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We employ deep learning within holographic duality to investigate 7-linear resistivity, a hallmark of
strange metals. Utilizing physics-informed neural networks, we incorporate boundary data for T-linear
resistivity and bulk differential equations into a loss function. This approach allows us to derive dilaton
potentials in Einstein-Maxwell-dilaton-axion theories, capturing essential features of strange metals, such
as T-linear resistivity and linear specific heat scaling. We also explore the impact of the resistivity slope on
dilaton potentials. Regardless of slope, dilaton potentials exhibit universal exponential growth at low
temperatures, driving T-linear resistivity and matching infrared geometric analyses. At a specific slope, our
method rediscovers the Gubser-Rocha model, a well-known holographic model of strange metals.
Additionally, the robustness of 7-linear resistivity at higher temperatures correlates with the asymptotic
Anti-de Sitter behavior of the dilaton coupling to the Maxwell term. Our findings suggest that deep learning
could help uncover mechanisms in holographic condensed matter systems and advance our understanding

of strange metals.
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I. INTRODUCTION

Strange metals, found in high-7'. superconductors and
related systems, represent one of the enduring puzzles in
modern physics [1-4]. These materials are characterized by
strongly interacting quantum critical states that challenge
conventional theoretical frameworks." The holographic
duality, also known as Anti-de Sitter (AdS)/CFT correspon-
dence or gauge-gravity duality, originally discovered in
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'Despite numerous theoretical proposals [5], a compelling
explanation for the properties of strange metals remains elusive.
Models such as the Sachdev-Ye-Kitaev (SYK) model [6-8], the
Yukawa-SYK model [9-14], and the marginal Fermi liquid [15]
have provided partial insights, but a fully satisfactory under-
standing is still lacking.
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string theory, offers a potential framework to describe these
states [16—19].

Despite the progress made using this approach, a
comprehensive explanation for the experimentally
observed (iconic) linear resistivity remains elusive
[2,15,20]. A variety of strange metals, including cuprates,
pnictides, and heavy fermion systems, exhibit a universal
linear relationship between resistivity (p) and temperature
(T), expressed as

p=T, (1.1)

which contrasts sharply with the 72 scaling of resistivity
found in ordinary metals described by Fermi liquid theory.
This universality underscores the need for a deeper under-
standing of the underlying mechanisms driving this
behavior.”

Infrared geometry analysis of the resistivity. In most
holographic approaches, the T-linear resistivity is attributed
to properties of the infrared (IR) geometry described by

%As other examples of universal properties, there are the Hall
angle [21-27] at finite magnetic field and Home’s law in
superconductors [28-34]. For a detailed discussion of transport
anomalies unique to strange metals, refer to [4].

Published by the American Physical Society


https://orcid.org/0000-0001-8868-570X
https://orcid.org/0009-0001-1501-2966
https://orcid.org/0000-0002-4725-3211
https://ror.org/024kbgz78
https://ror.org/022r8mj40
https://ror.org/024kbgz78
https://ror.org/011hxwn54
https://ror.org/04xysgw12
https://crossmark.crossref.org/dialog/?doi=10.1103/nh4n-ylnz&domain=pdf&date_stamp=2025-12-12
https://doi.org/10.1103/nh4n-ylnz
https://doi.org/10.1103/nh4n-ylnz
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

AHN, JEONG, JI, KIM, and YUN

PHYS. REV. D 112, 126008 (2025)

Einstein-Maxwell-Dilaton with axion (EMDA) theories
[23-26,35-42], e.g., Eq. (3.1), recognized as promising
effective holographic models for condensed matter sys-
tems.” These methods classify scaling IR geometries using
critical exponents such as the dynamical critical exponent
(z), hyperscaling violation exponent (¢), and charge
anomalous parameter ({). The geometries are supported
by specific matter fields and couplings.

It has been demonstrated [24,98—100] that resistivity can
be calculated solely from horizon data, involving the metric
and matter field values at the horizon r;,. This leads to a
schematic expression for resistivity as

J(2.0.)

p= Ty ’ (12)

where f, is a function of the critical exponents z, 6, and .
At low temperatures, the horizon radius r;, can be related to
temperature through

ry & T8 (1.3)
where f, is a model-dependent function. Substituting this
relation, the resistivity becomes

p & TF(@00f1(200) (1.4)
The system parameters, such as the chemical potential (u),
momentum relaxation rate (f), and couplings, influence
the critical exponents and proportionality constants.
Consequently, the resistivity is governed by the critical
exponents that characterize the IR fixed points of the system.

While this framework provides valuable insights, many
of these results are highly sensitive to the specific micro-
scopic details of the IR fixed point under consideration. It
remains unclear whether these details represent generic
features applicable to real electronic systems or are artifacts
of the highly symmetric quantum field theories used in
holographic models.

Holographic models of strange metal phenomenology:
Gubser-Rocha models. The Gubser-Rocha model
[36,41,101], widely recognized as one of the most promi-
nent holographic frameworks exhibiting 7-linear resistiv-
ity, belongs to one class of EMDA theories: Eq. (3.9). In
this specific context, the linear resistivity originates directly
from the properties of an IR fixed point. This fixed point is
categorized as a semilocal quantum liquid [102], charac-
terized by an IR geometry described by,

3Holographic axion theories [43-45] have proven to be a
powerful framework for investigating strongly coupled condensed
matter systems [3,16-19,46]. These theories have been extensively
applied in studies of conductivity [26,27,34,36,37,41,42,47-50],
transport coefficients [40,51-70], and the collective dynamics of
strongly coupled phases [47,48,71-88]. Furthermore, these theories
have been explored in the context of quantum information [§9-95]
and innovative approaches such as the AdS/deep learning corre-
spondence [96,97].

A2 29£2 2
dszzé“(idt LA +de,2), JE P (1.5)
i=1

2 2=

This geometry, conformal to AdS, x R?, emerges in
EMDA theories under specific limits [35,37,103,104]

7 — o0, 0 - —o0, 0/z - —1, (1.6)
with scalar couplings in the IR approximated by
Y3
V() ® Zir(¢) = €%, (1.7)

and the dilaton field ¢ exhibiting logarithmic running
behavior.

The concept of local quantum criticality, which
implies emergent temporal scale invariance accompanied
by short-ranged spatial correlations, is closely tied to the
marginal Fermi liquid phenomenology developed to
describe experimental results in cuprates [15]. The
Gubser-Rocha model reflects these ideas through its
conformal to AdS, x R> geometry, which covariantly
transforms [36,102] (as ds*> — A~'ds?) under the following
scaling symmetry:

t— At, X = X,

E— AL (1.8)

y=y

The Gubser-Rocha model presents further noteworthy
features. First, it allows for (UV completed) analytic
solutions, a rare advantage among holographic models at
finite temperature. In the IR analysis of resistivity, as
discussed in studies like [23,25,26,36—40,105], solutions
are typically valid only at low temperatures. Investigating
resistivity at arbitrary temperatures often requires intro-
ducing potential terms that yield an asymptotically UV AdS
geometry [106-108]. For most holographic models, this
necessitates numerical methods, as finite-temperature ana-
lytic solutions are generally unavailable. The Gubser-
Rocha model is a notable exception, with analytic solutions
provided in [36,41,101].

Furthermore, the Gubser-Rocha model has a robust
foundation in string theory. In (4 + 1) dimensions, it arises
from the ten-dimensional type IIB string theory as the
near-horizon limit of D3-branes [101,109]. Similarly, in
(3 + 1) dimensions, it emerges from a consistent trunca-
tion of 11-dimensional supergravity compactified on
AdS, x 87 [101].

This model also provides a compelling holographic
realization of a “general” mechanism for 7-linear resistiv-
ity, as outlined in [36]. The mechanism is based on three
conditions: (i) weak momentum relaxation, which links
resistivity to shear viscosity (1), p = 1, (ii) the Kovtun-Son-
Starinets bound, which relates shear viscosity to entropy
density, n ~ s, and (iii) the entropy density scaling linearly
with temperature, s =~ 7', as observed in the strange metal
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phase of cuprates, i.e., Sommerfeld heat capacity.4
However, this mechanism is realized in the Gubser-
Rocha model only at low temperatures.5

Nevertheless, experimentally, 7-linear resistivity is
observed over a wide temperature range, including room
temperature (~300 K). Extending this behavior to higher
temperatures within the Gubser-Rocha framework requires
strong momentum relaxation (e.g., #/u ~ 10), as demon-
strated in [41]. This study showed that 7-linear resistivity
could persist at high temperatures, even beyond the critical
temperature of superconductors as in experiments, pro-
vided momentum relaxation is sufficiently strong. Similar
findings have been verified in other EMDA models,
e.g., [42].

The importance of strong momentum relaxation was first
emphasized in [112], where it was argued that rapid (or
strong) momentum relaxation allows transport to be gov-
erned by the universal, intrinsic diffusion of energy and
charge. As a result, the universality of 7-linear resistivity
emerges in the incoherent regime, characterized by strong
momentum relaxation.®

Machine learning and holographic condensed matter.
The traditional holographic approach using EMDA theories
provides a bottom-up framework for studying strongly
coupled systems. In this method, gravitational bulk physics
is constructed to model realistic dual boundary condensed
matter systems: the Gubser-Rocha model serves as a
paradigmatic example.

In this paper, we utilize deep learning (DL) [121-123], a
prominent area of machine learning that leverages deep
neural networks and computational science, to develop a
data-driven approach for holographic gravity modeling of
strongly coupled condensed matter systems.” Specifically,
we address the inverse problem: reconstructing the

“It is worth noting that the dilaton field ¢ is originally
introduced in ensuring vanishing entropy at zero temperature.

More broadly, T-linear resistivity is often associated with the
characteristics of a specific spacetime geometry known as AdS,
[110]. This geometry plays a significant role in condensed matter
physics, as it is closely connected to models for strange metals,
including the Sachdev-Ye-Kitaev model [111].

°In this regime, in addition to 7-linear resistivity, the Gubser-
Rocha model has also been shown to account for other universal
phenomena relevant to high-7,. superconductivity, such as
Homes’ law [34,113]. Additional studies have explored the
model’s phase diagram using fermionic spectral functions
[59,114], its conductivity properties [70,115], plasmons in a
layered strange metal [116], universal bounds of energy/charge
diffusion constant [61,68,117], holographic Schwinger-Keldysh
effective field theories for diffusion [118], and black hole
interiors, including spacetime singularities, complexity measures,
and thermal a functions [119,120].

"Machine learning has emerged as a transformative tool across
theoretical and experimental physics, demonstrating remarkable
utility in data-rich domains [124]. Its applications span a broad
range of disciplines, including string theory [125], quantum
many-body problems [126], condensed matter physics [127], and
nuclear physics [128].

geometric bulk physics using input data from the dual
boundary perspective.

As a case study, we focus on T-linear resistivity as the
boundary input data to determine the corresponding bulk
dilaton potential V(¢) and coupling Z(¢) in EMDA
theories. For simplicity, we collectively refer to V(¢)
and Z(¢) as dilaton potentials. Our results demonstrate
that machine learning serves as a powerful tool for
uncovering the underlying bulk theory in such inverse
problems.

This process, known as bulk reconstruction, tackles
foundational questions in holographic duality. These
include identifying the gravity theory dual to a given
boundary theory and exploring the extent to which holo-
graphic duality is valid. Furthermore, the algorithms
developed for bulk reconstruction have the potential to
be implemented in future tabletop material experiments,
serving as an essential tool for studying emergent
spacetime.

Through this study, we highlight how machine learning
advances our understanding of 7-linear resistivity within
the context of holographic dilaton potentials. Furthermore,
this approach may offer valuable insights for exploring
quantum gravity in a controlled experimental setting,
paving the way for applications in tabletop quantum gravity
experiments.

The first concrete implementation of the AdS/CFT
correspondence using deep neural networks was pioneered
by Hashimoto, Sugishita, Tanaka, and Tomiya [129]: see
also the detailed treatment in the textbook [130]. Their
work demonstrated how a bulk geometry could emerge
from given experimental data, highlighting the potential of
DL to uncover the nature of emergent geometries in the
holographic framework. Once the neural network is trained,
the bulk metric can be reconstructed, an approach referred
to as the AdS/DL correspondence. For an accessible
introduction to this concept, [131] provides an example
in the context of a classical mechanics problem.

The connection between the AdS/CFT correspondence
and DL has also been discussed in earlier works [132—134].
This relationship can be further explored through tensor
networks and the AdS/MERA correspondence [135],
offering additional perspectives on the similarities between
holography and DL frameworks.

In the context of holographic duality, DL techniques
have been effectively utilized with various boundary data
from QCD and condensed matter systems. Notable exam-
ples include modeling the magnetization curve of strongly
correlated materials [129], extracting lattice QCD data on
the chiral condensate [136,137], hadron spectra [138],
meson spectrum data [139—142], shear viscosity in strongly
coupled systems [143,144], and the lattice QCD equation
of state [145,146]. Additionally, DL has contributed to
exploring the QCD phase diagram [147], analyzing
optical conductivity [96,148], and studying the high-T.
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superconducting phase diagram [149]. Other applications
include investigating specific condensed matter systems
on a ring [150] and exploring entanglement entropy
[97,151,152]. These examples highlight the versatility
and power of DL in advancing holographic modeling
across diverse physical systems.

It is noteworthy that [96] employs machine learning to
reconstruct an emergent spacetime using ac conductivity
data from UPd,Al;, a prototypical example of heavy
fermion metals in strongly correlated electron systems.
In this work, we extend this approach and, to the best of our
knowledge, provide the first demonstration of machine
learning applied to reconstruct bulk dilaton potentials
alongside the corresponding emergent spacetime using
dc conductivity data, specifically focusing on the iconic
experimental universality observed in strange metals:
T-linear resistivity.

Deep learning for T-linear resistivity. Last but not least,
we discuss the boundary T-linear resistivity data that forms
the basis of our machine learning methodology. In various
cuprates, a superb T-linear resistivity as 7 — O has been
experimentally observed [153]. Examples include
electron-doped cuprates such as Pr,_,Ce CuQO,4, s (PCCO)
[154-156] and La,_,Ce,CuO, (LCCO) [157,158], as well
as hole-doped cuprates like Bi, Sr,CuOg , 5 (Bi-2201) [159],
La,_,Sr,CuO4 (LSCO) [160], and La;g_,Ndg4Sr,CuOy
(Nd-LSCO) [161-163]. The corresponding resistivity is
expressed as,

pRpo+ AT, (1.9)
where p, is the residual resistivity, and A represents the
slope of T-linear resistivity. In experimental analysis, p; is
often subtracted, implicitly distinguishing elastic from
inelastic scattering.8

It is noteworthy that the Planckian relaxation timescale,

n
TPIZ—T’

L (1.10)

is widely recognized as a key factor governing electronic
dynamics in cuprate stange metals. For a detailed discus-
sion of the Planckian timescale in conventional and
unconventional metals, see [164].9 Notably, in several
metals, the strength of 7-linear resistivity corresponds to

®This subtraction assumes that elastic and inelastic scattering
are additive and attributes the temperature-independent term to
disorder. While this assumption is not guaranteed in unconven-
tional metals without quasiparticles, controlled disordering of
cuprates has shown that Matthiessen’s rule holds in weakly
disordered T-linear regimes [164].

Equation (1.10) is the characteristic timescale of quantum
critical systems at energy scales where scale invariance emerges,
supported by explicit computations in models such as quantum
critical magnets and superfluids [165].

a scattering rate near the universal value 1/zp [166], and
has been tested in cuprates.

The T-linear resistivity regime is expected to emerge
whenever the scattering rate 1/z approaches its Planckian
limit (1.10), regardless of the specific inelastic scattering
mechanism involved [29]. The Drude formula further
supports this relationship,

m, 1 m, kg

L T=AT, (1.11)
where 7 is the carrier density, m, is the effective mass, and =
reaches the Planckian limit in the second equality.
Experimentally, using aforementioned electron/hole-doped
cuprates [153], T-linear resistivity has been observed to
coincide with this expectation, 7 = 7p;, irrespective of the
specific inelastic scattering processes involved. Further-
more, the slope A of T-linear resistivity per CuO, plane
increases when the doping is lowered and is significantly
larger in hole-doped cuprates than in electron-doped ones,
reflecting the observation with the effective mass A = m,.

Building on these experimental findings, our work will
apply machine learning to explore the role of T-linear
resistivity in holography. Specifically, we investigate how
changes in the slope A and the residual resistivity p,
influence the reconstructed dilaton potentials. We will also
demonstrate that machine learning can identify strong
momentum relaxation mechanisms that robustly produce
T-linear resistivity, consistent with IR scaling analyses.

This paper is organized as follows. In Sec. II, we
introduce the machine learning methodology: physics-
informed neural networks. In Sec. III A, we review
EMDA theories and an outline of the machine learning
approach discussed in Sec. II to derive dilaton potentials
based on T-linear resistivity. Then, in Sec. III B, we present
the data-driven dilaton potentials derived from T-linear
resistivity data. Specifically we provide a rediscovery of the
Gubser-Rocha model, and analysis of how the slope (A)
and residual resistivity (p) influence the results. Section IV
is devoted to conclusions.

II. PHYSICS-INFORMED NEURAL NETWORKS:
A METHODOLOGY

In this Section, we introduce our machine learning
methodology: physics-informed neural networks (PINNs)
[167], which will be applied in our holographic computa-
tions in the next section.

Since their introduction in 2017 [167,168] and the
consolidated publication in 2019 [167], PINNs have
garnered significant attention in the computational science
and engineering community. These networks have inspired
advancements across a range of scientific domains.
Researchers have refined the methodology, expanded its
applications, and addressed limitations in the original
formulation. Comprehensive reviews, for instance
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[169—-179], highlight improvements in network architec-
ture, optimization strategies, uncertainty quantification, and
theoretical insights, as well as diverse applications in fields
like biomedicine, fluid mechanics, geophysics, and chemi-
cal engineering.

PINNSs represent a novel approach at the interface of
machine learning and physics. Unlike standard neural
networks that rely solely on data, PINNs incorporate
physical laws, such as ordinary or partial differential
equations, directly into the training process. This integra-
tion enables the construction of robust models, even with
limited or noisy data, and enhances their capacity for
extrapolation beyond the training domain.

At the core, the training of a PINN is guided by a loss
function comprising two components: (I) Data loss: ensures
the model fits the available data points; (II) physics loss:
encodes the governing physical equations, acting as a
regularization term that aligns the model output with the
underlying laws.

In conventional machine learning, regularization pre-
vents overfitting and enhances generalization by limiting
the solution space. In PINNs, physical equations them-
selves serve as the regularization mechanism, guiding the
model to solutions that are both physically consistent and
compliant with boundary conditions. Through iterative
optimization, the network training parameters are adjusted
to minimize the combined loss function, balancing data
fidelity and physical consistency. This innovative method-
ology makes PINNs a compelling tool for solving differ-
ential equations and modeling complex physical systems.

Schematic structure of PINNs. To illustrate the method-
ology of PINNSs, consider a simple ordinary differential
equation for a field F(r),

Glr,F,0,F;0] =0,

coordinate

where ©(r) represents a general unknown function
involved in the equation.

In a PINN framework, F(r) is approximated using a
deep neural network D(r), which allows us to rewrite the
equation as,

G:=Glr,D,0,D;0). (2.2)
A deep neural network, a universal approximator [180], is
defined as

D(r)=Wy O+ D(Wy- D(Wr+by)+by)---) + by,
(2.3)

where W, and b, are weights and biases, and @ represents
the activation function. The unknown function ®(r) can
also be replaced by the deep neural network. In this
manuscript, we employ the Tanh activation function, a
commonly used nonlinear function in neural network
applications. We refer to Fig. 1 for an illustrative depiction
of a deep neural network utilized within the PINNs
framework.

The next step involves constructing a loss function
comprising the data loss Lg,, and the physics loss Lo

L = Lyya + Leoms (24)

where

1 _
Leom = N—rZ log [cosh |G]], (2.5)

where N, denotes the number of data points of r. Through
iterative optimization, D(r) is trained to approximate the
solution F(r). The choice of the loss function depends on

numerical
derivative

FIG. 1.

Loss

Schematic representation of the deep neural network D in Eq. (2.3). Each layer’s nodes are interconnected through weights and

biases, with activation functions applied to produce nonlinear transformations. In the context of PINNs, the total loss function comprises
two components: the physics loss, derived from the derivatives of the deep neural network (such as d,D) to satisfy the equations of
motion Eq. (2.2), and the data loss, which incorporates empirical data.
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the problem specifics. In this paper, we use
the LOG-COSH LOSS as in (2.5), which balances the
advantages of MEAN ABSOLUTE ERROR (L1 loss) and
MEAN SQUARED ERROR (L2 loss) by handling both small
and large errors adaptively.10 This makes it computationally
efficient and suitable for large-scale data.

In our implementation, we utilize the PYTORCH frame-
work for machine learning capabilities, including the
AUTOGRAD engine for efficient numerical differentiation
through automatic differentiations. For stochastic optimi-
zation, we also employ the ADAM algorithm [181].

Toy example: Projectile motion. As a simple example,
consider the motion of a projectile under gravity and drag:
for the related simulation and code, see [182]. The accel-
eration d*>F/dt* is given by

dF

dzi-"_ _d]_-'__
dt 9

e | dt

(2.6)

where F(t) is the position of the projectile, ® is the drag
coefficient (unknown), and g is the gravity vector (known).
The acceleration of a projectile at a given time ¢ is
determined by two factors: (I) air resistance (drag), which
acts in the opposite direction of the projectile’s motion and
is proportional to its current velocity, and (II) gravitational
pull, the constant downward force that affects the projectile
throughout its trajectory. The combined effect of these
forces determines the projectile’s acceleration vector, con-

tinuously modifying its speed and direction as it moves.
A PINN minimizes both the data loss, based on the
available training data [e.g., for F(0 <t <5)], and the
physics loss, derived from the governing equations
Eq. (2.6) over the specified domain (e.g., 0 <t < 10).
Through the inclusion of the physics loss, the deep neural
|

network is able to infer the function () even for times
outside the data range (e.g., 5 < < 10). Additionally,
unknown parameters, such as O, can be treated as trainable
variables, allowing the model to learn their values during
the training process. This flexibility illustrates how PINNs
effectively combine physical principles with data-driven
learning to solve complex problems.

ITII. DEEP LEARNING FOR 7-LINEAR
RESISTIVITY IN HOLOGRAPHY

In this Section, we present an overview of the EMDA
model and describe how PINNs can be utilized to derive the
dilaton potentials associated with 7-linear resistivity.

A. Setup

1. Einstein-Maxwell-Dilaton with axion model

Action and equations of motion. We consider the
Einstein-Maxwell-Dilaton theory coupled to axion fields
[23-26,35-42], described by the following action

~ [axymgr L),

2
L= 5 (O + Vg = TP =Y o

(3.1)

where V(¢) and Z(¢) are the dilaton potentials, the U(1)
gauge field has field strength F = dA, and the axion fields
. break the translational symmetry in the boundary theory,
enabling finite resistivity. The action gives rise to the
following equations of motion

1 1< Z($)F? 14
= aﬂ¢ab¢ + 5 Z au)(iay)(l + @F /)FI.//) - (¢8) g;w - (2¢) gﬂw
i=1
Vu(Z(g)F*) =0,
1

O+ V'(¢) - 3 Z (@) F =0,

V”V”)(i = O (32)
I
To solve these equations, we adopt a homogeneous , 1 - ) )
ansatz for the fields ds® = ) <—f(r)dt 0] dr +h(r Z dx; )

¢ = ¢(r), A=A, (r)dt, Xi = Pxi, (3.3)

LoG-cosH Loss behaves quadratically for small errors
(similar to L2 loss) and linearly for large errors (similar to L1
loss). This adaptive nature of LOG-COSH LOSS allows our model to
handle both small and large prediction errors effectively.

where r represents the radial coordinate, and the functions
f(r) and h(r) encode the spacetime geometry. In this
manuscript, we place the AdS boundary at » = 0 and the
event horizon at r = 1, which does not affect the generality
of our results.
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Within our ansatz, the equations of motion (3.2) can be recast in four independent equations

0=2r2f(r)'(r)'(r) + 2h(r)V

(¢
+ rh(r)(PAY(r)*Z' (¢(r)) +2(rf’(r)
)¢

2f(r) @/ (r) + 2rf ()" (r)),

AR | A
OS2
o) WP
0= oz TP

0= h(r)?(FAL(r)?Z($(r)) = 4rf'(r) + f(r)(12 = P4/ (r)?)
—4f(r)h'(r) + Br) + 2 f(r)i (r)*.

+ 2rh(r)((rf'(r)

The axion field equations are automatically satisfied.

UV completion of dilaton potentials. To ensure a holo-
graphic duality framework within AdS spacetime, i.e., a
UV-completed theory, the following boundary conditions
must be satisfied [35]:

V() :6—%m2¢2+ Z(p)=14---, (3.3)
near the AdS boundary with ¢ — 0. Here the leading term
in V(¢) corresponds to the cosmological constant of AdS,
while m? presents the mass squared of the dilaton field.
Near the boundary, the dilaton also exhibits the asymptotic
behavior

3 9
Aj:5:—:|: Z—i—mz,

Rp_rt- + gt )

b(r) (3.6)

where A, are the conformal dimensions of the dual
operator.

Thermodynamics and DC resistivity. Various thermody-
namic quantities of EMDA theories (3.1) can be achieved:
the Hawking temperature 7', thermal entropy density s,
chemical potential y, and charge density ¢ are determined
as follows

—f'(1)

T—
4

. s=4rxh(1), u=A,0), g=Zyh(1)A(1),
(3.7)

where Zy denotes the dilaton potential evaluated at the
horizon. The DC electric resistivity p of the EMDA,
relevant for systems with broken translational invariance,
can be expressed as [37,98],

1 q°
p=——" opC

:Z +—s
Ope T Bh(1)

where f, the axion charge, explicitly breaks translational
symmetry, ensuring finite conductivity.

Z'(¢(r))
)

’

—2V(¢(r))
(3.4)

f

Holographic Gubser-Rocha model. Next, we briefly
review the holographic Gubser-Rocha model, a framework
for studying strange metals [36,41,101]. The model is given
by specific choices for dilaton potentials,

V(p) = 6coshj§, Z(¢p) = e%, (3.9)
which admit the following analytic solutions
f(r)=1=nU(r). h(r)=(1+0r)2,
V3
A(r)=0=r)a(r), ¢(r) :710g(1+rQ), (3.10)

where U(r) and a(r) are given by

1+ (1+30)r + (1+30(1+ Q) —1p)r?

U(r)z ( +Qr>3/2 ’
30(14+ Q)(1 - T o)

a(r) = \/ or it . (3.11)

By using the thermodynamic expressions in (3.7) and the
solutions in (3.10), it can be shown that the parameter Q,
which controls the dilaton field, is determined by the
physical ratios T/u and f/u: see [41] for details.
Moreover, by comparing (3.5) and (3.9), the dilaton mass
squared in the Gubser-Rocha model is found to be

(3.12)
indicating ¢(r) ~ ¢_r + ¢ r?
region.

T-linear resistivity and linear specific heat. Using the
analytic solutions (3.10) with (3.7) and (3.8), the Gubser-
Rocha model captures key features of strange metals,
including T-linear resistivity and linear specific heat
(Sommerfeld heat capacity). In the low 7/ limit, these
quantities behave as

in the asymptotic AdS
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FIG. 2. dc resistivity (p) and thermal entropy density (s) of the Gubser-Rocha model when f/u = 10. The solid lines represent results
obtained from the exact expressions in (3.8), while the dashed lines correspond to the approximate linear expression in (3.13). The
slopes of the linear fits are numerically determined to be 0.87 for resistivity and 558 for entropy density, respectively.

S 2BPATGGRET T s T
AU+ (B w e e e

(3.13)

where y,, the Sommerfeld coefficient, is a complicated
function of S/ u.

As shown in [41], the T-linear resistivity described by
(3.13) remains robust even at higher temperatures in the
regime of strong momentum relaxation (e.g., upto 7/u =~ 1
when f/u = 10). In contrast, for the coherent regime, the
T-linear resistivity holds within a very narrow temperature
range (e.g., up to T/u =~ 0.03 when g/u = 0.1).

While s~ T at low temperatures is also common for
ordinary metals, strange metals typically exhibit much
larger coefficients, suggesting unusual electronic proper-
ties. Interestingly, the Gubser-Rocha model demonstrates
that y, grows with f/u. This feature may support the
applicability of the Gubser-Rocha model for describing the
incoherent regime of strange metals. For an illustration of
T-linear resistivity and linear specific heat in the Gubser-
Rocha model under strong momentum relaxation,
see Fig. 2.

2. Deep learning dilaton potentials

We proceed by outlining the implementation of our
machine learning methodology, PINNs, within our holo-
graphic framework. To incorporate PINNs, we begin by
preparing the relevant equations of motion, as expressed in
Eq. (2.1). Next, we represent all fields appearing in the
equations of motion, F(r), using a deep neural network as
defined in Eq. (2.3). The equations are then reformulated
into the form of Eq. (2.2) to construct the physics loss, Lo
as in Eq. (2.5). This physics loss is combined with the data
loss, Lgq, to define the total loss function L. Fi nally, we
train the deep neural network by minimizing this total loss
function.

Algorithm for implementing PINNs. Applying the above

algorithm to our problem would be

(1) Prepare the equations of motion: Begin by formulat-
ing the equations of motion, Eq. (3.4), that will be
incorporated into the loss function.

(2) Replace fields and potentials with neural networks:
Replace all fields and potentials {f(r), h(r),A,(r),
d(r),V(¢),Z(¢)} with corresponding deep neural
networks, as defined in Eq. (2.3).11

(3) Construct the physics loss: Combine the reformu-
lated fields and potentials with the equations of
motion (EOM) to define the physics loss L., as

b
N

Leom =

> log (cosh ([EOM;(r, T)|)),
(r.1),i

(3.14)

where LOG-COSH LOSS is used. Here, i €{1,2,3,4}
corresponds to the four equations of motion, and
N(,.r) = 100, reflecting the 100 sampled values of
T/u, with r € |0, 1] randomly assigned for each T'/u
in each training iteration.

(4) Define the data loss: Construct the data loss, L g, to
encode the T-linear resistivity as

Lowa = N{;wm) — peaT/W)].  (3.15)

where the L1 loss is employed. Here, p is defined in
Eq. (3.8), pyaa represents the given boundary data,

"Note that {f(r),h(r),A,(r).$(r)} correspond
and {V(¢).Z(¢)} to © in Eq. (2.1), respectively.

2To avoid the overflow error in the numerical computation, it
is also convenient to rescale [EOM;| in Eq. (3.14) as A tanh ‘E?\/—M"
with some numerical factor N, which does not change any
physics.

to F
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and Ny = 100 indicates the number of temperature
samples.

(5) Train the neural network: Minimize total loss,
L = Lgya + Leom, to train the neural network."
Additionally, include f/u as a training parameter
0, as outlined in Eq. (2.2). As such, the bulk dilaton
potentials, represented using deep neural networks,
are determined to correspond to the specified
T-linear resistivity.

This step-by-step process ensures the integration of both
physics-based and data-driven constraints into the PINNs
framework for effective training and results.

Ansatz with the deep neural networks. We now provide

additional details regarding the deep neural networks utilized
in step 2. For the fields, we adopt the following ansatz

f(r)=(=r)=r(1=r)(1=4xT)+r(1 —r)ZDf( r),

h(r) =P (=) (14 1f(0) + (1 =)Dy (1),
Al(r) =(1—r)ﬂ+r(1—r)DA( r),

¢(r)=rDy(r), (3.16)

where D’s are distinct deep neural networks, each comprising
three layers with 20 nodes per layer. This ansatz, as defined in
Eq. (3.16), is constructed to naturally satisfy the AdS
boundary conditions

f0)=h0)=1,  A0)=n  ¢0)=0, (3.17)
as well as horizon conditions
F(1)=0, A,(1)=0, T:‘]:il), s—dxh(1),  (3.18)

where f(1) =0 ensures the formation of a black hole,
A,(1) = 0 enforces regularity at the horizon, and the remain-
ing two conditions are Eq. (3.7). One can also check that the
equations of motion (3.4), combined with the UV completion
specified in Eq. (3.5), ensure that the condition /' (0) = f7(0)
is satisfied, as imposed in our ansatz (3.16).

For the dilaton potentials, we adopt the following ansatz

V() =6-3m P+ #Dy(P). Z(d)=1+4D,(p)

(3.19)

where Dy, and D, are deep neural networks with three
layers of ten nodes each. This construction ensures

“In our numerical computations, we adopt the common
rescaling weight in the loss function as L = wyLgua + WaLeom
where w,/w, is varied from 107 to 103. We also use the cyclical
learning rates [183,184].

compatibility with the UV completion given in
Eq. (3.5). For simplicity, we set m?> = —2 in this work.

Training dataset. For the training data, Lg,,, we pri-
marily use the 7-linear resistivity data {7/u,p}, as well as
the linear specific heat data {T/u,s/u*}. To incorporate
this in our computations, we set 4 =1 and select a
temperature range of 7/u € (0.3,0.85), which captures
both the linear resistivity and specific heat behaviors."

Specifically, as outlined in the introduction, the training
data for the resistivity is modeled as

T _
Pdaa = Po T Adata ; Agata = A X Agg, (3.20)

where Agr is the slope of the linear resistivity for the
Gubser-Rocha model, given in Eq. (3.13). We examine the
effect of the slope A (when it reduces to those of Gubser-
Rocha model when A = 1) and the residual resistivity p, on
the dilaton potentials. To focus on the 7-linear resistivity,
we fix the specific heat data based on the Gubser-Rocha
model, as shown in the right panel of Fig. 2. The effect of
the slope in the linear specific heat will be considered in
future work.

B. Taming T-linear resistivity

1. Rediscovering the Gubser-Rocha model

Utilizing the machine learning framework outlined in
Sec III A, we proceed with the training process. Initially,
the T-linear resistivity data (3.20) with p, = 0 is employed
to investigate the dependence of the slope A on the dilaton
potentials.

For A = 1, corresponding to the T-linear resistivity of
the Gubser-Rocha model shown in Fig. 2, our PINNs
implementation successfully reconstruct the dilaton poten-
tials of the Gubser-Rocha model {V(¢),Z(¢)} given in
(3.9). The results are presented in Fig. 3, where the solid
lines represent the trained dilaton potentials obtained from
PINNs, and the dashed lines denote the known dilaton
potentials of the Gubser-Rocha model.

Additionally, the corresponding fields {f(r),h(r),
A(r),¢(r)} derived from PINNs are shown in Fig. 4.
These fields represent the emergent holographic spacetime
geometry reconstructed from the 7-linear resistivity data at
the boundary. Notably, the reconstructed fields agree with
the Gubser-Rocha solution (3.10) within the coordinate
system set by u =1 [27,34,41,42]. Furthermore, the
qualitative behavior of these fields remains similar for
other parameter choices of (py, A): for instance, see Figs. 7
and 11, where the deviations in A,’s are more pronounced
compared to those, Fig. 4, observed in the Gubser-
Rocha model.

“The T-linear resistivity data, pg,., does not extend below
T/u = 0.286 ~ 0.3 due to numerical instability.

126008-9



AHN, JEONG, JI, KIM, and YUN

PHYS. REV. D 112, 126008 (2025)

11F

10}
9,

V()
8,
7,
6,‘ . . . 5
0.0 0.5 1.0 15 2.0
¢

3.5F
3.0f
2.5¢

2.0f
Z(¢)
1.5}

1.0F
0.5¢

0.0k
0.0

1.0 1.5 2.0

¢

0.5

FIG. 3. Trained dilaton potentials {V(¢), Z(¢)} derived from the T-linear resistivity data (3.20) with p, = 0 and A = 1. Solid lines
indicate the PINNs-trained potentials, while dashed lines correspond to the Gubser-Rocha model (3.9).
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FIG. 4. Trained fields {f(r), h(r),A,(r), ¢(r)} obtained from PINNs at various temperatures with py = 0 and A = 1. While the A,
profiles appear nearly identical for different temperatures, they differ numerically with a maximum deviation on the order of 0.0015.
These fields agree with the Gubser-Rocha solution (3.10) in the coordinate system where u = 1.

We also evaluate the loss function L, constructed using
(3.14) and (3.15), as determined by our machine learning
approach. Across all datasets considered in this manuscript,
the value of L consistently stabilizes around 1073 after
training. For instance, in the case of the Gubser-Rocha
model, the left panel of Fig. 5 illustrates the total loss
function behavior."”” The right panel of Fig. 5 shows the
trained f/u = 9.982, which closely approximates the value
of 10 used in Fig. 2.

2. Deriving dilaton potentials from T-linear resistivity

We now discuss the slope dependence for the case where
A # 1. The trained dilaton potentials obtained using PINNs
are shown in Fig. 6, along with representative trained fields
for A = 1.5 in Fig. 7. The total loss and the trained value of
B/u for each A is summarized in Table L'e

15Owing to the inherent approximation nature of PINNs, the
loss function remains small but nonzero, reflecting that the
network yields a valid numerical approximation to the gravity
dual rather than an exact analytical solution. Nevertheless, this
approximation is sufficient to capture the relevant physical
features of the gravitational system studied in this work.
Hereafter, we present the total loss and trained value of /u
“after” training, as shown in Tables I-IV. Nevertheless, we
observe that the training behavior remains qualitatively the same,
as illustrated in Fig. 5, across the parameter sets employed in this
manuscript.

From Fig. 6, four observations about the A dependence
can be made.

(1) Similarity in V(¢): The dilaton potential V(¢)

remains nearly identical across different values of A.

(2) Resistivity and Z(¢): The behavior of Z(¢) in Fig. 6
can be understood from the resistivity in Fig. 9 by
noting that (I) p ~ 1/Z from (3.8) at large /3, and (I)
¢y = ¢(1) decreases as T increases from Fig. 7. For
example, for A = 1.5 (red line), we see that the
resistivity increases until the curve reaches the mini-
mum value of Z(¢), with T increasing from right to
left on the curve in Fig. 6. After the minimum (turning
around point), Z(¢) approaches 17, and equivalently,
the resistivity decreases and saturates to 1. This
interpretation is valid for every value of A.
Z(¢) in the “small” ¢ limit: The dilaton potential
Z(¢) near the AdS boundary (small ¢) can be
approximated as

3

Z(p) =1+ ZWp 4. (3.21)
By using the same logic as item 2, we may interpret
Z() is related with the slope near T/u ~ 1.2 in the
left panel of Fig. 9.

Exponential growth of Z(¢) in the “large” ¢ limit: In
the infrared (large ¢ regime), Z(¢) grows exponen-
tially as

“
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FIG. 5. Left panel depicts the total loss function for p, = 0 and A = 1. Here, ROUND corresponds to 20000 epochs (or 10000 epochs
for the first six data points). The loss after training, ROUND = 150, is L = 0.00698. The right panel shows the trained value of 3/u,
which converges to f/u = 9.982, closely matching the value of 10 used in Fig. 2.
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FIG. 6. Trained dilaton potentials {V(¢),Z(¢)} derived from T-linear resistivity data (3.20) with py =0 and A =
(1.5,1.3,1.1,0.9,0.7,0.5) (red, orange, yellow, green, blue, purple). The dashed lines in the right panel correspond to the fitting
curves (3.22).
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FIG. 7. Trained fields {f(r), h(r), A,(r). ¢(r)} obtained from PINNs at various temperatures with py = 0 and A = 1.5.

Z(¢) = ae?, (3.22)

with y being independent of A and equal to
1/\/§z0.57735. This value can be determined

from Z'(¢)/Z(¢), as shown in the right panel of
Fig. 8. On the other hand, we find a depends on A:

see the left panel of Fig. 8.
These findings suggest that the linear 7T-dependence of
resistivity (the power of T') originates from the IR geometry
of the Gubser-Rocha model (1.7). Meanwhile, the param-

TABLE L. Total loss L and i/ after training with p = 0. eter A (the slope of T') primarily modifies the flow from the
i 15 13 11 0.9 0.7 0.5 same IR fixed point (conformal to AdS,) to the UV fixed
Tom L 00085 00065 00099 00090 00087 Ugogy POt (AdSe) affecting Z%) and o

0ss . . . . . . . -
8 086 992 083 1008 999 1017 One notable advantage of PINNSs is their ability to

generalize “beyond” the training data range, such as
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Left panel shows «a from (3.22) with the black empty dot representing the Gubser-Rocha model. The right panel displays the

exponential factor y in (3.22) at large ¢ regime forA = (1.5,1.3,1.1,0.9,0.7,0.5) (red, orange, yellow, green, blue, purple). The black
dashed line corresponds to the Gubser-Rocha model value 1/+/3 = 0.57735.
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FIG. 9. Resistivity p and thermal entropy s with py = 0 and A= (1.5,1.3,1.1,0.9,0.7,0.5) (red-purple). Colored dashed lines
represent T-linear resistivity (3.20), while the black dashed line corresponds to (3.23) with #/u from Table. 1. The slopes of thermal
entropy s/u* are almost identical as required by the machine learning process.

T/ue€(0.3,0.85). Using the trained dilaton potentials, we
solved the equations with ODE solvers to predict the
resistivity p over an “extended” range, T/u € (0.3,1.5).
Figure 9 demonstrates that the trained potentials produce
the resistivity behavior effectively.

The T-linear resistivity is consistent with the training
range T/p € (0.3,0.85) but transitions to a constant resis-
tivity at high temperatures (7'/u ~ 1.5), as described by

1 2
(High-temperature limit): p = —, opc =1+ 11_2’
Opc p
(3.23)

shown by the black dashed line in the left panel of Fig. 9.
This behavior arises because the dilaton field ¢ becomes
small at higher temperatures (see Fig. 7), reducing the
EMDA theory (3.1) to the linear-axion model [43—45]
giving a temperature-independent resistivity (3.23).

In the intermediate range 7'/u € (0.85, 1.5), an intriguing
overshooting behavior in resistivity is observed for larger A
values (red-orange curves). This behavior appears related to

another turnaround of Z(¢) in the small ¢ regime, as seen
in the inset of Fig. 6.

Finally, it is worth noting that the saturated resistivity at
high temperatures is unrelated to the Mott-loffe-Regel
limit. Instead, dimensional analysis shows that p = T°~¢
for d spacetime dimensions."’ In our case, with d = 3,
this implies a temperature-independent resistivity at high
temperatures, consistent with Eq. (3.23).

3. More on data-driven potentials: residual resistivity

We now examine the influence of the residual resistivity
(po) in (3.20) on the dilaton potentials. For this analysis, we
fix the slope parameter to A = 0.5 and observe that the
qualitative behavior remains consistent for other values
of A.

The trained dilaton potentials obtained using PINNs are
presented in Fig. 10, with representative trained fields for

""The dimension of the electric field is [E] =2 and the
dimension of a current density in (d) spacetime dimensions is
J]=d-1.
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po = 0.8 shown in Fig. 11. Table II summarizes the total
loss and the trained value of f/u for each p.

In essence, our findings indicate that the residual
resistivity p, affects the dilaton potentials in a manner
similar to A, as follows: (I) the potential V(¢) remains
nearly unchanged across different values of py; (II) the
slope of Z(¢) in the small ¢ limit shows dependence on py,
which leads to the overshooting behavior in the resistivity,
as illustrated in the left panel of Fig. 13.

However, there is a distinct feature that sets p apart from
A. In the large ¢ limit, Z(¢) does not exhibit exponential
growth as p, increases. Instead, the potential Z(¢) tends to
“flatten,” as shown in the right panel of Fig. 10. This
flattening is further highlighted in Fig. 12. We also find that
at finite py, Z(¢p) cannot be fitted with (3.22) at the large ¢
regime.

Before concluding this Section, we leave two remarks
regarding the residual resistivity. First, the flattening of
Z(¢) at finite residual resistivity may be interpreted with
the potential of the linear axion model. In this model, the
resistivity is constant (3.23), which can be viewed as a

TABLE II. Total loss L and f3/u after training when A = 0.5.
o 0 0.2 0.4 0.6 0.8
Loss L 0.0060  0.0060  0.0065 0.0050  0.0077
Blu 10.17 9.94 9.92 10.00 9.90

Trained fields {f(r), n(r),A,(r),¢(r)} obtained from PINNs at various temperatures with py = 0.8.

special case of residual resistivity where Z(¢) flattens
to Z(¢) = 1.

Second, previous studies, such as [37,41], have inves-
tigated UV-completed holographic models that yield
residual resistivity with analytic background solutions.
However, the dilaton potentials in those models differ from
ours, particularly because they exhibit a nonvanishing
residual specific heat. In contrast, our model retains a
linear specific heat, as shown in the right panel of Fig. 13.

For all the data-driven dilaton potentials presented in this
manuscript, including those shown in Figs. 6 and 10, we
find that they can be represented by the functional form,

)

Z'(¢)
V4

-1.0},
0.0

1.0 1.5 2.0

¢

FIG. 12. Z'(¢)/Z(¢) with py = (0,0.2,0.4,0.6,0.8) (purple,
pink, brown, magenta, cyan). The black dashed line corresponds

to the Gubser-Rocha model value y = 1/v/3 ~ 0.57735.
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lines represent T-linear resistivity (3.20), while the black dashed line corresponds to (3.23) with 3/ from Table II. The slopes of thermal
entropy s/u* are almost identical as required by machine learning process.

Cmax

F(p) = e,

i=0

(3.24)

where F represents V or Z, and ¢, = 12. This poly-
nomial expression may prove valuable for future analyses.
However, to maintain clarity and brevity, we do not include
the specific numerical coefficients in this manuscript.
Readers seeking the complete expressions can access them
through the GitHub repository provided at this link.

|

s

— 6cosh &
V(p) = 6cosh\/§,

4. Deep learning-assisted UV completion

One central objective in holographic duality is to
determine the bulk action that best describes a given set
of boundary data. Machine learning provides a valuable
tool for solving such inverse problems. Here, we explore
how deep learning can assist in obtaining UV-completed
potentials from a given T-linear resistivity.

Our deep learning analysis, discussed in previous
Sections, suggests that within the EMDA framework (3.1),
the minimal conditions for UV-completed potentials are

a(A)e% (low T orlarge ¢), (3.25)
1+Z0¢ + -+ (highT orsmall ).

Here, V(¢) is found by the fact that it remains largely unaffected by the slope of the 7-linear resistivity and corres-
ponds to the potential of the Gubser-Rocha model (3.9). Additionally, recall the relevant expressions in (3.21) and (3.22).

The key insight is that the boundary data—specifically, the slope A and the T dependence of resistivity (linearity)—
determines the functional form of Z(¢) at low 7. Meanwhile, the extent to which T-linear resistivity remains robust at

higher T dictates the approach to Z(¢ = 0) = 1, including the coefficient Z (1) and higher-order corrections, in other words,

2 ~ {“W%
1+ZWg+ -

With this understanding, we can systematically construct
UV-completed potentials for a given A and a specified
temperature range where 7-linear resistivity remains robust.
As an example, let us consider A = 1.5. If the T-linear
resistivity persists up to 7/u = 0.85, the resulting potential
and resistivity are shown in red in Figs. 6 and 9. For clarity,
we present the same data in Fig. 14. The left panel shows that

the low-T fitting function (dashed line), a(A)e%, approx-
imates well Z(¢) until ¢ ~ 0.8, where Z(¢)~ 1. This
suggests that 7-linear resistivity remains robust up to
pr1/Z(¢p~0.8) ~ 1, aresult confirmed in the right panel.

(low T': slope and linearity),

(3.26)

(high T': robustness of T-linear resistivity).

|
To construct a potential with the same slope (A = 1.5)
but a reduced temperature range of robustness for 7-linear

~ L . . .
resistivity, we consider that a(A)e¥3 (i.e., T-linear resis-
tivity) starts to deviate when Z(¢) is larger (i.e., smaller p).
For instance, if the deviation appears at Z(¢p~1.9) =2

[implying that a(A)e% is a good approximation when
¢ > 1.9], we expect that T-linear resistivity remains robust
only up to p = 0.5.

As a proof of concept, we provide a minimal deep
learning-assisted UV completion, given by
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FIG. 14. Z(¢) potentials and resistivity for A = 1.5. Left panel: the solid red line corresponds to (3.27) with & = 8, while the black line
represents @ = 0.7. The red dashed line represents the fitting function (3.22). Right panel: the solid lines correspond to the respective
potentials shown in the left panel, while dots are taken from Fig. 9. The red data correspond to a robustness of 7-linear resistivity up to
T/u=~0.85(p ~ 1), while the black data correspond to T/u = 0.4(p ~0.5).

K
7

V() = 6cosh () = ae + [1 - afe-,

(3.27)

which follows the asymptotic behaviors in (3.25) with
@ > —1/+/3. Here, the parameter & controls the near AdS
behavior with Z(") = a/+/3 4 (& — 1) for the given slope
of resistivity a.

For the case A = 1.5, where a~0.7 (see Fig. 8),
we find that our potential obtained via deep learning (solid
red line in the left panel of Fig. 14) can be well
approximated by (3.27) when a = 8.'8 By varying @,
different potentials can be constructed. For instance,
choosing @ = 0.7 (solid black line in the left panel of
Fig. 14) reproduces the scenario described earlier, where
deviation appears near Z(¢ ~ 1.9) = 2.

By numerically solving the equations of motion (3.4) with
these UV-completed potentials, we compute the resistivity:
the right panel of Fig. 14. The results confirm that (I) the red
solid line, corresponding to (3.27) with & = 8, reproduces
the resistivity profile obtained via our deep learning method
(red dots), (I) the black solid line demonstrates that 7-linear
behavior persists up to p = 0.5. Additionally, we find that
both cases yield a linear specific heat.

IV. CONCLUSION

We have conducted a deep learning-based investigation
into the T-linear resistivity within the framework of
holography. Employing PINNs [167], which incorporate
both data loss and physics loss (the latter derived from

"®The minimal model (3.27) provides a good approximation to
the potentials obtained from deep learning (see Fig. 6) such as
A =1.5,1.3, 1.1, 0.9. However, when the slope is too low, as in
the cases of A = 0.7 and 0.5, it becomes less accurate in the small
¢ limit.

differential equations as a form of regularization during the
training process), we successfully deduce the dilaton
potentials V(¢) and Z(¢) in the holographic EMDA
theories described by Eq. (3.1).

For the data loss, inspired by experimental observations
of strange metals [see the discussion near Eqgs. (1.9) and
(1.11)], we utilized PINNs to explore the role of T-linear
resistivity (3.20) in holography, alongside the linear spe-
cific heat characteristic of strange metal phases in cuprates.
In particular, we examined the influence of varying the
slope A (of T-linear resistivity) and residual resistivity p,
(at T = 0) on the data-driven dilaton potentials. Through
this, we evaluated the affirmative potential of machine
learning in holographic condensed matter theory to address
a realistic physical problem: better understanding on a
universal transport properties observed in strange metals."”

Our key findings are summarized as follows:

(i) When A =1 and p, = 0, the PINNs rediscovered
one of the most prominent holographic models
exhibiting T-linear resistivity: the Gubser-Rocha
model [36,41,101].

(ii) The dilaton potential V(¢) remains nearly identical
by changes in either A or p,. This invariance is
illustrated in the left panels of Figs. 6 and 10.

(iii) In the large ¢ limit (low T regime), the dilaton
coupling to the Maxwell term Z(¢) exhibits ex-
ponential growth when py = 0, Z(¢) ~ ae’?, with
the exponential factor y = 1/ /3 observed across all
A values studied, while a depends on A. This
behavior indicates that the IR geometry is fixed to
be the conformal to AdS, x R> given in (1.5),
characteristic of a semilocal quantum liquid [102],
and is associated with the marginal Fermi liquid

®In Appendix, we validate all our findings using another
machine learning approach known as neural ordinary differential
equations [185].
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phenomenology developed to describe experimental
results in cuprates [15]. Conversely, for p, # 0, this
exponential growth ceases, and Z(¢) flattens, as
shown in the right panel of Figs. 10 and 12.

(iv) In the small ¢ limit (high T regime), Z(¢) can be
expanded as Z(¢) =1+ ZWV¢p + .., where the
leading constant term ensures the asymptotic AdS
boundary (i.e., UV completion). This leads to a
constant resistivity at high 7, given by
Peonst = 1/(1 +u?/B*). The subleading terms in
Z(¢) can be “adjusted” to control how robust the
T-linear resistivity observed at low 7 remains at
higher 7. In particular, the ratio p/p.ons Can ap-
proach unity either from above, p/peong — 17 (a
behavior referred to as overshooting), or from below,
P/Peonst = 171 see the illustration of it in Fig. 14.

Last but not least, we further comment on the 7-linear

resistivity at p, = 0 with varying A. Our results demon-
strate that machine learning can uncover robust
mechanisms for strong momentum relaxation, producing
T-linear resistivity consistent with IR scaling analyses.
Specifically, one can check that within the EMDA theories
(3.1) [23-26,35-42], where the axion-dilaton coupling

@ 2_(9x;)? is simplified to Y(¢) = 1, the correspond-

ing IR geometry takes the form of the 5 geometry,

(AP L8 3 2(1+n)?
dszch H<T+lz]:dxlz>, LZ::TﬂZ'

(4.1)

Here, the scaling parameters satisfy

7= o, 0 — —o0, 0/z——-n. (42)

In this geometry, the resistivity and entropy scale at low T as

p=T", s T, (4.3)
As such, imposing T-linear resistivity and linear specific heat
as we did in machine learning process corresponds ton = 1,
recovering the IR geometry conformal to AdS, x R? givenin
(1.5). This consistency demonstrates that the IR geometry is
unaffected by variations in A, as the slope changes while the
temperature scaling exponent remains fixed at = 1. It
underscores the agreement between our machine learning
framework and the IR geometric analysis.

It is worth noting that, in our analysis, we did not impose
exponential dilaton potentials in the IR regime, nor did we
assume a logarithmically running dilaton behavior. These
conditions have been key assumptions in previous holo-
graphic studies of 7-linear resistivity [23-26,35-42], which
rely on IR geometry analysis. More generally, it remains
possible that alternative holographic mechanisms could
account for 7T-linear resistivity without relying on IR scaling

arguments. However, our machine learning approach sug-
gests that, at least within the EMDA theories considered in
Eq. (3.1), IR scaling analysis emerges as the most natural—or
potentially the only—rviable explanation for 7-linear resis-
tivity. Establishing this result is a nontrivial task.

With the demonstrated feasibility of data-driven machine
learning models for capturing cuprate phenomenology, the
next significant challenge lies in identifying a unified holo-
graphic framework capable of reproducing all relevant physi-
cal observables, including all the universal transport anomalies
of strange metals [4]. Achieving this requires a systematic
comparison of various inversely solved holographic models
including the driven potentials presented in this work.

A particularly important goal in this direction is to
identify the dual gravity theory that simultaneously
explains T-linear resistivity and the Hall angle [21-27]
in the presence of a finite magnetic field, as well as Home’s
law in superconductors [28-34].

That said, it is tempting to explore whether the machine
learning-generated dilaton potentials presented in this work
can simultaneously exhibit 7-linear resistivity and the Hall
angle. To proceed, we adopt the results of [22,186,187],
expressing the relevant DC conductivities in terms of
horizon data. The corresponding expressions are

. hP @ + B2 + (1) Zy)
o B¢* + (B*Zy + h(1)p*)*
Bq(q* + B*Z% + 2h(1)B*Zy)
70T TR 1 (B2Zy + h(1)f)?

(4.4)

Here, the U(1) gauge field includes an external magnetic
field, B, specified as A = A,(r)dt + B/2(xdy — ydx). From
these expressions, the longitudinal electric resistivity and
the Hall angle are defined as

GXX Gxx

Pox =55 cot@y = —.
GXX + ny GXy

(4.5)
By numerically solving the equations of motion for the
EMDA theories with finite B, using our machine learning-
generated dilaton potentials (trained to impose T7-linear
resistivity at B = 0), we find that the resulting Hall angle
cot ® does not scale as 7. Instead, our analysis yields the
fitting results shown in Fig. 15, indicating deviations from the
expected universal behavior (p,,~T and cot®y ~T?).

This finding suggests that incorporating the Hall angle
into the machine learning framework requires further
refinement and detailed investigation. Future studies may
benefit from proposed scenarios in [27], which discuss
potential improvements for capturing the Hall angle within
holographic models. For additional context, refer to early
studies on scaling behavior in systems with Lifshitz-hyper-
scaling critical points [53,188-190]. Additionally, another
well-known universality of high-7T. superconductors,
Home’s law [28-34], also warrants exploration within
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FIG. 15.

Resistivity and Hall angle at finite magnetic field (B/u> = 1) with py = 0 and A = (1.5, 1.1,0.5) (red, yellow, purple). From

the top to bottom panel, the fittings curves (dashed lines) are (p,.6,,/0,,) & (T"2, T12), (T"1, T'), (T131, T139).

a machine learning-driven framework to uncover the
underlying universal mechanisms. These directions re-
present promising avenues for future research, which we
plan to address in forthcoming studies [191].
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APPENDIX: NEURAL ORDINARY
DIFFERENTIAL EQUATIONS

Scientific machine learning (scientific ML) is an emerg-
ing field with diverse applications across multiple disci-
plines. It combines the interpretability of traditional
scientific structures, such as ordinary differential equations
(ODEs) and partial differential equations, with the expres-
sive power of neural networks. This integration enables the
development of models that are both scientifically
grounded and capable of addressing complex problems.

The rapid growth of scientific ML can be attributed to
three widely adopted methodologies: neural ordinary
differential equations (neural ODEs) [185,192—-194],
universal differential equations [195-198], and PINNs
[167,169,176]. Each of these approaches highlights the
synergy between data-driven techniques and fundamental
scientific principles, paving the way for advancements in
modeling and simulation.

In this Section, we will verify the results presented in the
main text (obtained by PINNs) using the Neural ODEs. It is
the method of machine learning to find the unknown
function ©(r) of (2.1) by engaging the deep neural network
D(r) as the approximator for ®(r). The ODE can be
rewritten as follows:

11

101

S S S S S S S S S |

0.0 0.5 1.0 15 2.0
¢

0,F = H(r,F;D). (Al)
F is specified by the numerical methods for solving ODE.
For example, the Euler method yields the numerical
solution by

N-1
F(ry) = Fini + ZH(Vn,f(rn);D(rn)) - Ar.

n=0

(A2)

One can express (A2) in the general form given by
F(rin) = ODE Solver[H; Fiyi. (Finis 'in); D(r)]- (A3)

After that, D(r) is optimized by minimizing the loss
function consisting of the final condition and data,

L= Lcond =+ Ldata’ (A4)
where
Leong = |f(rﬁn) - Ffm|' (AS)

To prepare the equations for our ODE solver based on
the TORCHODE extension, we rewrite (3.4) in terms of

ok . . . e
0.0 0.5 1.0 1.5 2.0

¢

FIG. 16. Trained dilaton potentials {V(¢), Z(¢)} derived from T-linear resistivity data (3.20) by the neural ODEs with p, = 0 and

A =(1.5,1.3,1.0,0.7,0.5) (red, orange, green, blue, purple).
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FIG. 17.
(0,0.2,0.4,0.6,0.8) (purple, pink, brown, magenta, cyan).

Z(¢)

Trained dilaton potential {V(¢),Z(¢)} derived from T-linear resistivity data (3.20) by the neural ODEs with p, =
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f'(r), W' (r), Al(r), and ¢"(r). The potentials V(¢) and
Z(¢) are defined in the same form as (3.19). We have six
shooting parameters: f(1), f'(1), h(1), A,(1), A}(1), and
¢(1). Among these, some parameters are constrained by
(3.18), while the remaining are treated as trainable varia-
bles. Then, the loss function consists of

Leona = [f(0) = 1] + [2(0) = 1 4 [4,(0) — u[ + [#(0)],
(A6)

which encodes the conditions from (3.17), along with the
Lgaa defined in (3.15).

The potentials V(¢), Z(¢) trained by the neural ODEs
are presented in Figs. 16 and 17, showing consistent
behaviors to the results of the PINNs, which are discussed
in Sec. III B. Likewise, as shown in Tables III and IV, the
final loss and f/u exhibit no significant differences, further
demonstrating the consistency between the two methods.

Both neural ODEs and PINNs offer distinct advantages
in scientific machine learning. PINNs, however, stand out
as a particularly powerful and versatile method, making
them especially suitable for modeling complex physical
systems. Neural ODEs are advantageous for their memory
efficiency and ability to produce smooth solutions. In
contrast, PINNs excel at addressing a broader range of
physical phenomena and demonstrate superior perfor-
mance in solving complex, multidimensional problems,
making them a preferred choice for many scientific and
engineering applications.

TABLE III. Total loss L and j3/u after training by the neural
ODEs with py = 0.

A 1.5 1.3 1.0 0.7 0.5
Loss L 0.0055 0.0043 0.0098 0.011 0.028
Plu 9.97 9.92 9.95 10.05 10.14

TABLE IV. Total loss L and f/u after training by the neural
ODEs when A = 0.5.

20 0 0.2 0.4 0.6 0.8
Loss L  0.028  0.0070  0.0023  0.0061  0.0063
B/u 10.14  10.13 10.10 10.05 10.05

A key strength of PINNs lies in their ability to solve
complex (ordinary and partial) differential equations, offer-
ing a robust and efficient alternative to traditional numerical
solvers. This is particularly true when the differential
equations themselves are highly intricate, where neural
ODESs may not be a viable option. By embedding physical
laws and constraints directly into the neural network
architecture, PINNs generate solutions that are not only
data driven but also consistent with fundamental physical
principles. Furthermore, their capability for rapid inference
after training enhances their utility in real-time applica-
tions, which are critical in various practical settings, where
the need for accurate and physically consistent solutions is
paramount.
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