FIG. 8. Lanczos coefficients for N = 8 and g = 1.

nonlocal contribution (in the form of H;!:l S‘j) rather than
the smearing of the operator with a smooth function.

APPENDIX E: LANCZOS COEFFICIENTS
AT A FINITE RADIAL LOCATION
FROM THE FULL PROPAGATOR

In this appendix, we collect and analyze numerical
results for the Lanczos coefficients as well as their
associated Krylov complexity obtained from the autocor-
relation function (2.19) arising from the full bulk-to-bulk

25

propagator (2.14) for a fixed radial location r at for a finite
time window At. We have chosen values for A such that
obey the following bounds:

(1) Unitarity bound: A > %;

(ii) Breitenlohner-Freedman bound m? > —

A(A—d) > -2

Due to the structure of the Lanczos coefficients at the AdS
boundary r — co and horizon r — 1, two interesting

regimes that we consider are the following: A € [452, 4]

dZ

T 1.€.,

and A€[4!, ). In both regimes, both bounds are
satisfied. In the first regime, the squared mass of the dual
scalar field to the CFT operator is always negative, whereas
in the second case it can be positive or negative, depending
on whether A>dord>A> (d-1)/2.

1.2A > (d-1)

The first interesting regime is 2A > (d — 1). We choose
A =15 and d = 4. In this case, the squared mass of the
scalar field is positive. In Fig. 9, detailed plots of the small,
intermediate, and large n behavior of the Lanczos coef-
ficients are shown for different values of r. These are
obtained from the moments m,, of the autocorrelation
function, as discussed in the previous section.

From these plots, we infer that the Lanczos coefficients
have a finite r behavior of the form,

— = T T
1 I { 3 1
= = \nln-1+24) At viB 20F T \n(i-1+28)
2 A v R 2
20F 1 . ' . ; [:)
= \nln=1+(d-1) My ) ® =30 65 ]
2 A v ﬂ ﬁ
15F Ardy ; 8 r=10
g EDg <=6 < 0 :
< Yo 87 Ar=3 <
10 £ ; o
o2 o V=2 55 J
s Sim 0r=15
5 o F=12 50 ]
r=1.001
0 1 ! 1 1 45 ot 1 1 L ! 1
0 10 20 30 40 50 80 90 100 110 120 130 140 150
n n
(a) (b)
150 o
1 A
= — gln(n=1+2AD) g
2 o~
140F 4 = .
5 n(n=1+(d-1) ® =30
130f . rE10.
g ¢r=6
< Ar=3
1201 vi=2 1
O0r=15
110 r=1.2..
¥ r=1.001
200 220 240 260 280 300

FIG. 9. Behavior of Lanczos coefficients b, for C(z, r) (2.19) with A = 15 and d = 4 for different r in the early (a), intermediate (b),

and large (c) n regime. Blue and orange solid curves are b, :%

n(n—1+2A) and b, =3+/n(n—1+ (d— 1)), respectively.

126014-23



SERGIO E. AGUILAR-GUTIERREZ et al.

PHYS. REV. D 112, 126014 (2025)

b,(r) = a(r)n°"), (El)
where a(r) and c¢(r) are the r-dependent power-law
coefficient and power-law exponent, respectively. Based
on Fig. 9, we find that in the limit n — oo, the finite-r
Lanczos coefficients (E1) approach the near-horizon
Lanczos coefficients given by b, — n/2 4+ O(1) according
to Eq. (2.37), and in this limit behave independently of r
according to lim,_ . a(r) - 1/2 and lim,_ c(r) — 1.
However, for finite n, they are r-dependent. To find their
behavior, we consider the following expression for the
power-law exponent c¢(r) in terms of derivatives of b, (r)
with respect to n:

g d(ba(r))
e =1 +d(log(n))l"g( dn )

By discretizing the derivatives in Eq. (E2) and using the
numerical data for b,, we can obtain the numerical
expression for ¢(r) at finite values of n. Similarly, using
this expression, we can find a(r) for intermediate values of
n by substituting Eq. (E2) into Eq. (E1).

In Fig. 10, we show the numerical behavior of the power-
law exponent ¢(r) obtained by discretizing the derivatives
in (E2) and for different values of r for finite 1/n. From
these figures it can be seen that the value of ¢(r) changes
for different values of 1/n, as can be seen from the fact that

(E2)

the Lanczos sequences grow slower than linearly for small
n, but for sufficiently large n (which depends on the
specific value of r), these approach the expected behavior
at n — oo, that is, ¢(r) — 1. Moreover, oscillations around
the expected value lim,_, ¢(r) = 1 arise from numerical
fluctuations of the discrete derivatives and do not corre-
spond to physical violations of the maximum growth rate of
Lanczos coefficients due to locality constraints in many-
body systems [49]. To smooth out these numerical oscil-
lations, a moving average is implemented in the numerical
data for small r for small 1/n. Importantly, before these
oscillations, the value of ¢(r) for finite 1/n is smaller than
1, implying that in this case and regime, the derivative

a d(b,(r))
d(log(n))l"g( an > =0

is nonpositive, signaling a sublinear growth of the coef-
ficients for finite 1/n. While, we currently, do not have a
direct confirmation, we expect that these oscillations are the
result of staggering, due to the finite mass of the scalar
particle (which has been previously studied in flat space-
times with CFT matter in [36]). We may confirm this
observation by testing if they are absent for m = 0 limit-
ing scale.

In Fig. 11 we show the numerical behavior of the power-
law coefficient a(r) for different values of r obtained by

(E3)

1.4 1.4 T
- r=38

1.3F 1.3F
& . - r=50 = ® Expected limit at n -
;; 12k ® Expected limitat n - oo 30 ;; 12k
5 5
g 1.1E == r=20 g 1.1F
o o
. = r=10 .
S 1.0P s 1 2 1.0p
o o
z 0.9F ] g 09f
o o
~ ¥

0.8F ] 0.8F

07 1 1 1 1 07 n n N N

0 0.02 0.04 0.06 0.08 0.1 0.02 0.04 0.06 0.08 0.1
1/n 1/n
(a) (b)
2.5 - r=15
r=12

Power exp. estimate c(r)

® Expected limit at n - co

0 0.05 0.1

1/n

FIG. 10. Power-law exponent ¢(r) (E2) from numerical data of b,,(r) for (a) r = 50, 30, 20, 10, (b) r = 8,7,6,5,4,3,and (¢) r = 1.5,

1.2, 1.1, 1.05, 1.001.
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FIG. 11.
(c)r=15,12,1.1, 1.05, 1.001.

discretizing (E1). We include contributions from ¢(r) (E2).
From these plots it can be seen that a(r) has a monoton-
ically decreasing behavior for small 7, starting from initial
values larger than the asymptotic n — co value 1/2.
However, for large n> 1 (1/n < 1) and after becoming
smaller than 1/2, there is a turning point after which a(r)
increases toward the expected value at n — oo, with small
oscillations. This is consistent both for small and large
values of r. Similarly to the power law exponent (E2), these
oscillations might signal staggering around a — 1/2.
From the numerical Lanczos coefficients b,, we can
obtain the probability amplitudes ¢, (7) by solving the

100~ T T A
—r=2 - 2Asinh? (1/2) 3

80+ F=15 = @=1)sinh?(@/2) 1
—r=12 K

60+ : :

=r=1.1

<40k
20+
0_
0 1 2 3 4
nt/B

Power-law coefficient estimate a(r) (E1) from numerical data of b, (r) for (a) r = 50, 30, 20, 10, (b) r = 8,7, 6, 5, 4, 3, and

recursion relation Eq. (C15) and subsequently the Krylov
complexity via Eq. (C16). In Fig. 12 we show the behavior
of Krylov complexity K () for different values of r. Here,
we used the numerical data from the Lanczos coefficients
up to n =400. The plot on the right side displays the
Krylov complexity for the same range as the left one, but in
a logarithmic scale. Note that in this case, the initial value
of K(t) has been shifted by 1 for convenience, to improve
the presentation of the results.

The plot on the right in Fig. 12 suggests that there is
a regime for large ¢ in which the Krylov complexity K(¢)
grows exponentially, independently of r. In this regime,

1000 =7 =7 T y T T T —
5000 =15 = 2Asinh?(1/2) :
R = (d-1)sinh?(1/2) e
100 = =11
S O=r=105
x = r=1.01
10p=5=1.001
5,
1_

20 25 30 35

nt/p

1.0 15

FIG. 12. Plot of Krylov complexity K(¢) for different finite values of r and for A = 15 and d = 4 using data from the Lanczos
coefficients up to n = 400 in linear (left) and logarithmic (right) scales.
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the behavior of Krylov complexity for finite r can be
written as

K(t,r) o Ko(r)etn)i2, (E4)
where Ko(r) = K(t=0,r) #0 and where Ag(r) is the
Krylov exponent. Similarly to the Lanczos coefficients, the

exponent A (r) can be extracted from the numerical data
using the formula

() = 2% <log (dK((;t’ r)> ) .

This expression assumes that the exact behavior of the
complexity is of the form (E4). In such a case, 1x(r) will
not depend on ¢. However, if the behavior is not of the form
(E4) for all times, then in general (ES) will be a time-
dependent function. For example, the right-hand side of
(E5) for the Krylov complexities at the boundary r — oo
and near the horizon r = 1 + 6r with or < 1 takes the form
27z coth(2zt/ )/ . However, in this case, it is clear that for
sufficiently large values of ¢, this approaches the 1 — o
value 27 /.

Figure 13 shows Ag(r) computed using (E5) for different
values of r. From these plots, it can be seen that the exponent
Ak (r) decreases monotonically as a function of z¢/f in the
regime O(1) < B/(xt). In the figures, this corresponds to

(ES)

viewing the plot from right to left. As 3/ (xt) decreases, the
data corresponding to different r reach a different minimum
at a specific r-dependent value of ¢, which is below the
expected behavior at # — 0. They subsequently grow again
and approach the expected limit + — oo. These figures,
therefore, imply the following: 1) The ansatz (E4) holds
only for sufficiently large 7 for the complexities obtained for
finite 7. For intermediate-time regimes, the specific behav-
ior of Krylov complexity is not exactly exponential and in
general r-dependent; 2) The regime for which (E4) holds,
depends on the specific value of r; 3) Regardless of the value
of r, the Krylov exponent A (r) approaches the asymptotic
near-horizon and boundary value for sufficiently small
#t/f. These observations suggest that in the limit - oo
the Krylov exponent Ag(r) becomes insensitive to the
specific radial position r where the scalar bulk fields are
located. Thus, in this limit the Krylov exponent Ag(r) is
insensitive to the holographic RG flow.

This analysis at finite # can be made more precise by
considering a different ansatz for the behavior of the Krylov
complexity at finite r. Suppose that the behavior is of the
form

K(t,r) = Ky(r) sinh? (g (r)2/2). (E6)
One can try to extract Ag(r) from (E6) in a similar way to
what was done for the exponential ansatz (E4). However,
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r=10 ry
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FIG. 13.

(©)

Plot of the Krylov exponent g (r)/(2z) with f = 2z extracted from Eq. (E5) as a function of 1/¢ for different values of

r =50, 30, 20, 10 (a), r =8, 6,4, 3,2 (b), and r = 1.5, 1.2, 1.1, 1.05, 1.01, 1.001 (c), for A = 15 and d = 4 using data from the

Lanczos coefficients up to n = 300.
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given the functional form of (E6), it is not possible to
isolate Ax(r) completely in terms of derivatives and
logarithms of K(¢,r). One can, nevertheless, get rid of
the pole-order dependence by considering the ratio,

1 dK(t,r)
K(t,r) dt

= 7k (r) coth(Bg (r)/2).  (ET)

Fitting 1x(r) and subsequently K, () using the numerical
data for K(t) in this way yields Fig. 14. Moreover, Fig. 15
displays a comparison between the numerical results for
K () and the fit (E6) for representative values of r, showing
close agreement between them.

From Fig. 14 it can be seen that at finite 7 both A (r) and
K (r) have a nonmonotonic behavior as a function of r. It
should be noted that plot (a) in Fig. 14 does not contradict
(2.32), as the latter is the order of the pole with respect to
t = t+in, which determines the t — co behavior.

Finally, given that neither 4 (r) nor K(r) vary monoto-
nously as r moves from the boundary (r — oo0) to the
horizon (r — 1), this implies that neither function can have

T T
A=15, d = 4]

the interpretation of a holographic c-function as a function
of r at finite ¢. This should be compared with [90], where it
is found in mass-deformed SYK models, the Krylov
exponent behaves monotonically along the renormalization
group (RG) flow, acting as a c-function. Our interpretation
of the results is that the sinh? fit is an approximation to the
true Krylov complexity and is valid only at finite intervals
in 0<r<4. The true Krylov complexity is a more
complicated function of ¢ and r, where the subleading,
finite r effects decay as ¢ increases, leading to the equal
Lyapunov exponent for any given radial location when we
do the evaluation at t — oo, as we discussed in Sec. III C.
Moreover, as seen from Fig. 13, the Krylov exponent
extracted from the bulk-to-bulk correlator becomes insen-
sitive to r for sufficiently large ¢, and becomes constant and
independent of r in the limit # — oo. In this case we find
pos(PAg/2m) >0 and o, (PAg(t — o0)/27x) =0 with
pAYY 2n =1 = pAR/2z. An alternative explanation is
that the autocorrelation function (2.19) might not obey
the positivity condition (B24c) for finite r, which is
required for finite-temperature inner product of bulk scalar

Wi15,d—4
1.00 P === mmmmmmmmsmn oz g s aa e ]
®
< 0957, — B2 afor 0=/ <4 ]
=
o090H /ot BAg(t—>00)/27 ]
Q
0.85F 9

r

(b)

FIG. 14. Numerical plots for K (r) (a) and Jg(r) (b) obtained from K () in the time region 0 < (zt/3) < 4 for different values of r

for A =15 and d = 4. Lines corresponding to the asymptotic values Ko(r — oo) := Ko™ = 2A, Ko(r — 1) = Kb" = d — 1 and
PAx(t = o0)/27x = 1 are shown in the respective plots. The black vertical line corresponds to the location of the horizon at r = 1.
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FIG. 15.
and d = 4 in normal (a) and logarithmic (b) scales.
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Plots comparing the numerical results for K(z) (solid) and the fit (E6) (dashed) for r = 50, 2, 1.1, 1.01, 1.0001 for A = 15

126014-27



SERGIO E. AGUILAR-GUTIERREZ et al.

PHYS. REV. D 112, 126014 (2025)

fields. We have not been able to verify this possibility due
to technical limitations in our analytical and numerical
analysis. Nevertheless, the fact that (2.19) at any finite
radial location display the same early and late time
behavior, and that we have not encountered cases where
the autocorrelator (seen as a bulk inner product) reaches
negative values in our evaluations gives us confidence that
it obeys the axions (B24b). However, given that the
different plots indicate a varying exponential growth, while,
as discussed in Sec. III C, the proper radial momentum of a
probe particle is a sinh function, our results imply that the
proper radial momentum/rate of growth of Krylov com-
plexity (Sec. II) is not strictly obeyed at any bulk radial
location. Nevertheless, Fig. 15 indicate that the relation
(3.6) is approximately satisfied even at generic finite radial
locations.

2. (d-2) <2A < (d-1)

The second interesting regime is (d—1)>2A> (d-2).
We choose A = 1.2 and d = 4. In this case, the squared
mass of the scalar field is negative. In Fig. 16, detailed plots
of the small and large n behavior of the Lanczos coef-
ficients are shown for different values of r. Similarly to the
previous case, these are obtained from the moments m,,, of
the autocorrelation function.

The first contrast with the case studied in the previous
section is that in this case the curve corresponding to the
boundary Lanczos coefficients (blue) lies beneath the one
for the horizon coefficients (orange). Similarly to the
previous section, by assuming a behavior of the Lanczos
coefficients of the form (E1) we can find estimates for the
power-law coefficient a(r) and exponent c(r). These
estimates are found in Figs. 17 and 18.

These figures show a similar tendency to the previous
case. The power-law exponent c(r) is smaller than 1 for
small n, but gradually increases before it oscillates around
the expected limit at » — 0. Similarly to the previous case,

5 T T T T
1

- - '\/n(n—1+2A)
2

1

;\/n(n—1+(d—1)) =12
3; =10 ]
SN [ r=6
< [ Ar=3
2.: Vr=2 ]
r o r=15
1': r=12 .|
r r=1.0001
0 L L L L
0 2 4 6 8 10

these oscillations are a numerical artifact of taking the
discrete derivatives of the numerical data. The power-law
coefficient a(r) oscillates around the expected limit with
the oscillations decreasing as n increases. This behavior is
particularly reminiscent of the small r behavior for the
A =15, d = 4 case shown in plot (c) of Fig. 11.

Just as in the previous section, from the numerical
Lanczos coefficients b,, we can obtain the probability
amplitudes ¢, (7) and subsequently the Krylov complexity
K(t). In Fig. 19 we show the behavior of K(r) for different
values of r. Here, we used the numerical data from the
Lanczos coefficients up to n = 200. This data is sufficient
to find the Krylov complexity for the same range
[0 < (=t/pB) < 4] as in the previous case. The plot on the
right side displays the Krylov complexity for the same
range as the left one, but in a logarithmic scale, where the
initial value of K(z) has been shifted by 1.

The most striking difference in these plots with respect to
the previous case is that here, the curve of the boundary
r— oo Krylov complexity K(t) =2Asinh?(¢/2) lies
beneath the curve for the horizon r — 1 Krylov complexity
K(t) = (d — 1) sinh?(¢/2), with the curves for the finite-r
Krylov complexities lying between them. Following the
previous section, we can propose an exponential ansatz for
the late-time behavior of the Krylov complexity of the form
(E4), for which we can extract the Krylov exponent using
(ES). Figure 20 shows the behavior of this function for the
complexities in Fig. 19 for different values of r. In all cases,
all estimated Krylov exponents tend to the expected limit
at 1 — oo.

We can also use a sinh? ansatz, following Eq. (E6) for a
finite interval 0 < ¢ <4, and extract the behavior of the
functions Ky(r) and Ag(f). Figure 21 displays their
behavior as a function of r. From it can be seen that,
similarly to the case discussed in the previous section, at
finite 7 both g (r) and K(r) have nonmonotonic behavior
as a function of r. Figures 22 and 23 display a comparison

100

1
= — \u(n-1+28)
9f 2 : 1
S V=14 G=1) °,=12
80F : /// r=10 .
S V,'/.V/M/ ¢ r=6
= 2ok V,/;)/j/‘ : r=3 1
o r=2
- 0,=15
60F F=12
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o
50 g 1 1 1 1 1
100 120 140 160 180 200

n

(b)

FIG. 16. Behavior of Lanczos coefficients b, for A = 1.2 and d = 4 for different r in the early (a) and large (b) n regimes. Blue and

orange solid curves are b, = (1/2)\/n(n—1+2A) and b, = (1/2)\/n(n — 1 + (d — 1)), respectively.
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FIG. 17. Power-law exponent estimate c¢(r) (E2) from numerical data of b,(r) for (a) r = 12, 10,9, 8,7, (b) r =6, 5, 4, 3, 2, and
(c) r=1.5,1.2, 1.1, 1.05, 1.01, 1.001, 1.0001.
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FIG. 18. Power-law coefficient estimate a(r) (El) from numerical data of b, (r) for (a) r = 12, 10,9, 8, 7, (b) r = 6, 5, 4, 3, 2, and
(c)r=1.5,1.2, 1.1, 1.05, 1.01, 1.001, 1.0001.
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FIG. 19. Plot of Krylov complexity K(¢) for different finite values of r and for A = 1.2 and d = 4 using data from the Lanczos
coefficients up to n = 200 in linear (left) and logarithmic (right) scales.
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FIG. 20. Plot of the Krylov exponent ik (r)/(2z) with f = 2z extracted from Eq. (E5) as a function of 1/¢ for different values of
r=12,10,9,8,7(a), r=6,5,4,3,2(b),and r = 1.5, 1.2, 1.1, 1.05, 1.01, 1.0001 (c), for A = 1.2 and d = 4 using data from the

Lanczos coefficients up to n = 200.

between the numerical results for K(¢) and the fit (E6) for
representative values of r, also showing close agreement
between them.

APPENDIX F: COMPARISON WITH
TT-DEFORMATIONS OF HOLOGRAPHIC CFTS

In this appendix, we show that the bulk-to-bulk propa-
gator (B19) shares similarities with the finite cutoff AdS
correlation function, which in pure gravity is holograph-
ically dual to TT-deformed CFT, (introduced in [91]) and

T?-deformed CFTs in higher dimensions [62]. Our driving
motivation for this comparison is the finite radial cutoff
interpretation of the bulk dual to TT-deformations [59,63].
This involves the removal of the asymptotic boundary of
the bulk geometry. We emphasize that our approach is
different from introducing a cutoff in the geometry; instead,
we focus on studying a local bulk field at a fixed AdS radial
coordinate r. Despite this distinction, the bulk-to-bulk
correlation function expanded in powers of 1/r exhibits
a structure analogous to those found in TT-deformations,
potentially providing valuable qualitative insights into

126014-30



KRYLOV OPERATOR COMPLEXITY IN HOLOGRAPHIC CFTS: ... PHYS. REV. D 112, 126014 (2025)

1.06 T T T T T T
A=1.2,d=4

1.04F
— B Ak () /Qmfor 0<(xt/B <4

----- B Ak (t—o)/2 1

B Ak (] 2m
3

FIG. 21. Numerical plots for K(r) (a) and g (r) (b) obtained from K () in the time region 0 < (zt/) < 4 for different values of r
for A =12 and d = 4. Lines corresponding to the asymptotic values Ky(r — o0) = kgdty =2A, Ko(r - 1) =K' =d -1 and
PAx(t = c0)/2x = 1 are shown in the respective plots. The black vertical line corresponds to the location of the horizon at r = 1.
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FIG. 22. Plots comparing the numerical results for K(7) (solid) and the fit (E6) (dashed) for representative values r = 12, 1.8, 1.5,
1.0001 for A = 1.2 and d = 4 for (a) 0 < (xt/f) <4 and (b) 3 < (nt/p) < 4.
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FIG. 23. Plots in logarithmic scale comparing the numerical results for 1 + K () (solid) and the fit (E6) (dashed) for representative
values r = 12, 1.8, 1.5, 1.0001 for A = 1.2 and d = 4 for (a) 0 < (nt/f) < 4 and (b) 3 < (nt/p) < 4.

previous studies on Krylov complexity in TT-deformed 1. Lanczos coefficients of the perturbed

CFTs. In this appendix, we collect numerical plots of the bulk propagator

Lanczos coefficients for the bulk-to-bulk propagator in a For comparison purposes, we will consider a
perturbative expansion in the radial location, and for the  perturbative expansion of (unnormalized) bulk
two-point correlation function of TT-deformed CFTs. propagator,
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1 A Acosht
=\ 2o U tica 2
r*(coshz+1) (cosht+ 1)r

A(A+1)cosh?t + A(A+1)
2(cosht+1)2 1 4(A+1-9)(coshr+1)?

i o).

Instead of using the exact bulk propagator, we analyze
the Lanczos coefficient from the perturbative expression
of the bulk propagator.

Let us perform the approximation to the first subleading
term

1 A Acosht
o (00=(xamrrn) (o)
Cpi(tr) = %' (F3)

We can compute the moment m,, from the autocorrelation
function C,(z,r). We find that m, of C,(¢,r) can be
negative.

To understand the origin of these results, it is convenient
to show explicitly the perturbative autocorrelation function
C,1(t, r) is explicitly given by

1+45 1 2 1

1+ # (cosh$)?4 1+ % (cosh §)?4+2

Cp(t.r)= (F4)

1 A 1 1
- (cosh£)?4 + 272 ((cosh 1) - (coshé)M”)
1
+ (9(?) , (F5)

which has a remarkably similar structure to (3.13) of [64]
(the autocorrelation function of the deformed CFT in a
perturbative expansion of the deformation parameter),
while there are notable differences including coefficients
and logarithmic terms. Our calculations also allow us to
obtain the Lanczos coefficient of b, corresponding to (F4)

bn_%\/m_\/m(ZA—i-Zn—l)

8(2A+1)r?
ro[2) "o

The negative sign in the second term is problematic at
large n.

Next, we consider up to the sub-subleading terms

Go(t.1) 1 A - Acosht
r)=——"-—-— -
P2 r*(cosht+ 1) (cosht+1)r?
A(A+1) cosh? ¢ + A(A+1)
2(cosh r+1)? 4(A+1-9)(cosh 1+1)?
G Z(L r)
Cplt,r) =1 F8
PZ( r) sz (07 r) ( )

In our numerical evaluations, we do not find negative
values of m,. However, we do find that b2 can be negative,
which indicates that C (¢, ) is also not a good function for
the usual inner product.

We believe that this issue comes from the fact that we
stop the perturbative expansion at sub or sub-subleading
order, given that the exact bulk propagator is a good
function for the usual inner product, as we showed in
Sec. ITH 1, both by analytic expressions in particular
regimes (i.e., when the radial location is the asymptotic
boundary or the near horizon region), and through numeri-
cal evidence more generally.

It seems that the larger r is, the larger n for which b2 is
negative. And, the smaller A is, the larger n for which
b% is negative. This is because the subleading and sub-
subleading terms become small. We refer the interested
reader to Fig. 24 (Appendix F) for a comprehensive
collection of our numerical results for the Lanczos
coefficients.

In Fig. 24, we display the b,, corresponding to the bulk-
to-bulk propagator, where the blue dots represent the results
given C,,(t,r) (F8) and the red dots are b, for the exact
autocorrelation function (2.19).

2. Lanczos coefficients of the perturbed CFT
propagator

In this subsection, we compare the previous results for
the Lanczos coefficients computed from O(1/r?) correc-
tions of the bulk-to-bulk propagator (F6), with the Lanczos
coefficients computed from the TT-deformed 2d CFT
autocorrelation function found in Eq. (3.13) of [64], where,
crucially, the thermal correlation function is only known
from a perturbative expansion in the deformation parameter
of the holographic boundary theory (which formally
corresponds to an O(1/r?) expansion in the bulk propa-
gator at a finite cutoff [63] for the relevant sign choice in the
deformation parameter).

The relevant autocorrelation function in [64] is given as

Co(r) = A +M{f1(w1.p.0) = fo(va.p.0)}. (FI)

bt
(cosh(%))

It is important to properly normalize it,
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FIG. 24. Comparison of the Lanczos coefficient b, for the exact bulk propagator (2.19) (blue) with the perturbative expansion

C,,(t,7) (red) for A =
imaginary at n = 44.

Co(1.4) gg((é)) : (F10)
where

e = gt (s 3ve (=4(5)) )
(F11)

= it s (03]
(F12)
1:(%)21, h:ﬁ:%, (F13)
v = % (g +2y =5+ 2log(ap) + 3 log(4)>, (F14)

1/2 !
2= (273 o)+ 2logtd) ) = =3, (19

Here p is a mass scale appearing from dimensional
regularization, y is The Euler-Mascheroni constant
(y = 0.57721...), e is the dimensional regularization param-
eter d — d + ¢, and / is the coupling parameter in the TT
|

o 73 A? sinh (%)

15, d = 4, and Left: r = 1.5, for which b, becomes imaginary at n = 11. Right: r = 1.9, where b, becomes

deformation of the CFT action,

S(2) = So—l—ﬂ/\/gdz (TT),

(F16)

The autocorrelation function (F9) comes from the first-
order correction to the two-point function of primary
operators O(wy, wy), O(wy, W,) of a 2d CFT on a cylinder
at finite temperature, which can be expressed as

(Ow,w1)O(wy, 3)) 54
=(O(w,w)O(w1,W2)) 50

4 / W (T (w) T () O(wy. 91 )O(w2.2)) o (F17)

Then, the desired autocorrelation function (F9) can be
obtained as

Ci(1) = (O(t = if/2)0(0)) 5
=(0(t=ip/2)0(0))40

+M(0(t = iB/2)0(0))5. (F18)

where (O(t — i}/ 2)(’)(0))2 is the first order correction to
the autocorrelation function. Then, the normalized auto-
correlation function Cy(#) (F10) has the power-series form
in terms of 4

) P il 28 (—f— (—5 —|—2y+2<10g(167w) +10g(<cosh”_f>2>>>>
i=0 (COSh(%))ZA p* cosh (’;—}’)2(1+A) € 4

3 A? sinh (%)

xt)2 4 2
e 270 (Feamgrt (o (5 2 (msom +is( (o 5) ) ) ))).
p

(F19)
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FIG. 25.

Comparison of the Lanczos coefficients from moments [computed using Eq. (F19)] for f =2z, A = 15,¢ = 1,4 = 1/100

for Cy(t,2) (blue), C§(t) + AC% (1) (red) and C{(t) + AC} (1) + A>ACA(1) (green) for Left: 2 = 1/1000 and Right: 2 = 1/10000. In the
first case, the Lanczos coefficients become imaginary for n = 15, whereas in the second case they become imaginary for n = 40.
The orange curve represents the analytic Lanczos coefficients for Eq. (F19), found in [64].

where P (4) is a polynomial of order k in A. Note that the
terms with higher order in 4 in (F19) come from imposing
the normalization at t = O (F10). Also, note that if one does
not normalize (F9), then

A%
B
It should be noted that the divergences coming from ¢ and

should be removed from (F9), as they are dependent
on the regularization scheme of the integral involving

Ci(0) =1+ (F20)

the four-point function with insertions of the stress-energy
tensor (F17). As mentioned in Sec. IV B, to the best of our
knowledge, it is not clear how to appropriately regularize
(F9), thus, we keep them in our expressions following [64].
We can compute the Lanczos coefficients numerically from
the moments of the full normalized autocorrelation func-
tion, following Eq. (C14) in Appendix C. Given this
information, one can compare the Lanczos coefficients
numerically with analytic formulas found in [64], which are
shown in Fig. 25. This figure serves as a comparison of our
results in (F10) with analytic expression Eq. (3.17) in [64].
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