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Abstract 

This study investigates the accuracy and efficiency of a convolutional autoencoder 
in predicting flow solutions of diverse characteristics, including strong local nonlinear-
ity and unsteady wake vortices. Modifications to the standard U-net method were 
made suitable for non-Cartesian CFD mesh topology, enhancing solution accuracy. 
Additionally, conditions for predicting flows in unseen environments are integrated 
into a bottleneck layer between the encoder and decoder structures, guiding flow 
interpolation or extrapolation and parameter types. For direct comparison, this study 
uses a proper orthogonal decomposition (POD)-based ROM with linear reconstruction 
using dominant basis vectors from the flow solution space. Interpolation and extrapo-
lation of generalized coordinates are performed using Gaussian process regression 
(GPR) and Long Short-Term Memory (LSTM) networks, respectively. The Conditional 
Unet (CUnet)’s accuracy is demonstrated through inviscid transonic airfoil flows, cap-
turing shock waves effectively. Additionally, it can also be used for predicting the flow 
field of the three-dimensional shape of the Onera M6 wing. Vortex shedding flows 
around an Eppler airfoil at a 16-degree angle of attack in turbulent conditions were 
well-resolved, with root mean squared errors under 1% compared to full-order CFD 
results. Remarkably, the CUnet’s computational efficiency is highlighted as the wall 
clock CPU time for these 2D flows was less than one second. Finally, the ROM’s effec-
tiveness is further validated through successful multi-point shape optimization, 
minimizing wave drag of RAE 2822 airfoils across subsonic to transonic conditions. This 
resulted in a maximum drag reduction of 37.38% at Mach 0.74 without performance 
degradation at off-design conditions.

Keywords:  Reduced order model, Computational fluid dynamics, Deep learning, 
Design optimization

1  Introduction
Recent advancements in numerical analysis methods and the computational power of 
parallel GPU/CPU architectures have enabled the widespread utilization of Computa-
tional Fluid Dynamics (CFD) in the performance analysis of complex physical systems 
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of aircraft, ships and turbomachinery. However, its direct application to the design opti-
mization of these systems is still largely infeasible due to the requirement of repetitive 
function evaluations by tens of thousands of CFD calculations. To overcome this com-
putational cost barrier, surrogate models or meta-models are generally employed. In the 
early stages, research focused on surrogate models capable of predicting a small number 
of scalar metrics that represent the system performance. Gaussian Process Regression 
(GPR) [1, 2], Radial Basis Functions (RBF) [3, 4], and Support Vector Machines (SVM) 
[5, 6] have been successfully utilized as meta-modeling techniques for accurately pre-
dicting lift and drag coefficients, enabling efficient design optimization with satisfactory 
accuracy.

However, practical design problems requiring high accuracy necessitate not only the 
aerodynamic coefficients but also the entire flow field distribution in two-dimensional 
or three-dimensional space, often with a need for transient flow analysis in certain cases. 
Therefore, extensive research has been conducted on reduced order modeling (ROM) 
techniques, and various dimensionality reduction methods have been introduced to 
facilitate the meta-modeling techniques with high-dimensional flow field data. Exam-
ples include Proper Orthogonal Decomposition (POD) [7–10], Reduced Basis Methods 
[11, 12], and Balancing Methods [13, 14]. Among these, the POD snapshot method has 
been widely used in various studies due to its non-intrusive implementation, independ-
ent of CFD solver and mesh type [15, 16]. The Dynamic Mode Decomposition (DMD) 
methods with some variations in the original principle were proposed for the flow pre-
diction at future times [17, 18] along with the Discrete Empirical Interpolation Method 
(DEIM) [19, 20] to better predict flows of nonlinearities. For nonlinear feature extraction 
in time series data, Eivazi et al. [21] proposed a methodology of the ROM in combina-
tion with the long short-term memory (LSTM) with an autoencoder network for nonlin-
ear dimensionality reduction. This approach is compared with other non-intrusive ROM 
methods and is shown to be effective in predicting the evolution of fluid flows. However, 
the principle of the linear reconstruction by orthogonal basis functions contains inher-
ent limitations in predicting flows with strong and local nonlinearities.

On the other hand, in recent years, machine learning methods in the AI areas, includ-
ing image processing in computer vision [22–24], are being successfully employed as a 
black box type of the ROMs. Kang et al. [25] utilized the POD to pre-determine low-
dimensional data for autoencoders and applied the Variational Autoencoder (VAE) 
method to extract interpretable latent vectors and develop a flow prediction model for 
transonic flows based on these vectors. Catalani et al. [26] developed a Geodesic Con-
volutional Neural Network (GCNN) to better accommodate peculiarities in geom-
etry of interest, and tested it using the RAE 2822 airfoil to predict high Mach number 
flows from the training set of low-Mach number flows. Hasegawa et al. [27] proposed a 
machine-learned reduced order model (ML-ROM) for the prediction of unsteady flows 
by combining a CNN-AE and an LSTM in a sequential training process. The method 
allowed for accurate prediction of flow fields even for unseen shapes of bluff bodies.

One of the important factors of the CNN methods is the feature extraction point 
topology for the image process. If the CFD mesh points need to be mapped to a struc-
ture of image pixels, there is a risk of introducing errors by interpolating the non-Car-
tesian discrete solution points obtained from high-fidelity CFD solvers onto a Cartesian 
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grid, thus degrading the solution accuracy. Occlusion maps were employed in some 
studies to consider diverse geometric shapes using CNN [28]. In such cases, the model 
may inaccurately perceive the shape, leading to increased errors near the solid bounda-
ries. If such models are employed in design optimization, they can adversely impact the 
results. Peng et al. [28] reconstructed the CFD solutions into image pixels, with solutions 
on the pixel-point topology interpolated from nearby CFD grid points. This transfor-
mation makes the unsteady airfoil flows easily trained to the CNN autoencoder. Deng 
et al. [29] proposed a method that combines a body-fitted mesh interpolation and deep 
learning techniques, using the U-net for the spatial network and Fourier Neural Opera-
tor (FNO) networks, for temporal prediction of unsteady flows.

In the present study, a modified CNN architecture is proposed as a Conditional Unet 
(CUnet), which extends the standard Unet [30] by incorporating structures that account 
for appropriate flow conditions and temporal steps. The advantage of the proposed 
model lies in its direct utilization of CFD mesh used for full-order model (FOM) CFD 
solver through simple matrix transformations during the model training process, which 
consequently avoids the resolution degradation caused by interpolation. That is, com-
plex preprocessing steps are unnecessary [26, 27, 29], and the CUnet can fully replace 
expensive CFD solvers within the trained domain.

Another advantage developed in the present study is that to handle parameters of dif-
ferent types for the flow field prediction, i.e., geometric parameters, flow conditions, or 
physical time, a skip layer is inserted into the conventional Unet as a condition to the 
decoder. To predict time-dependent flows, changes to the architecture of the CUnet 
were minimal by the extrapolation of flow fields according to time steps by transform-
ing the input data into a windowed dataset format commonly used in time-series model 
training.

The validation of the CUnet was performed by solving the flows over steady-state 
airfoils and the Onera M6 wing, as well as addressing unsteady flows and conducting 
multi-point airfoil shape optimization to reduce wave drag under various Mach number 
conditions. First, inviscid flows of the RAE 2822 airfoil were solved at a range of Mach 
numbers from 0.6 to 0.8 and angles of attack from 1◦ to 3◦  to calculate shock waves. 
Additionally, to assess the prediction accuracy of CUnet for nonlinear flow fields, we 
compared its predictions with the results obtained using the POD-GPR method, which 
is based on linear basis functions. Also, moving beyond the 2D shapes of airfoils in 
steady state, the flow fields at various Mach numbers for the 3D shape of the Onera M6 
wing were resolved. Furthermore, to validate the accuracy of CUnet for time-dependent 
unsteady flows, we analyzed the wake vortex characteristics of the Eppler 387 airfoil at a 
high angle of attack of 16 degrees at a Reynolds number of 1.0× 105 . For the prediction 
of unsteady flows, we also compared the performance of CUnet with the POD-LSTM 
method as well as the FOM solutions in terms of accuracy and efficiency. The proposed 
model exhibited nearly identical results to the FOM solutions at significantly reduced 
cost (0.05% of the CFD computation cost).

Finally, the validated CUnet was applied to perform multi-point optimization with the 
goal of minimizing wave drag for four design points in the transonic airfoil. Unlike FOM 
CFD-based optimization, which incurs exponentially increasing computational costs 
with the number of design points, the CUnet-based optimization algorithm offers the 
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advantage of comparable computational costs to single-point optimization. The results 
of single-point and multi-point optimization are directly compared across a wide range 
of Mach numbers, demonstrating the applicability of the CUnet-based optimization 
algorithm to practical design scenarios. The optimized airfoil demonstrated an overall 
performance improvement across the range of target Mach numbers, with a maximum 
drag reduction of 37.38% at Mach number 0.74.

2 � Methodology
2.1 � Training data preparation

2.1.1 � Numerical simulation

To obtain the transonic flow field with randomly defined shapes, Mach numbers, and 
angles of attack (AoAs) for model training, steady-state CFD simulations were con-
ducted. The Stanford University multi-block (SUmb) in-house code was employed to 
solve the steady-state Euler equations. A second-order centered differencing scheme 
was used for spatial discretization, and the convective terms were treated using the JST 
(Jameson-Schmidt-Turkel) method. The RAE 2822 was selected as the baseline airfoil, 
and for shape parameterization and variations, the Hicks-Henne bump function [31], as 
shown in Eqs. (1)-(2), was applied.

where y0 represents the surface coordinates of the baseline airfoil, and µi denotes the 
weighting factors for the design variables. xi corresponds to the maximum displace-
ment points of the bump function, with a total of 13 points pre-specified on the sur-
face and shown in Fig. 1. A C-type mesh with the size of 351 × 51 was employed and 
shown in Fig. 1. The Mach number was set within a transonic regime between 0.6 and 
0.8 to include flow nonlinearity of shock waves. The AoAs varied between 1◦ and 3◦ . 
Shape parameters and flow conditions were varied by the Latin Hypercube Sampling 

(1)b(x) = sin πx
log 1

2 / log(t1)
t2

,

(2)y = y0 +

n∑

i

µib(xi),

Fig. 1  C-type mesh and bump location of RAE 2822 airfoil (left) and examples of deformed airfoil (right)
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techniques. A database consisting of a total of 2,000 cases of steady-state transonic flow 
field was constructed, among which 1665 cases were used as training data, while 185 
cases were used as validation data for the model to prevent overfitting issues. Finally, the 
performance of the trained model was tested using 150 test data.

For the prediction of the steady-state flow field over the Onera M6 wing under tran-
sonic conditions, the flow field over the wing was computed. The Reynolds-Averaged 
Navier–Stokes (RANS) equations were solved using the Spalart–Allmaras(SA) turbu-
lence model. Flow conditions were determined using Latin Hypercube Sampling tech-
niques, setting 253 values between Mach 0.8 and 1.2. Out of the total 253 data points, 
225 were used as training data, 25 as validation data, and the remaining 3 as test data.

For the prediction of unsteady and highly turbulent flows, airfoil flows at high angle 
of attack were calculated. The RANS equations were solved employing the SA turbu-
lence model. Spatial discretization was carried out by Roe’s 3rd order flux splitting 
method, whereas the time integration of the solver employed the diagonalized alternat-
ing direction implicit (DADI) method. The Eppler 387 airfoil was selected, and a C-type 
structured mesh of size 689 × 145, as depicted in Fig. 2, was constructed. The unsteady 
characteristic is mostly induced by the high angle of attack at 16

◦

 at Reynolds number of 
1.0× 105 . The CFD calculations were carried out over a time period of 25 using a non-
dimensional time step of 0.1, resulting in a total of 250 solution snapshot data. To ensure 
convergence, transient flows up to 11.0 were discarded, and only 140 solution snapshot 
data from 11.1 to 25.0 were used as training data. Among them, 98 time steps were used 
as training data, and the remaining 42 time steps were used as test data.

2.1.2 � Data pre‑processing

In this study, CFD solution data obtained from the FOM calculation were directly used 
for model training without any modifications in the grid topology in order to avoid res-
olution degradation potentially caused by interpolation into the additional coordinate 
system. To make the original flow data applicable to the CNN-based model, a map-
ping was performed to transform the array structure as follows. The computational grid 
topology was initially laid out in a structured manner using an index system (i, j) , where 
the circumferential direction corresponds to the i direction and the normal direction 
to the surface corresponds to the j direction. Now, all i coordinates corresponding to a 

Fig. 2  C-type mesh of Eppler 387 airfoil
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fixed j at the original grid points are collected and rearranged into a one-dimensional 
vector. This process is performed sequentially until reaching j = max , ultimately gen-
erating a vector composed of the entire flow field data. The generated flow field vector 
was reshaped into a 2D matrix to match the input format of the CNN using Algorithm 1 
(shown in Fig. 3), which also removed unnecessary far-field regions. While a sufficient 
far-field region is typically required for accurate FOM CFD simulations, empirically it 
can hinder the extraction of flow characteristics during CNN model training. As a result, 
the mesh sizes of RAE 2822, Onera M6 wing and Eppler 387 were reduced to 328 × 40, 
88 × 16 and 648 × 120, respectively. This algorithm is applicable to most 2D structured 
meshes with minor modifications. Furthermore, since the model’s output results main-
tain the grid topology used in the FOM calculation, it has the advantage of being able 
to perform post-processing tasks such as calculating lift coefficients without additional 
back-mapping.

Moreover, there exist scale differences of O
(
101

)
 to O(102) between various physical 

quantities ( u, v, p ) used for training, with a particularly significant scale difference of O
(
103

)
 

to O(104) for the pressure field between the airfoil surface and the far-field. In such cases, 
during the training process, the model may become biased towards large values in specific 
data or get trapped in local minima. To address this issue, the training data was subjected to 
a maximum-minimum normalization within a specified range.

2.2 � Conditional Unet

2.2.1 � Model structure

The CNN [32] has been applied in computational fluid dynamics [33, 34], as it can process 
flow field data by image recognition and pattern recognition. Unlike traditional artificial 
neural networks (ANNs), the CNN addresses the issue of performance degradation caused 
by the loss of spatial information of the data by utilizing filters. The CNN is composed of 
convolutional and sampling layers, and the operation of the convolutional layer can be 
described by Eq. (3).

zi,j,k represents the input value at point (i, j, k) , while Wpqkm denotes the filter weights 
at point (p, q, k) , and bm represents the bias of the m-th filter. sijm represents the output 
of the convolutional layer. Figure  4a and b provides a schematic representation of the 
operations performed in the convolutional layer. The input is a three-dimensional matrix 
of size M × N × K  , representing height, width, and the number of channels, respec-
tively. As the input passes through each convolutional layer, features are extracted by fil-
ters with a size of H ×H , followed by non-linear activation function operations. In this 
study, the ELU (Exponential Linear Unit) function, as shown in Eq. (4), was employed. 
The weight α was set to 1.

(3)sijm =

K−1∑

k=0

H−1∑

p=0

H−1∑

q=0

zi+p,j+q,kWpqkm + bm.

(4)f (x) =

{
x x ≥ 0;
α(ex − 1), x < 0.
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The sampling layer performs compression or expansion operations on the output of 
the convolutional layer. As shown in Fig. 4c, the Max pooling process can eliminate 
unnecessary information and reduce the amount of information. Conversely, in the 
decoding process, as shown in Fig. 4d, up-sampling layer interpolates adjacent low-
dimensional information to high-dimensional information. Each convolutional layer 
consists of linear operations, but due to the non-linear activation functions and mul-
tiple layers of hidden structures, CNN excels in learning complex non-linear data.

In the present study, two types of Conditional Unet (CUnet) models, based on the 
CNN architecture, are proposed to predict both steady and unsteady flows with high 
accuracy. The overall structure of Unet is similar to that of a Convolutional Autoen-
coder, but it incorporates skip connections between the encoder and the decoder. This 
allows the Unet to utilize not only the low-dimensional information from previous 
layers during the decoding process but also the high-dimensional information from 
corresponding encoder layers, enabling enhanced data reconstruction with improved 
resolution. Figure  5 represents the CUnet model for predicting steady flows, which 
considers three parameters: shape, Mach number, and angle of attack simultaneously. 
It consists of three hidden layers, with an additional structure in the bottleneck layer 
to incorporate user-defined flow conditions into the encoded latent vector.

The operational process of the model is as follows: pre-processed grid coordinates 
( x, y ) of size 328× 40 are used as inputs, which pass through the encoder and are rep-
resented as a latent vector of size 64. Then, two flow conditions are concatenated with 
the latent vector, and a fully-connected layer is applied for the appropriate blending 
of information. The modified latent vector is decoded to output velocity field ( u, v ) 
and pressure field ( p ) that satisfy the specified geometry and flow conditions. The 
model is trained with a batch size of 32, a learning rate of 10−3 , and a total of 10,000 
training iterations.

Fig. 3  Flow field pre-processing algorithm
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The architecture of the CUnet for predicting the flow field of a three-dimensional 
shape in steady-state flow is illustrated in Fig.  6. The three-dimensional shape used 
for training the model is the Onera M6 wing. The input to the model consists of 

Fig. 4  Operations in the convolutional layer and the sampling layer [27]

Fig. 5  Structure of conditional Unet for steady flow prediction with varying shapes and flow conditions of 
2D airfoil. The model consists of convolutional, transposed convolutional, max pooling, up-sampling, and 
fully-connected layers, and the value in the blocks is the output of each operation

Fig. 6  Structure of conditional Unet for steady flow prediction with Onera M6 wing
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pre-processed grid coordinates (x, y, z) of size 88 × 16, which are then represented as 
a latent vector of size 64 through the encoder. Flow conditions are combined with the 
encoded latent vector in the latent space. This combined latent vector is decoded to 
output a pressure field corresponding to specific flow conditions. The data for training 
and testing the model were taken from transonic flow conditions with Mach numbers 
ranging from 0.8 to 1.2. Out of a total of 253 data points, 25 were used for validation, 
225 for training, and 3 for testing. The model underwent 15,000 training iterations, 
and the optimal batch size and learning rate of 250 and 10−2 , respectively, were deter-
mined through grid search.

The structure of the CUnet for predicting unsteady flows is slightly different and is 
illustrated in Fig. 7. To train time series data, we transformed the training data into a 
windowed dataset with a pre-specified horizon length and train the model to predict 
flow field q(Tm+n+1) at time Tm+n+1 with input flow field data of q(Tm) . . . q(Tm+n) 
corresponding to times from Tm to Tm+n , where Tm can be an arbitrary time and n is 
set to 5. The size of input snapshot, n = 5, was selected based on offline tests by vary-
ing the values from 3 to 7 as the model achieved the highest accuracy when using 5 
snapshots. The predicted flow field q(Tm+n+1) is reused as an input for the prediction 
at the next time step, and the input at that time includes q(Tm+1) . . . q(Tm+n+1) . This 
iterative process allows the model to predict flow fields in future time steps. To input 
multiple time steps of flow fields into the encoder simultaneously, they were stacked 
as multiple channels, resulting in a final input data size of 648 × 120 × 15, including 
three types of flow fields. The rest of the model architecture remains the same as the 
CUnet for predicting steady flows. The model was trained with a batch size of 4, a 
learning rate of 10−3 , and a total of 5,000 training iterations.

In addition, for the enhancement of the model, batch normalization [35] was applied 
between the convolutional layers and activation layers in each hidden layer. Even if nor-
malization is performed at the initial input, the internal covariate shift occurs during the 
training process as the parameters are updated, leading to a degradation in the effective-
ness of the activation functions. Batch normalization helps suppress such phenomena, 
reducing sensitivity to initial parameters and accelerating the learning process. More-
over, the normalization process acts as a form of noise, thereby preventing overfitting 

Fig. 7  Structure of conditional Unet for unsteady flow prediction
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without the need for an additional dropout layer [36]. Additionally, a learning rate 
scheduler module was implemented to finely explore the vicinity of optimal parameters 
as the training progresses. In this case, an exponential decay step of 200 and a decay rate 
of 0.9 were set.

2.2.2 � Customized loss function

Two different loss functions were used for model training. To optimize the airfoil shape 
using CUnet, it is crucial to accurately predict the drag coefficient, which serves as the 
objective function. Therefore, an additional loss function was defined for the surface 
flow field that is used in drag coefficient computation. This has the effect of guiding the 
model to prioritize the learning of the surface flow field.

Equation (5) represents the Mean Squared Error (MSE) between the ground truth and 
the predicted values for the entire flow field, while Eq.  (6) represents the MSE specifi-
cally for the surface flow field. The subscripts t and p denote the ground truth and the 
predicted values, respectively. These two equations were combined using weighted sum-
mation to form the loss function, where the weights w1 and w2 were set to 0.3 and 0.7, 
respectively.

The second loss function incorporates the Gradient Difference Loss (GDL) [37] into 
the SL. The mathematical expression for GDL is given by Eq. (8).

GDL, as shown in Fig.  8, has the characteristic of incorporating gradient errors 
between grid points into the evaluation of the loss function. This allows the model to 
learn the correlations between adjacent grid points, improving convergence of the 
model and prediction accuracy. The weights used in Eq. (9) are set to 0.3, 0.3, and 0.4, 
respectively.

(5)εf =
1

N

N∑

i=1

(qt,i − qp,i)
2.

(6)εSL =
1

M

M∑

i=1

(qt,i − qp,i)
2.

(7)εs = w1εf + w2εSL.

(8)
εGDL =

1

Nx

1

Ny

1

Nφ

Nx∑

i=1

Ny∑

j=1

Nφ∑

k=1

[∣∣(qt(i+1,j,k) − qt(i,j,k)
)
−

(
qp(i+1,j,k) − qp(i,j,k)

)∣∣

+
∣∣(qt(i,j+1,k) − qt(i,j,k)

)
−

(
qp(i,j+1,k) − qp(i,j,k)

)∣∣].

(9)εs = w1εf + w2εSL + w3εGDL.
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2.3 � Machine learning with POD methods

2.3.1 � Proper orthogonal decomposition

The POD technique is a widely used linear dimensionality reduction method for cre-
ating ROMs based on high-fidelity snapshot data obtained from FOM analysis, includ-
ing CFD calculations [7, 8]. By subtracting the mean component q(p) from the snapshot 
matrix composed of flow field data, the correlation matrix can be constructed as shown 
in Eq. (10).

In Eq.  (10), q(p,µ) represents a vector field at a specific grid point p , time or shape 
parameter µ , as independent variables. By performing a singular value decomposition 
on the matrix of FT

F  , the eigenvalue � and eigenvector v of the correlation matrix can 
be computed. The left singular vector u and the corresponding modal coefficient a are 
obtained. As the first few dominant eigen pairs of the eigenvalues ( �1 ≥ �2 ≥ · · · ≥ �m ) 
and basis vectors alone can typically capture over 90% of the data information, the flow 
field can be re-expressed as a linear combination, as shown in Eq. (12).

Since each flow field snapshot is represented by the modal coefficients a , if the values of 
a corresponding to µ are known, the entire flow field can be reconstructed using Eq. (12), 
resulting in significant cost savings.

In this study, the POD-based ROM was constructed for comparison purposes with 
the Conditional Unet-based ROM when shape and time parameters are varied arbitrar-
ily in steady and unsteady flow fields, respectively. To determine the appropriate number 
of modal coefficients, the energy or power spectrum of the basis vectors was analyzed as 
shown in Fig. 9 for the simulation data mentioned in Section 2.1.1. It can be observed that 
the initial modes capture a significant portion of the overall flow field information. The 
number of POD modes used in each model configuration will be specified in the following 
sections.

2.3.2 � Multi‑variate Gaussian Process Regression for mode interpolation

For the modal coefficients that are not included in the training data but are needed for the 
prediction at unseen conditions, either interpolation or extrapolation needs to be calcu-
lated for accurate reconstruction of the flow fields. Whereas the flow at future time steps is 
always on the extrapolation, those of unknown shape or at unseen flow conditions can be 
predicted by the interpolation or the regression out of the modal coefficients.

Gaussian Process Regression (GPR) is a supervised learning method popularly used in 
multi-dimensional interpolation, often called Kriging [38], named after a mathematician 

(10)F (µi) =



q(p1,µi)− q(p1)

...
q(pn,µi)− q(pn)


.

(11)F
T
Fvi = �i

2vi.

(12)



q(p1,µi)

...
q(pn,µi)


 ≈



q(p1)

...
q(pn)


+

d�

j=1

aj(µi)uj .
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Krige, and it is defined by mean and covariance function of training data [39]. The GPR is 
expected to select a function, out of all possible candidate functions, that best represents 
the exact response of the unseen input parameters.

In the present study, a Multi-Variate Gaussian Process Regression (MGPR) model is 
employed to calculate a set of mode coefficients at unseen test conditions, whose math-
ematical form is shown in Eq. (14).

  Where m(µ) and m
(
µ,µ′

)
 in Eq. (13) represent the mean and covariance of the input 

training data, respectively. The kernel function between two data points is formulated 
by the squared exponential kernel. The values of σ and l are determined by the maxi-
mum likelihood estimation among function candidates generated by Eqs. (13)-(15). To 
train the GPR model, a total of 15 variables, i.e., 13 shape parameters and 2 flow condi-
tions, were used as inputs, while the corresponding POD modal coefficients were used 
as outputs. In this case, 580 modal coefficients were employed, which corresponded to 
an energy level of 99.9%. The constructed POD-GPR model is compared with the pro-
posed CUnet for predicting transonic steady flow.

2.3.3 � Long Short‑Term Memory network for time series prediction

For time-series data and flow prediction at future time, the Long Short-Term Mem-
ory (LSTM) network is effective as a kind of Recurrent Neural Network (RNN) spe-
cialized in learning from sequential data, such as in natural language processing, and 
was proposed by Hochreiter and Schmidhuber in 1997 [40, 41]. Each LSTM module 
consists of neural networks called the cell state ( Ct ), forget gate ( ft ), input gate ( it ), 
and output gate ( ot ). The computations taking place within each neural network are 
as follows.

(13)f T =

[
f (µ1)

T , . . . , f (µm)
T
]
∼ MGP(m(µ), k(µ,µ′)).

(14)MGP(µ;m, k) =
1

(2π)d/2

∣∣k
∣∣−1/2

exp

[
−
1

2
(µ−m)Tk−1(µ−m)

]
.

(15)k
(
µ,µ′

)
= σ 2 exp

[
−
(µ− µ′)

T
(µ− µ′)

2l2

]
.

(16)ft = σ
(
Wf .[ht−1, xt ]+ bf

)
,

(17)it = σ(Wi.[ht−1, xt ]+ bi),

(18)C̃t = tanh(WC .[ht−1, xt ]+ bC),



Page 13 of 29Hwang et al. Advances in Aerodynamics            (2025) 7:12 	

where ht is the hidden state, which is an output of each module, and xt is the cell input. 
W  and b denote the weights and biases of each gate, respectively, and σ represents the 
sigmoid function. Based on this structure, LSTM is capable of processing time series 
problems by selectively combining or discarding old and new information according to 
the optimized weights.

In this study, LSTM was employed to predict the unknown flow fields of the future 
time steps based on the past time steps of an unsteady flow field. The training data 
consisted of the same windowed data described in Section 2.2.1, and the mode coef-
ficients extracted from the POD analysis were used to train the LSTM. According to 
a prior study [21] using POD-LSTM, adopting an excessive number of mode coef-
ficients during LSTM training can have a negative impact on a model performance. 
The less dominant POD modes with lower energy contributions exhibit highly oscil-
latory characteristics, which introduce noise into the prediction and degrade model 
performance. This phenomenon occurred in the same way in the results of this study, 
as shown in Fig.  10. Therefore, the final model was constructed using only 9 mode 
coefficients. The LSTM layer consisted of two layers, and the hidden size was set to 
20. A batch size of 1 was used, and the model was trained for a total of 5000 iterations 
with a learning rate of 10−4.

3 � Results and discussion
3.1 � Steady transonic flows with varying shapes and conditions of 2D airfoil

For 150 randomly configured test cases with varying shape, Mach number, and angle of 
attack as the parameters, the CUnet was used to predict the velocity components (u, v) 
and pressure (p) at transonic Mach numbers that were not tested for training. Models 
were generated for the two loss functions SL and GDL, respectively. These results were 
compared with those obtained from the POD-GPR method using the same test data. 
Figure  11 shows the predicted pressure fields for three randomly selected cases, and 
the contour plots of the absolute errors between the FOM solutions and the prediction 
results are presented in Fig. 12. Table 1 shows the velocity and pressure prediction errors 
in percentage.

As a result of the flow field prediction, CUnet with GDL exhibited the highest level of 
agreement with the FOM results. The average error for the entire set of test data, based 
on the pressure field, was 1.08%, with a minimum error of 0.33% and a maximum error 
of 3.04%. Moreover, it accurately predicted the intensity and location of shock waves, 
which are highly sensitive to the airfoil shape and flow conditions. When SL was used as 
the loss function, CUnet also demonstrated a small error of 1.46% and accurately pre-
dicted the shock waves. However, the contour lines appeared unstable as if the solution 
had not converged, and a striped pattern of errors around the airfoil was observed, as 

(19)Ct = ft .Ct−1 + it .C̃t ,

(20)ot = σ(Wo.[ht−1, xt ]+ bo),

(21)ht = ot .tanh(Ct),
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shown in Fig. 12a. Therefore, the absence of these phenomena in the model with GDL 
suggests that training the AI model to learn the gradients between adjacent data points 
is effective in improving accuracy in flow field prediction. Lastly, POD-GPR exhibited 
the poorest prediction results. Although it performed well for the first case, which had 
minimal shock wave occurrence, it showed reduced prediction accuracy for cases with 
strong shock waves, as seen in the third case. This can be attributed to the mathematical 
limitations of the linear POD approach, which fails to adequately capture the disconti-
nuities and nonlinearities in the training data. While this study focused on structured 
grid-based data, it is expected that future extensions to flow field prediction using Graph 
Neural Networks (GNN) [42] can be applied to handle unstructured grid-based data, 
with the computational cost to create and train the GNN being another issue as well as 
the solution accuracy, which the present Conditional Unet does not suffer much.

Another objective of this study is to investigate the cost efficiency of the AI-based 
ROM for optimal design using. The performance metrics of design (lift and drag coef-
ficients) require precise information of surface flows, and therefore, the ROM should 
predict them accurately. Figure 13 shows a comparison between the extracted surface 
pressure distribution from the previously predicted flow fields and the corresponding 
FOM results. In Table 2, the accuracy of CUnet is notably superior in predicting sur-
face velocity and pressure of steady flow compared to the POD-GPR method. The data 
presented in Table 2 elaborates on the relative prediction errors for the u, v, and p com-
ponents, substantiating this assertion. The relative prediction errors for u, v, and p com-
ponents using the CUnet with GDL and SL models are demonstrably lower than those 
recorded with POD-GPR. For example, the average prediction error for the u component 
is 0.87% and 1.05% for CUnet with SL and GDL, respectively, which is 0.29% and 0.11% 
lower than the 1.16% noted for POD-GPR. This trend of reduced error margins contin-
ues with the v and p components, enhancing the accuracy and reliability of predictions.

In the prediction of surface pressure distribution, the CUnet with SL, which places 
greater emphasis on the accuracy of the surface flow field, demonstrated the highest 
accuracy. As shown in Fig. 13a, the results of CUnet exhibit excellent agreement with the 
FOM results. The CUnet with GDL also showed considerable accuracy in the prediction 

Fig. 8  Geometrical interpretation of Gradient Difference Loss
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but with a slight increase in error due to the reduced weight onto the surface loss com-
ponent. Similar to previous findings, the POD-GPR performed well in predicting the 
pressure distribution outside the shock wave region but showed limitations in accurately 
predicting the location and the strength of shock waves. Consequently, the proposed 
CUnet in this study accurately predicts flow fields with a wide parameter space, such as 
shape and flow conditions, while incorporating discontinuous physical phenomena like 
shock waves.

3.2 � Steady transonic flows with varying conditions of Onera M6 wing

From a dataset of 253 data cases, composed of randomly sampled flow conditions at 
transonic Mach numbers from 0.8 to 1.2 using Latin Hypercube Sampling on the same 
geometry, three data cases were used as test cases. The CUnet was employed to predict 
the pressure components (p) and pressure coefficients at untrained Mach numbers of 
0.83, 0.95, and 1.17. These results are visible in Fig.  14a, while Fig.  14b calculates the 
relative prediction errors between the pressure fields obtained from CUnet and those 
from the FOM. Figure  15 compares the distributions of pressure coefficients at Mach 

Fig. 9  The energy spectrum for a basis vector and cumulative energy level of steady flow (left) and unsteady 
flow (right) data

Fig. 10  Temporal mode coefficient prediction results according to the number of POD modes used for LSTM 
learning. Each model was trained using mode coefficients of 9 (energy level of 99%) and 98 (100%)
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0.95, where the largest relative errors were observed in Fig.  14b, between FOM and 
CUnet. As shown in Fig. 15, the differences in pressure coefficient distributions between 
CUnet and FOM are minimal, demonstrating that CUnet is an applicable technique for 
3D geometries.

3.3 � Unsteady flows with high angle of attack

Unsteady flows for unseen time steps over a high AoA airfoil were predicted using 
the CUnet. While unsteady turbulent flows of wind-turbine flows were solved using 
the conditional Convolutional Autoencoder method [43], we only demonstrated the 
airfoil flows in the present study. Out of the total 140 time steps, 98 steps were used 
for model training, and the remaining 42 time steps were used as test data. The GDL, 
which is advantageous for predicting the overall flow field, was employed as the loss 
function. The proposed model was compared to the POD-LSTM to validate its perfor-
mance. Figure 16 illustrates the velocity field predictions by two ROMs and the corre-
sponding results of FOM at three time steps. Figure 17 compares the velocity variations 

Fig. 11  Pressure fields predicted by CUnet with SL, CUnet with GDL, and POD-GPR at different Mach 
numbers and angles of attack
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throughout the entire tested time steps at three points located in the downstream region 
for more detailed analysis. Figure 18 compares the pressure coefficient distribution plots 
between FOM and ROM models at three different time steps. Figure 19 represents the 
contour plots of the absolute errors between the FOM results and the ROM predictions. 
Table 3 presents the relative prediction errors for the u, v, and p components for both 
the POD-LSTM and CUnet with GDL models, allowing for a clear comparison of the 
latter’s advantages. The average prediction error for the u component is nearly identi-
cal between the two models, with POD-LSTM at 0.41% and CUnet with GDL at 0.42%, 
demonstrating a marginal difference of just 0.01%. However, in terms of minimum error, 
CUnet with GDL shows superior performance at 0.06%, which is 0.18% lower than 0.24% 
for POD-LSTM.

The contour plots of the flow field in Fig. 16b demonstrate that CUnet accurately cap-
tures the periodicity and shape of the wake flow over time. Furthermore, it accurately 

Fig. 12  Absolute errors of pressure fields predicted by CUnet with SL, CUnet with GDL, and POD-GPR at 
different Mach numbers and angles of attack

Table 1  Relative prediction error of velocity and pressure in the entire domain of steady flow (from 
Figs. 11 and 12)

u (%) v (%) p (%)

Avg. Min. Max. Avg. Min. Max. Avg. Min. Max.

CUnet with SL 2.04 1.34 6.55 1.57 1.06 3.25 1.46 0.86 4.58

CUnet with GDL 1.51 0.56 5.72 1.01 0.45 2.25 1.08 0.33 3.04

POD-GPR 0.55 0.04 1.93 1.27 0.28 4.44 3.98 0.31 13.76
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predicts the vortices formed by flow separation on the airfoil surface. However, it is 
important to note that despite the model’s proficiency in handling complex flow dynam-
ics, the U-net architecture inherently accumulates errors over sequential predictions. 
This is particularly noticeable in Fig. 18 at higher time steps where the dependency on 
prior outputs introduces slight deviations in accuracy. As evident in Fig. 19, there is a 
slight accumulation of errors over time due to the nature of using the output of the pre-
vious time step as the input for the next step. As shown in Fig. 20, over time, the Unet 
exhibits a relatively greater accumulation of errors compared to the LSTM model. The 
relative error of the figure was calculated according to Eq. (22), where N represents the 

Fig. 13  Surface pressure coefficient distribution predicted by CUnet with SL, CUnet with GDL, and POD-GPR 
at different Mach numbers and angles of attack

Table 2  Relative prediction error of surface velocity and pressure of steady flow (from Fig. 13)

u (%) v (%) p (%)

Avg. Min. Max. Avg. Min. Max. Avg. Min. Max.

CUnet with SL 0.87 0.29 3.83 0.40 0.21 1.18 0.69 0.21 2.43

CUnet with GDL 1.05 0.35 4.21 0.59 0.31 1.46 0.87 0.26 3.70

POD-GPR 1.16 0.12 4.11 1.13 0.40 3.20 3.73 0.42 12.67
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total size of the grid. This issue can be mitigated by incorporating an Attention mecha-
nism [44] into the skip connections of Unet. Comparing the results of CUnet with the 
POD-LSTM model specialized in time series prediction, no significant differences are 
observed. These results are meaningful in showing that unsteady flow prediction is pos-
sible only with a CNN-based model without using an additional RNN-based model. 
The advantages lie in not requiring additional dimensionality reduction models for flow 
field learning and enabling faster predictions compared to RNN-based models due to 
their parallelizability. In this study, the prediction focused on the relatively simple vor-
tex-shedding flow around an airfoil. However, future research should explore the appli-
cation of the proposed CNN-based method to more complex periodic flows involving 
rotation or pitching motions. Also, similar to previous studies, input data computed by 
the FOM solver is used for the initial flow prediction. However, the steady CUnet archi-
tecture demonstrated in Section 3.1 can be utilized as a pre-conditional model for gen-
erating initial input data, which holds the potential to overcome the limitation of relying 
on FOM solver outputs for initial flow prediction.

Fig. 14  Pressure contour and its relative error of the wing surface predicted by CUnet with GDL

Fig. 15  Comparison of the CP plot at three span-wise locations on the wing surface at Mach 0.95
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3.4 � Comparison of cost efficiency

Table 4 shows the total computation time required for predicting steady and unsteady 
flows using ROMs compared to FOM CFD calculations. The simulations were performed 
on a computer with an Intel i5-12400F CPU and an NVIDIA GeForce RTX 4090 GPU. 
When using the same computer architecture, the FOM solver took 280 s to compute a 
single case of steady flow, whereas CUnet only required 0.142 s, which is approximately 
0.05% of the CFD solver. Furthermore, the computation time for unsteady flow using 
CUnet was 0.136  s, showing a similar level of cost reduction compared to the steady 
flow case. Based on these results, CUnet in this study demonstrates significantly higher 

(22)MeanRelative Error =
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Fig. 16  Velocity fields predicted by CUnet with GDL and POD-LSTM at different time steps

Fig. 17  Prediction of u velocity according to time steps at three different points in the wake area
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efficiency compared to the FOM CFD, considering the same computational resources, 
and enables near real-time flow prediction. With verified accuracy and efficiency, CUnet 
holds potential not only for optimal design, but also for future applications such as digi-
tal twin and extended reality (XR) simulations.

3.5 � Design application: multi‑point shape optimization of transonic airfoil

3.5.1 � Definition of design problem

A multi-point design optimization of airfoil shape at transonic flow conditions is car-
ried out using the CUnet model. The benchmark multi-point design problem, previously 

Fig. 18  Surface pressure coefficient distribution predicted by CUnet with GDL and POD-LSTM at different 
time steps

Fig. 19  Absolute errors of velocity fields predicted by CUnet with GDL and POD-LSTM at different time steps
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solved by Drela [45] and Nemec et al. [46], presented challenges due to the increasing 
number of objective and constraint functions with the number of design points and the 
high cost of FOM CFD for the function evaluation. A major advantage of the present 
study is the dramatic reduction of computational cost by utilizing the ROM. It becomes 
more effective in multi-point design optimization in which the direct use of the FOM 
CFD calculation is nearly impossible. However, it should be noted that to best utilize the 
present ROM model, the objective or constraint functions that involve the entire solu-
tion field such as the inverse design of target pressure or velocity field can be used, which 
is left for future work.

For the optimization process, the NSGA-II algorithm [47], a gradient-free optimiza-
tion method, was employed. The design points are selected at four Mach numbers of 
0.68, 0.71, 0.74, and 0.76. The RAE 2822 airfoil was chosen as the baseline, and shape 
variations were applied using the Hicks-Henne bump function. The design variables 
included the magnitudes of 13 bump functions applied at predetermined locations on 
the airfoil surface and four AoAs for each design condition. To define the objective 
functions, target values for lift coefficient ( CL,t ) and drag coefficient ( CD,t ) were pre-set. 
The objective functions JD and JL , formulated in Eqs. (23) and (24), aimed to minimize 
wave drag while maintaining the lift coefficient at a desired level. The value of CL,t was 
carefully chosen within the feasible range obtainable by the CUnet, while the value of 
CD,t was deliberately set as unattainable to allow for sufficient minimization of drag 
coefficient.

The objective function JD focused on drag reduction at the four design Mach numbers, 
with individual weights assigned as 1, 1, 2, and 3, respectively. Conversely, JL aimed to 

Table 3  Relative prediction error of velocity and pressure in the entire domain of unsteady flow 
(from Figs. 16 and 19)

u (%) v (%) p (%)

Avg. Min. Max. Avg. Min. Max. Avg. Min. Max

CUnet with GDL 0.42 0.06 0.92 2.40 0.24 4.34 0.18 0.02 0.48

POD-LSTM 0.41 0.24 0.74 2.28 1.25 4.27 0.13 0.07 0.28

Fig. 20  Mean relative error of pressure values predicted by Unet and LSTM
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maintain the lift coefficient without reducing drag, with all weights set to be identical. 
Finally, a combined objective function, Jm , was formulated in Eq. (25) as a weighted sum 
of JD and JL , with a scaling weight of 10−4 to achieve similarity in the magnitude of the 
two objective function values.

To validate the results of the multi-point design optimization, a single-point shape 
optimization was also independently carried out. A constrained optimization with an 

(23)JD =

4∑

i

wi

(
1−

CD,i

CD,t

)2

,

(24)JL =

4∑

i

(
1−

CL,i

CL,t

)2

,

(25)minJm = wmJD + JL,

(26)subject to
CL,t = 0.733,
CD,t = 0.003,
xl ≤ 0.

Table 4  Comparison of runtime required for steady  and unsteady flow prediction with FOM CFD 
and ROM models

Method for steady flow Runtime (sec) Method for unsteady flow Runtime (sec)

FOM CFD (1 case) 280 FOM CFD (1 time step) 186

CUnet Training 3,376 CUnet Training 2,768

Prediction (1 case) 0.142 Prediction (1 time step) 0.136
POD-GPR Training 600 POD-LSTM Training 1,412

Prediction (1 case) 0.127 Prediction (1 time step) 0.139

Fig. 21  Schematic diagram of the design process
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explicit form of the CL,t was conducted with the objective function of CD . The target 
Mach number is 0.74, with the target lift coefficient of 0.733 being the same as that of 
the multi-point optimization.

Figure 21 shows the schematic of the entire optimization process for the design, where 
the FOM CFD evaluations are replaced by the CUnet model to enable nearly real-time 
cost benefit. A new design candidate returned by the NSGA-II at each design iteration 
provides the flow solution field as well as the aerodynamic performance at the computa-
tion cost of a fraction of a second by the CUnet model. Hyper-parameters used for the 
optimization algorithm are summarized in Table 5. The maximum design iteration is set 
at 3,000, and the initial population contains 100 airfoil shapes selected randomly from 
the database of 2,000 candidates. During each design iteration except for the 1st genera-
tion, a total of 20 offspring of new design candidates are generated to produce the best 
fitness in the next generation.

3.5.2 � Design results

Design results from the single- and multi-point optimizations are shown in Fig.  22, 
with detailed comparisons between the baseline and the optimized configurations 

(27)minJs = CD,

(28)subject to
CL,t = 0.733,
xl ≤ 0.

Table 5  Parameters for optimization algorithm

Design iterations Crossover prob. (%) Mutation prob. (%) Population no. Offspring 
no.

3000 60 10 100 20

Fig. 22  Pressure coefficient distribution and airfoil shape at M = 0.74, CL = 0.733 obtained by single-point 
optimization (left) and multi-point optimization (right)
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with respect to the surface pressure coefficient distribution and airfoil geometry. The 
optimal solutions obtained by the CUnet model are validated by the FOM CFD calcu-
lation, and the prediction error in the drag coefficient is as little as 2%.

In Fig. 22a, for the design achieved by the single point optimization, shock strength 
seemed greatly reduced and the resultant wave drag was also reduced by 50.59% at 
Mach 0.74. The optimal shape obtained through the multi-point optimization also 
reduced the shock wave, shown in Fig. 22b, but it did not completely disappear, and 
the drag coefficient was reduced by a slightly smaller value of 37.38%. However, as 
can be seen in Fig. 23a, an increase in drag coefficient was observed at the off-design 
Mach numbers of the single-point optimization results. For the Mach numbers lower 
than the design point (M = 0.74), the drag coefficient was increased by 6% on aver-
age, whereas the amount of reduction was relatively smaller at the Mach number 
higher than the design point. This clearly highlights the disadvantage of the single-
point design, where the optimal performance targeted at the single design condition 
can easily deteriorate. On the other hand, the optimal airfoil designed by the multi-
point optimization does not show performance deterioration at the off-design Mach 
numbers, and a larger reduction in the drag coefficient was observed at high Mach 
numbers through large weights imposed on the objective function. Figure 23b shows 
the comparison of the lift-to-drag ratios from the two design results, and the overall 
performance of the optimal airfoil obtained by the multi-point optimization shows 
improvement with respect to a wide range of Mach numbers.

Furthermore, it is noteworthy that the utilization of the CUnet model for design 
purposes demonstrates both accuracy and effectiveness, particularly in achieving a 
remarkable reduction in computational cost. The optimization process involved a 
total of 60,000 function evaluations conducted over 3,000 design iterations, which 
necessitated CPU time of 1.94 h for single-point optimization and 2.37 h for multi-
point optimization. In contrast, if the FOM CFD approach was directly employed 
in the present design optimization using the same computational platform, it would 
demand 194 days for single-point optimization and 776 days for multi-point optimi-
zation. Consequently, it becomes evident that the CUnet model empowers practical 
design optimization by leveraging readily available standard computing resources, 

Fig. 23  Distribution of drag coefficient (left) and lift-drag ratio (right) according to Mach number at 
CL = 0.733 
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thereby significantly diminishing computational expenses while concurrently deliver-
ing optimal solutions with utmost accuracy.

4 � Conclusions and future work
A CUnet model has been developed, enabling rapid prediction of flow fields for various 
conditions: shape, Mach number, AoA, and time. This model has been employed to pre-
dict steady transonic flows with various shapes and flow conditions, as well as unsteady 
flows generated by a high AoA airfoil at 16 degrees. The distinctive feature of this model 
lies in its direct utilization of discrete solution points obtained from CFD solvers during 
the training process, without the need for interpolation or extrapolation, thereby avoid-
ing unnecessary loss of accuracy. Additionally, a layer capable of incorporating flow con-
ditions and time steps was added to the existing Unet architecture. The steady transonic 
flow predictions using the developed model exhibited an average error of approximately 
1% when compared to FOM CFD solutions across the entire range of random shapes, 
Mach numbers ∈ [0.6, 0.8] , and AoA ∈ [0◦, 3◦] . Notably, the model accurately predicted 
the position and intensity of shock waves, which are highly sensitive to input conditions. 
For unsteady flow predictions using the CUnet, the average error was also below 1%, and 
the behavior of the flow affected by flow separation was faithfully captured. These results 
demonstrated superior accuracy compared to widely used ROMs such as POD-GPR and 
POD-LSTM. Furthermore, the flow field predictions using CUnet required only a frac-
tion of time, approximately 0.1 s, which corresponds to a mere 0.05% of the computation 
time required by the FOM CFD solver. To show an example of the application of the vali-
dated model, multi-point optimization was performed at four different Mach number 
design conditions. Since CUnet provides solutions at the same grid points as FOM CFD, 
its outputs can be directly used for aerodynamic coefficient calculations. The results of 
multi-point optimization exhibited performance improvements across the entire Mach 
number range, in contrast to the degraded performance observed in single-point opti-
mization under off-design conditions. Notably, despite utilizing a non-gradient-based 
algorithm, the computational time for this experiment was only 2.37 h. In comparison, 
the use of FOM CFD would require an estimated 776 days, assuming equivalent com-
putational resources. Based on these findings, the developed CUnet model was dem-
onstrated to calculate flow solutions in real-time with nearly the same level of accuracy 
as the FOM CFD solver used for training, thus highlighting its applicability in optimal 
design. This signifies a potential expansion of CFD simulations, which have been lim-
ited due to computational cost constraints, into engineering and industrial fields such as 
digital twins and extended reality (XR).

The framework developed in this study exhibits several limitations. We have directly 
applied CFD data generated from structured grids to the training of the deep learning 
model, successfully avoiding interpolation errors due to pixelation and the generation of 
artificial roughness on the airfoil surfaces. However, the present method is sensitive to 
the mesh topology, and the generation of body-fitted curvilinear grids for more complex 
geometries is highly challenging. A Cartesian grid with more accurate representation 
with the geometry surface can directly benefit from the present method. Additionally, 
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due to the limited range of design variables used in the training data, some shock waves 
still persist on the optimized airfoil. Expanding the range of design variables necessitates 
additional training data and costs, a chronic issue in data-driven methodologies. There-
fore, future efforts will focus on incorporating physics-informed loss functions [48, 49] 
to reduce the quantity of training data and to explore the possibilities for extrapolation.
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