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Abstract: We consider the a-mean curvature flow for convex graphs in Euclidean space. Given a smooth,
complete, strictly convex, non-compact initial hypersurface over a strictly convex projected domain, we derive
uniform curvature bounds, which are independent of the height of a graph, to give C*-estimates for convex
graphs. Consequently, these height-independent estimates imply that all the derivatives for level sets converge
uniformly. Furthermore, with these estimates on level sets, the boundary of the domain of a graph, which
demonstrates the behavior of level sets as the height tends to infinity, is shown to be a smooth solution for the
a-mean curvature flow of codimension two in the classical sense.
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1 Introduction

We consider a one-parameter family of immersions X(-, t) : M" - R™! n > 1, where M" is an n-dimensional
complete Riemannian manifold, and its evolution in time is governed by the power of the mean curvature H
on Z; = X(M™, t) satisfying

1), ¢

T _yga

™ H%w, for a>0, LD
Lo = X(M™M, 0),

where Vv is the outward unit normal to X;. We refer to the solution of (1.1) as that for the a-mean curvature flow.
One may regard this as a perturbation to the mean curvature flow, and such an approximate behavior can be
observed in physics and engineering. In this article, we consider non-compact complete convex graphs in
Euclidean spaces. The case of a =1, i.e,, the mean curvature flow of graphs, has been actively studied,
especially since the seminal articles [6] and [7] by Ecker and Huisken were published. Since then, many works
followed, including [17] and [20], where they obtained the smooth long-time existence of the graphical mean
curvature flow, and also showed that the projection of the graph onto its domain is a weak solution of the
mean curvature flow. Furthermore, in [8], the long-time existence of a convex entire graph for the a-mean
curvature flow has been obtained under some conditions on the normal vector v. For the flows given by
curvature functions with degree of homogeneity greater than or equal to one and certain types of inverse
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concave curvature functions, the long-time existence was proved in [14]. More recently, for a mean convex
hypersurface, its long-time existence was proved in [18]. However, with a lack of uniform estimate, these imply
only the existence of a weak solution for the boundary of the projection of the hypersurface.

As an example of other extrinsic curvature flows on graphs, we refer to [4] for the evolution of complete
non-compact strictly convex hypersurfaces by the a-Gauss curvature flow for any positive a. One can deduce
that the projection of the hypersurface onto its domain evolving by the a-Gauss curvature is stationary since
the Gauss curvature vanishes when the smallest principal curvature is equal to zero. Another one is the
Qi flow, 1 < k < n, on complete non-compact graphs where its speed is the quotient of successive elementary
symmetric functions of the principal curvatures. If the initial hypersurface has positive Q,, then the long-time
existence of a complete convex solution for such flow was proved in [3]. Note that the estimates for the
curvature of graphs in these studies are local and depend on the height of a graph. Our estimate for an upper
bound of the curvature is independent of the height, as shown in Section 4.3. In this article, we take regularity
theories of classical solutions in partial differential equations rather than the measure theoretic point of view
to obtain uniform curvature estimates and uniform regularity before the maximal time.

For closed convex hypersurfaces contracting by powers of the mean curvature, one can find the details in
[21] and [22]. It is noteworthy that for compact initial data, the convexity estimate was obtained in [21] using
the concavity of some quotient of elementary symmetric polynomials and a smooth approximation to the
minimum value for principal curvatures. In this article, without using these properties, a convexity estimate,
which follows from the curvature estimate, is derived by controlling the third-order derivatives in Section 5,
and this estimate is valid in the compact case. In fact, one shall see that mean convexity is preserved in
Section 4. Also, we shall obtain upper and lower curvature bounds for moving sub-level sets. Moreover, using a
cut-off function within a level strip, we obtain a uniform upper bound for the mean curvature independent of
height. To capture the asymptotic behavior of level sets as the height goes to infinity, we consider a horizontal
support-like function for each fixed level set, and the monotone property of level sets allows us to obtain global
uniform estimates of noncompact hypersurfaces independent of the height of the graph. Once these estimates
established, one can show that as the height approaches infinity, the level set follows the mean curvature flow
of codimension two with small error. This approach may provide a way to analyze possible singularities at
infinity for noncompact hypersurfaces and possibly for non-convex hypersurfaces.

Throughout this article, we adopt the Einstein convention and sum over repeated indices. Also, we write
C(ay, ...,ax) for a positive constant depending only on its arguments aj, ..., ax. The alphabetical indices i, j, k,
and [ run from 1 to n unless stated otherwise. In a local coordinate system {x, ...,X}, the induced metric and
the second fundamental form are given by

_/oX X ] X
- \ax o) M T\ axia )

respectively, where (-,-) is the standard inner product in R**! and v = -n is the outward unit normal vector to
%;. In terms of these, the Weingarten map ‘W is given by

W = (h) = (g%hy),

with its eigenvalues 4, ..., A,, where gif is the inverse matrix of 8- Often, we will write A for ‘W throughout.
Then, the mean curvature H is given by trace(h}) = Yicicnhi. Let €44 = €0, ...,0,1) € R™1, We denote by
u = (X, e,+1) the height function of the graph and the gradient function by v = (n, €,.1)"". The support function
S is given by (X, v). Furthermore, let

L=al""A, (YY), = aH*gI%f Vif,
IVf1z = V. e, IV = 89SV,
for smooth functions f and f defined on M™. With abuse of notation, the inner product (*,")g with respect to
the metric g is simply written as (-,-). Also, a nonnegative part f, of a function f is defined by f, = 0 for f< 0

and f, = f for f> 0. For a set U, its closure is denoted by cI(U). Denoting by 7 the canonical projection of R"*!
onto R™; (X, ...,Xp+1) = (X, ...,X) € R", we let
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Qi =m(Xy), TI;=09,
=L n{Xe R™1: X1 = (X, epq) < 2}, 1.2)
Q7 =n(z), T7=aQr

We shall refer to Q; as the domain of a graph hypersurface I;. Also, let T* be the maximal time for the smooth
solution of the a-mean curvature flow with the initial surface Iy, i.e., T* is the first time when the curvature
blows up. Note that for n > 2, T* < » if Ij) is bounded. As in [4], typical cases of initial hypersurfaces and their
domains are shown in Figure 1.

In this article, we obtain global C* estimates for principal curvatures. We write ||Zo||c2 for supy, |A].

Proposition 1.1. Let a > 0, and let £, 0 < t < T, be an evolution of a complete, non-compact, strictly convex
graph X, by flow (1.1). Then, there is a constant Cy depending only on n, a, T, and ||Z||c2 such that

sup A(X) < G,.

Yeb N (1.3)

i=1,..,n

Remark 1.2. The results in the existing literature provide local estimates that hold within a finite region, i.e.,
the region where u < ¢ for some constant c. This implies that the level sets converge to a weak solution. The
estimates in this article, on the other hand, are global estimates in a fixed direction e,.;. Note that the results in
[6] and [7] include the case of entire graphs for a = 1.

Using Proposition 1.1, one has the following theorem. Its proof is given in Sections 7 and 8.

Theorem 1.3. Let X, : M™ — R™*! be an immersion, and let £, = Xo((M™) be the initial strictly convex complete

non-compact smooth hypersurface. Suppose that %, is a graph given by a function u, : Qy ~ R defined on a

strictly convex smooth domain Qy C R", and that Qf is bounded for each z. Then,

(i) there exists a complete non-compact smooth and strictly convex solution &, = X(M", t) of (1.1) in the time

interval [0, T] for which there exists a ball B, of radius p, > 0 in Qr. Also, u(:, t) can be defined on Q; and
u < z onQf. In addition, the maximal time T* is the supremum of such T’s. In other words, T* will be the first
time at which Qr+ = N<r*Q, cannot enclose a ball B, of radius p > 0.

(i) 0Qf converges uniformly to 9Q; as z — « in any Ck-norm.

(iii) T, = 0Q; evolves under the (n — 1)-dimensional a-mean curvature flow in R™, i.e., the a-mean curvature

flow of codimension two, and the maximal time of the solution I; coincides with T*.
(iv) In addition, strict convexity of L, is preserved. Furthermore, one also has strict convexity for 0Q; = I.

N

Io

Qp = R" Bounded Qg Unbounded Q)

Figure 1: Domains of projection.
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Remark 1.4.
() If the domain Q; is entire or encloses an arbitrarily large ball, then one may choose any T > 0 in (i) of

Theorem 1.3. In this case, the maximal time T* is infinity.

(i) For each z, Qf is bounded but Q, can be unbounded.

(iii) As noted in [4], a complete noncompact locally uniformly convex hypersurface can be expressed as a
graph by the result in [26].

(iv) The hypersurface X; is strictly convex, but not uniformly strictly convex since the smallest principal
curvature Apin tends to zero as the height of the graph approaches infinity.

Remark 1.5. In [3], the maximal existence time of Q,-flow is discussed in detail, and it is shown that such time
depends on the number dyy = n + 1 — dim(V'), where V denotes a vector space {w € [R"”|supxezo|(X, W)|<+o00},
For the a-mean curvature flow, one can examine whether maximal time is finite depending on the bound of dy,
more precisely, whether dyy is less than n, the dimension of the hypersurface. This is to be seen in a future work. In
this article, we consider the existence of the a-mean curvature flow as long as the projection, i.e., the domain of
definition of the graph, contains an open ball.

This article is arranged as follows. In Section 2, evolution equations for tensors and scalar quantities are
derived, and in Section 3, a gradient estimate is derived. In Section 4, one has an upper bound for H for level
sets of finite height and that for the level strip of any height, and in Section 5, a lower bound for the smallest
principal curvature. In Section 6, one has higher regularity of the flow, and as in [4], one has the long-time
existence of the solution for (1.1) in Section 7. Finally, in Section 8, by considering a horizontal support-like
function, it is shown that the estimate for hypersurfaces is reduced to a curvature estimate for codimension
two as the height of a graph goes to infinity, and therefore, the boundary for the projection of the hypersurface
evolving by (1.1) satisfies the a-mean curvature flow of codimension two.

2 Evolution equations

In this section, we obtain the evolution of the quantities related to the curvature of the hypersurface X;. The
computation for general curvature flows can be found in [1], and some are repeated in [10,21,22].

Lemma 2.1. Denote £ = aH'A, ki = gikh/, |AP = Rihy, (h%); = hychf, and b¥ = (h™)J, the inverse matrix of the
second fundamental form hy. Let S = (X, v) be the support function of the hypersurface %,. Under the parabolic
flow (1.1), one has

0g;i
M 5, = -2Hy,
[/ — oX
@ 2 = VH,
@) 22 = £hy + ala - DHVH VH - (@ + DH R}y, + aHo APy,
4) oHT _ LH® + q |A|2H2a_1,

at
(5) 2 = Lv - 2aH" W [V - aH ! APy,
(6) ‘Z—I; = Lu+(1-a)HW7,

() & = £S5~ 1+ @)H" + aH* ! |APS,

®) "a—”f = LbV - a(a - DH"2p*DIHVH ~ 2aH* thy Vb PV*DI + (a + DHSY.

Proof. Equations (1) and (2) can be found in [21]. Let F = H* be the speed of the flow. Equations of a curvature
flow with the speed F (see Theorem 3.7 in [1]) is given by

oh; . . .
6_tl/ = PNy + B BhiaWhys + EXThgh g = Riah™hag] = Fh"hy, 2.1
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. 2
s = L por flow (1.1), one has

Rkl OF
where F* = ha and ol

FY = agegl,  FM = q(a - DHO2gigH, @2

Equations (3) and (4) follow from (2.1). For u = (X, ep1), one has

B[O ) =
at \at’ M ’ @.3)
Lu=aH"YAX, ey.1) = aHW ™,
which yield
ou ~
o = Lur (- OHY 24)
From the definition v = (n, e,.1)™, one has
ov PR _
Tl Lv - 2avTHTT W) - avHT T AP (2.5)
Also, one can easily compute
oS 0 X
—=—(X,v)=-H+ aH“‘1ViH<X, —>
ot ot oxt
aX (2.6)
VV;S = h; + Vih/k<X, W> + Wha(X, m),
and therefore, one has
as .
o LS - (1+ )H* + aH* ! |APS. 2.7
Finally, one obtains the evolution of b¥ from that of h;: since
LbY = ~b*pl Lhyg + aH* D™bPYIAGHY hyy Uik + aHY DPHIMhagKY, by ViR, 2.8)
one has
abi}' bij a—zbikbjl a-1p v kbjl
ot =LbY - a(a - 1)H ViHVH - 2aH plvk Vv 2.9)
+ (a + DH YT - aH 1 |A[2bY. U

3 Gradient estimate

In this section, we show that a smooth hypersurface remains a graph under flow (1.1) within the class of
smooth solutions to the a-mean curvature flow by showing that the gradient function is locally bounded. For
some large constant M, consider the following cut-off function ¢, with varying height to derive a local gradient
estimate:

¥y (p, ) = (M = yt = u(p, 1)), 3.1)

where y is a constant to be determined later. Here, considering u - infy u, we assume that infyu = 0. Then, the
evolution equation of i, on its support follows from Lemma 2.1:

%I/JV =Ly, + (a-Dv'H" - y. (3.2)

Reminding the notation in (1.2), we write
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T = Uose<TZe % {t},

) 3.3)
M = Upeesr(E 7 x {8}),

for a space-time track of level sets, and denote by (Z¥), the time section of M with respect to t, i.e.,
(M), = 2", Then, one has an upper bound for the gradient v.

Theorem 3.1. Let a > 0. The gradient function v = (n, e,.1)"! of a solution X, to (1.1) satisfies the estimate

supv < (1 - ) max
ZOM

(a - 1)+nﬁ
supv(-,0), ——————— . (3.4)
o (a+ 1)(yMa>m]

Proof. From Lemma 2.1 and (3.2), one can obtain the evolution equation of Z = l,byv,

P P P
_Z= — v + yv—
a2 Ve VoW

(3.5

a
=9, [Lv - 2avHT W - avH T AP] + v Ly, +

1
H® - y}
= L7 - 2vXVZ, W), — aZ |APH* + (a - 1)H® - pv.

Note that Z has compact support in M" x [0, T] and suppose that Z attains its maximum at (p,, t,) with ¢, > 0.
At (p,, to), one has VZ = 0 and (3.5) yields

)
(2 S QZ|APH + (@ - DH" - pv. (3.6)

Case 1. For 0 < a < 1, one has a contradiction in (3.6) and thus (3.4) holds.
Case 2. For a > 1, using n |A* =2 H?, one may write (3.6) in the form

a l+a 1
a (ZH)<e« 1 (pv ]1+a<1+“)
+ _— + — <a- 3.7
Ara n] 1+alHC a-1 S
and then, it follows from Young’s inequality that
7 \iva
1+a) - (yW)a < a-1. (3.8)
1
By multiplying ¢'*%, one has at (p,, t),
1 1
_ n< 1+a _ T+a
< a-1 lpy < a 1[n“M ! (3.9)
a+1{ y a+ 1[ y
Then, the conclusion follows from the fact that (1 - )M < i, < M on M where 0 < 0 < 1. |

From Theorem 3.1, one has the following result about the graphical hypersurfaces:

Corollary 3.2. If an initial hypersurface £, is a smooth graph, then a smooth solution £, to (1.1) remains a graph.

4 Estimates for H

In this section, we prove that for any a > 0, there are local infimum and supremum bounds of H depending on
initial data.
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4.1 Lower bound for H
In the following lemma, one shall see that the mean convexity is preserved along the flow.

Lemma 4.1. Let a > 0. Given a constant 0 < 6 < 1, the mean curvature H of a solution X; to (1.1) satisfies the
estimate

1 —
inf H* > min ,inf HY = (1 - 0)cyy. 4.1
oM a-1 Z(I)"I
Proof. From Lemma 2.1, one can obtain
1
0 - L)ﬁ = —a |APH™ - 2H3VH % 4.2)

Recalling (3.2), one has

)
O - D)7E =0~ Dy + 20~ LY,

4.3)
2 ¥, > 2 ,
-—{(Vy,V— ) + M
’/’y< PUHC [, g HTE

Observe that W = ¢, H™* is compactly supported. Suppose that W attains its maximum at (p,, to) with to > 0. At
(Dy to), one has VW = 0 so that

1 2
— 217-1 -3 2 - — -1 - S 2
0 < y,(-a|APH™ = 2H3|VH[}) + 2o ((a = v H - p) + 4 H VY, 1% - (4.4)

Moreover, it follows from VW = 0 that [VH® [ = (H “/¢V)2|V¢y %. We simply take y = 1. Thus, at (P to), one
has

1
0< -, JAPH + (@ - DV - - 4.5)

Case 1. For 0 < a <1, (4.5) yields a contradiction so that the maximum of W occurs at ¢, = 0.
Case 2. For a > 1, it follows from (4.5) that

v 1
Haza—lza—l’ (4.6)
at (p,, to), and since 1/)V 2(1-6)M on ™ one has
% <W(p,t) < (a-1M, forall X(p,t) € LM, 4.7
Thus, one can conclude that
H%(p, t) = min 1- e,ian“’. (48)
a-1 g

4.2 Upper bound for H in finite regions

In this subsection, the constant y for the cut-off function ¥, in (3.1) is taken to be zero so that
Yy = (M - u(p, t)).. Denote by conv(X;) the convex hull of Z;. For =M let X, be the center of an n-dimensional
ball on E(M) = {X € conv(ZM)|u = M} referred to as the level domain, as shown in Figure 2. Recall the
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notation ZM = Ug<e<r(ZM x {t}) for y = 0 from (3.3). Then, one has the following local upper bound of H for
finite height u < M.

Lemma 4.2. Let a > 0, and let X; be a convex solution to (1.1) in M™ x [0, T]. Assume that the convex hull of L1
contains an (n + 1)-dimensional ball of radius p,. Given constants M and 0 < 0 < 1, the mean curvature H of %,
satisfies the estimate

a

Ry

= Coumr, 4.9
e - 4.9)

1
maxjsup H% C(n, a) —
M Pq

Z

4Ry,
H*S ———
W T a-erp,

where C(n,a) is some positive constant depending only on n and a, and Ry denotes the radius of an
(n + 1)-dimensional ball enclosing .

Observe that this estimate is for graphs of finite height. However, in Proposition 4.5, where the height
becomes large, we shall derive a curvature estimate, which is independent of the height.

Proof. Let p, = %pl and denote the support function of ¥, with respect to X, by S, i.e,, S = (X - Xy, v), where X,
is the center of an n-dimensional ball on E;(M) as mentioned earlier. Consider the following function ¢ defined
on M™" x [0, T] by

Hoye

= , (4.10)
S~ ho

¢

where 1, = (M - u(p, t)), until S reduces to 2p,. If the maximum of ¢ occurs att = 0, the result follows from
the fact that p, < S - p, < 2Ry and p, = %pl. Suppose that ¢ attains an interior maximum at (p,, t,). The
computation in this proof'is carried out at (p,, to). From the evolution of  in Lemma 2.1 with ), one can obtain

a a
% = Ly - a(a - DH Y (VP + (@ - Dayy v IH 4.11)

and

Z=M . E:(M)

Bpl(XD)°X0 Et(M)

Z=0. — -
Bounded Q) Unbounded Qg

Figure 2: Projections of ZM and the level domain E.(M).
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6¢) = l’b(;l a 2r72a-1
2 5-p (LH +a |APH@ )
5, (L% - &(a - DHOWY VY, P+ (@ - Dayy v HY) (4.12)
0
H%Yy
e 0)2 (LS - (1 + )H® + aH* 1 |A]2S).
Since V¢ = 0 at (p,, tp), one has
S - ap(S -
va= S Pgy 9 gs- Mv% @13)
Yy Yy 0
and also
by H® HeYyy 2HYYy
Lo=—"—LH" + Ly - LS+ VS, VS
P75 Po S=po W G- Po)* (S - )3< i
(4.14)
o2 ome vy, - B (e, vs), - Ly, vs).
S—py (S py) S-pf
From (4.14), replacing H* with ¢(S - py)y,“ and VH® with other gradient terms in (4.13), one can easily find that
wa Ha Hawa
Lo=———LH"+ Ly = 5 LS
S=po S=po Po) @15)
2aHa—1¢ He- 1¢ :
+ ———(VS, VY &) - vy o, Vi ®
BaS - py o T Ty e T
At (p,, to), using (4.12) and (4.15), one has
2aHa—1¢ He 1¢
S e VS, WY) + (VYy', Vi)
S —pp 0T g e
H2a—1¢61 aw
+a AR + 0 — 2 (1 + a)H® - aH" 1 AZS) (4.16)
5o, A G Al
Htl
rEraetiCh DH Y™ [V + (@ - Dayy v HO).
On the compact support of ¢, we have |X - Xo| < 2Ry. This, together with |Vi),| = |[Vu| < 1, gives that
KVS, Vi)l = Kh{“(X = Xo) VieX, Vighy)| @
S JAWIX = X = (X = Xo, V) [Vul < 2RylAl, '
and therefore, [(VS, V§ )| < 2ay);"~ 1Ry H using convexity, which implies that
2aHa—1¢ ¢2
-———(VS, V%) < 4a2R, .
0ES — po) < Yy) < 4d°Ru— g s (4.18)
Note that since n |A* > H* and H* = (S - py)¢1,“, one has
HZa—l HZa 1,5a H2a 1;Ha
U W s = - g W
S =Py (S -py (S - py) 19)
apy(S = ) . '
n a+l ¢ .

Combining (4.16), (4.18), and (4.19), one has
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4a%Ry ., X+ 1)(S - p)EVYR
0 < o ¢2 + 1+a0 0 ¢2 a
0 0 (4.20)

apy(S-p)t ... 1+a ., (a-Das-p)
- 0 a+10 ¢2 (11 + a ¢2+ a+1 : ¢2'
ny, 0 V¥

Since [V <1,v =1, p, < S - p, < 2Ry, and i, < M, multiplying (4.20) by ¢§+1¢-2+% gives that

1+
apy**

0<- 97 + (4a%Ry + (1 + M + (@ - 1):2aRy)p* + aX(a + 1)(S = py) . (4.21)

Note that one has that if —|a|x? + |b|x + |c| = 0 and a # 0, then x® < Cy(a)(|b/al® + |c/a|¥/?) for some constant
Co(a). Applying this to ¢/¢, one finds that

a-1

/ a a S - 2
6 < C'(n, G)IRM +aM + [ Po] ’ 4.22)
P | s Py
for some constant C’(n, a). Observe that p, < (S - p,) < 2Ry and Ry = p; = 2p,. From these, one has
a a
g < ELORy* MY & (4.23)
Py Py

Then, since H%(p, t) < ZC‘RMl/)O'“, the conclusion follows from the fact that ¢, = (1 - )M on oM, O

Remark 4.3. The estimate in Lemma 4.2 still holds for a closed initial hypersurface in which case Ry is bounded
and independent of M. Thus, one can take M sufficiently large to obtain supy H® < Cpl’l max{supy H p, “}. The
support function S has been widely used for flows of closed convex hypersurfaces since it was introduced for Gauss
curvature flow in [24] and for general curvature flows in [1].

4.3 Upper bound of H for large graph heights

In this section, one shall see that the upper bound of H for graphs with large heights does not depend on the
height of a graph but on its width of the compact support. For such bound, we introduce the horizontal and
vertical cut-off functions. Let the vertical cut-off function § = 1,1 be given by

U= M - ws, Y =u- M), (4.24)

with large constants M, and M-. Here, M, and M- become large as the height approaches infinity, and the
width M, - M- can be chosen in any scale. Moreover, let the horizontal support-like function S be defined by

$=X-Xp,v) =X - X v) = (X - Xo, V), (4.25)

where X = X = (X, e,:1)€041, V = V — (V, €,41)€q41 and X, is the center of a ball on the level set E,(M.), as in
Section 4.2, replacing M in Figure 2 with M_. Note that the height u and the gradient v may be large for graphs
with large height. We consider the case where the projection Qq of X, is smooth and strictly convex. For the
case of unbounded domains, let the horizontal cut-off function n be given by

n=[L* - |X - Xo - (X - Xo, enr)enilf = [L2 = |X = Kol (4.26)
where L 21 is a fixed constant. Then, for any 0 < t < t; < T, we consider the evolution of
Hal/jzfl,)m
oS- Po

(0 (4.27)

3



DE GRUYTER a-Mean curvature flow of convex graphs = 11

where r;,(to) is the radius of the largest (n — 1)-sphere with its center at 7(X,) enclosed by the convex hull Q{‘f
and p, = min{%rm(to), ((a + DneT)e*1 gL} for some small 0 < gy < 1.

Lemma 4.4. Let S, , and ) be as in (4.24)-(4.26). Then, one has

oS . . a-1

57 = LS8~ 1+ OH + aH M JAPS + 2aH |Vulf - 2 HY
alﬁza 20 -1,72a=2 g%, n20-1rrq- T2a-1 -

o =LV - 2022 - DHOP > VP2 + 4ap® ' HO L |Vu? + 2a(1 - @) "THY (1, - ¢), 4.28)
on* 2a -1 :
% = ana - %Ha—l |V,12a|2 + 4(1(1 — a)UZa—ISHa + 4a2’12a—1Ha—1(n - |vu|2)’

where |Vulf = hiVuVu.

Proof. From (4.25), one has
VS = (VX = (VX, eps1)ens1, v) + (X = X, Yv)
= —(VX, en1)(€ns1, V) + RFX - KXo, UX),
VS = ~(hyv, €ne)v! — (VX, enan IV, ener) + (VXX - Xo, ViX)

o (4.29)
+ WX = (UX, epar)enit, X)) — RE(X - Ko, hyev),
a$ N
o = CHW + (HY, e, v) + (X = Xo, VHVX).
From (4.24), one has
VY = —(VX, en)i. + (VX, ens),
UV = higv, epa)y. — 2%uViu — hi(v, en.1)y,,
oy (4.30)
— = g« -1 -
o = HVW - 0)
=L+ (1 - QHY(Y, - ¢) + 2aH |Vul?.
From (4.26), one has
Vi = =X - Xo, VX - (UX, €pe1)€ne1),
Vi = 2X - Xo, hyv) = 2VX - ViU €per, VX = ViUl €441)
= 28h; - 2g; + 2Vu Vu, (4-31)
o PN A
a—'z = 2HYUK - Ko, v) = £ + 21 - @)SHE + 2aH (1 - [Vuf?).
Then, the evolution equations of S, ¥%a, and n?® easily follow. O

We will obtain a local upper bound of H, which is independent of the height of a graph, given that the
vertical width M, — M_ is fixed. Let
1+6 1-6 1-6 1+0

——M,+——M. and M%=-——M, +
, T an 2 T

MY - M., (4.32)

. o MOMOEL _ Mo MO eL Gafrin?.

where 0 < 6 < 1. Then, we prove the following proposition on ZM+M-¢b = Ug<rar(Z¢ x {t}) of the “strip”:
6 ap0 A A

s = X(p O €T M sus MY, R - Kol SEL, 0<E<1, *33)

Proposition 4.5. Let a > 0 and let ; be a convex solution to (1.1) in M™ x [0, T]. Assume that Qr encloses a ball
By, of radius p, > 0. Given positive constants M., M-, L,0 < 0 <1, and 0 < ¢ <1, one has
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1

1
a

su H<;£ maxj su Hﬂn—14(a+1) 4 + "
e PR DR TN E N B e SRl A~ M. - M) (- 8L
(4.34)
+ 2+ l
M
;20 p2a
Proof. Recall ¢ = st_iqz From Lemma 2.1 and (4.28), one has
0
0 wzarlza a 2 r2a-1
oc? = g0 o (LH + WAPHAY
H* ,]211 T2a 2 a-1,7;2a-2 12 2.7:2a-1r7q-1 2 72a-177q,,-1
* g o (LU - 2 Qa = DHOI (VPP + 4@ THE (VP + 2a(1 - ) THYP, - )
0
Hp™ 2a -1 R
+ § l/) {L’]Zq - ( g o )Ha—l |v,12a|2 +4a(1 - a)HZa—lsHa + 4a2,)2a—1Ha—1(n - |vu|2)
~ Py i
Ha 720 02a ) )
CHITT sk @)+ aHE |APS + 20 VUl + (1 - @) HE),
(S - py)°
0
Note that
720 2 a 7,20 ;7,20 20 2l 7,20 )2
Lo- w VN e Hn B0 g s H%p an_l{w nz o, l/) '73 S
=~ Po ~ Po §- Po S -py ¢ Po)
22 _ 2_20( 724 22a . 22
e (v, v, + A‘b (V" U - 20N g, vS), - TS, (43
P $- - py) S~ po)
ZHalﬁza ) _
- mwrzz“, VS + = P (Vll)za, VN
0 0
For the terms involving VH?® in (4.35), replace VH* with other gradient terms: use
P P> _[ (S - py)
s VH =5 v iy
Po }b n ) (4.36)
Cyps OV 9V gur
§ _ pO lﬁZa ,72(1
to obtain
724 2 2a Hop?a Ha 7,20 Hup*p2a |
2= Y pppe 0 i, TV e BV
S =P S=p S=p (§ - py)
awzanm l/)za vrIZa v$
ﬁHVSHL +2<V¢ &Za + nZa B §_
Pol . 4.37)
20 o 29 29 5
- WIIWJ ‘I - Wllvnzallf‘c - WHVSHZL
zaHa—l Ha 1 aH 1
+ _zaAi"U S, VP + 7"’2“( 2, 98) - 2oL o, i),
P - py) (S = pon w Ui

Note that the two terms involving ||V§||f‘f_ in (4.37) are canceled out. Since

VS = (X - Xo, W) + (VX - (VX - €pe1)€nsr, V)

L 4.38)
=(X - Xo, h{ ViX) + viVu,
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which follows from (4.25), one has
|VS| < LH + |Vul, (4.39)

on supp ¥n using convexity. For the terms in the penultimate line of (4.37), since [Vu> = 1 - v%, one has

2aH ¢ < Vfa > ¢? \ii
~ , VS LH +1) — (4.40)
(S - po) f 2a ( )

2
<da !/72(1’72(1{[ f
where f =1 or 1. Also, one has

$%(S - py) V11971
IZZanz,zH wn

rra ¢?
[A+a)+ (a-1Dv2H*<2a+1) P

2aH* ¢

3
lﬁz anm < 8a

(Vg™ )

_ (4.41)
H% 2a nZa

(§ - po)z
Then, (4.37) together with (4.40) and (4.41) gives that

vt e 98 > e
w nZa S_po . 1/74a

—¢ Lo - 2<V¢ V9|5

2¢ ¢*

* WIIVHZ“HZL * 40!21/)2,, g

9% = py) IVDIIVn| 22 H2 5 [ |vgP  [vpP

34 7a (2a-1) é- -t
p¥n%H  Yn Py Y n

2a—1l/j20!-1 2a

(LH+ 1)1 vyl , Ian]

(4.42)
wzanm 2a-1 A, )
ta—5——((S - plAIF - S |A]) + da*——5——
(S - py)? ° $ - py
a¢2a

0

|Vl

+

(4a(1 - a)n**1SHY + 42?1 HY(n - |Vul?))

2a¢2a 1 2q

+2a(1 - )ﬁ VI - ) + Qa+ D——

0

¢2

wZanzll

Suppose that ¢ attains its maximum at (p,, &), where 0 < t; < T.Ift; = 0, the result follows. Thus, lett; > 0. Note
that for the last two terms in (4.42),

2¢ 8a%9(S - py) |VfI?
Faall Ve = = o s (4.43)
pinH  f
for f =1 or . Also, for the last two terms of the penultimate line in (4.42), one has
Hp™ \ 8as(S -
A—w(4a(1 - a)n* - 1SH® + 4aPp*e-1H Y (n - |Vu?)) < %qﬂ, (4.44)
~ Po Y
if
an _ an
Hz —>— 4.45
Py S (44

Replacing H* with ¢($‘ - po)lﬁ_zaq‘za, from (4.42)-(4.44), one has, at (p,, t),
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ap, ¢* V[ |V||Vn| [Vl [9%S - py)
0<-— H + |20%2a + 1 + 8aP——= +20%Qa + 1 B —
g e ¥n G| e
¢* V91, 1vnl ¢S - po)
+ 4(12,’52“’]2“ (LH 1) IJJ 0 + Zm |Vu|2 (4.46)
¢2(S po) 8(1§(§ - po) ¢2
+2a(1 - )W, - V) — e 9t Qa+ D
wz 1,1211 l/)z ,72a 1 l/)Z nZa

where the first term follows from the terms with |A|? in (4.42) using n |A[> = H2. Multiplying both sides of (4.46)
by H and canceling the factor 2 2*n%, (4.46) gives

a vy \ vy Y
o 12 < ol 20 + 1 V2L 4 | "'] 1 p0)+4aZ(LH+1)I|1p| +ﬂ]
n ] n 0 ]
. (4.47)
S| A
+ 2t - P2 4 8i](s - pH + (2a + DH.
vp n
Note that on supp¢, one has 0 < 5 < I2,|Vn| < 2nL, § < L, and
M.-M.<y, -y <M. - M.,
_ 1
0<y < Z(M+ - M), (4.48)
V| =, - Y)Vu| < My - M-.
Using (4.48), at (p;, t1), one has
2
HZSE(Zau)Z[L*iM + Zﬂ] yda), dna\ M- M Zﬂ]
Po n Y Pl ¥ n
(4.49)
M,-M. 2nL M,-M. 8L 1
+ L — +—]+L2(a+1)f+—]+2+—H_
) n a
4a 2512 -
Since x% < |A|x + |B| implies that x < |A| + |B|"/? and oA <a *u; ~|, using n = 2, one has
- M- 2 — M- L
H £4M[u+£ +L2(a+1)M _M 8 +2+_
Po Y n Y a
1
nlL M.-M oL}  4a| 4na(M.-M onL)|
+|—|Qa+1D)———+ —| + =|+ — = + —
Po n Y Pl ¥ n
(4.50)

n M, - M_ 1. L 1
<—8 1L — —)—|+2+—
) (a+)[ 7 +(n+(1)l7]+ +a]

M.-M. 2L
P P

at (p,, ty). Since np < I? and py < L < nL, the last line of (4.50) is less than

M ECES R [M+

M_ 2nL ] 4na
Po
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M,-M_ 2nL 2|M,-M_ 2nL 1
saesf ]U SRS s

B M.-M  2nL) 1 451)
_2(a+1)[ ][ + n]+L
nL|M,-M- 3nL
< 2a+1)—|————+—|.
o ] n
Substituting (4.51) into (4.50) and using L > 1, at (p,, &), one has
M 1 nL|M.- M. 3nL
8(a + 1)L [n + —]—] +2+4 —[+2a+ 1)—[* + —]
o a o ] n
(4.52)
M, - M_ 1\L 1
s£14(a+1)[f+[n+—— +2+—|
o Y aln a
Observe that on the strip
EMOMLEL oy ) es MO <u<MY, [R- Kol <EL, 0<E<1},
one has
0=y, - ¥ < O(M, - M),
1- 02 -1
(M. = MY <P < (M, = M, 453)
(1-&)I2<n<I?
Since 2p, < § < L and
< | HO S - p| _ HI’S - po) o
G poie) o\ gt | T S - pyie
on ZMMYE (459) and (4.53), together with (4.45), give
1
<;[£ amax sup H @ n£
T (- 691 - &) py gt Py | Py
’ (4.54)
4 n+al 1
14 1 2+ —
@r )[(1 —oa - T a-en) T |
and the result follows. O

For the case in which £ is given over a bounded smooth strictly convex domain Qo, let dy be the diameter of a
n+ a

1-¢9L
the strip in (4.33) accordingly, and replacing L with d; in (4.54), one can obtain the following proposition.

cylinder enclosing Xy. Then, by taking n = 1 and ¢ = 0 so that the term

in (4.54) does not appear, modifying

Proposition 4.6. Let a > 0, and let £ be a convex solution to (1.1) in M™ x [0, T]. Assume that X, is enclosed in a

0 0
cylinder of diameter d, and that Qr encloses a ball B, of radius p, > 0. Let EMIME = Uperer (0™ x {t}), where
0 570
MM = (X(p, t) € X0 | MP < u < MP}. Then, given positive constants M., M., and 0 < 6 < 1, one has
given p

an [dy 56(c + 1) 1
= nl=L - 4.
5}}1‘91{ Po nl Po ]l (1-6H(M. - M) re a”. @5

a

1 [do
sup H < ——=|—| max

EMf,M? (1 - 02)2 Py
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From Propositions 4.5 and 4.6, one has the following corollary, which gives an upper bound of the mean
curvature independent of the height u of a graph for u > M_:

Corollary 4.7. Let a > 0 and let ¥, be a convex solution to (1.1) in M™ x [0, T]. Assume that Qr encloses a ball B,
of radius p, > 0.
(i) Given positive constants M., M-, L, one has
H < C JL) ’ H’
Sap H=cnLoap) Sup, (4.56)
0

where C(n, L, a, p,) is a positive constant depending only on n, L, a, and p,, and LM~ is defined in (4.33).

For bounded domains, the dependence on L is omitted.
(i) If py = O(L), then, for any positive constants M., M-, L and 0 < 6 < 1, one has

<C(n7,621)2 , 21 +l+1, (4.57)
smdmln 1-69 g2 Q-0 -M) L

where M'M°L is defined in (4.33) and C(n, a) is a positive constant depending only on n and a.

4.4 Proof of Proposition 1.1

The proof for Proposition 1.1 follows from Lemma 4.2, Propositions 4.5 and 4.6.

5 Lower bound of the smallest principal curvature A;

In this section, we obtain a local bound for the smallest principal curvature A;. As in [3] and [4], we use the
Pogorelov-type computation and the Euler’s formula to acquire such a bound. The results in this section do not
require the hypersurface to be graphical.

Let C%, (R™1) be the set of all complete convex hypersurfaces of class C? in R**1, and let Amin(E)(X) be the
smallest principal curvature of £ € CZ(R") at X € £. Then, the smallest principal curvature of a convex
hypersurface X at X in £ is defined by

Anin(@)(X) = supAninE)X)|X € L C conv(E), £ € CZ(R™Y)}, (5.1)

where we write conv(%) for a convex hull of £. Denote the inverse matrix (h™)7 of the second fundamental
form by bY.

We aim to find a local upper bound of (Ayin)™?, i.e., a local lower bound for Ay;,. Note that since (Agin)™
may not be smooth, we will use a quantity involving b and the Euler’s formula in Proposition 5.1 to obtain the
desired upper bound for (Anm)™. We will obtain a local lower bound for Ayy, in Theorem 5.3 using the
estimates for the terms involving the gradient of the second fundamental form in Proposition 5.4. The Euler’s
formula from [4] states that

Proposition 5.1. (Proposition 3.1 [4]) Let £ be a smooth strictly convex hypersurface, and let X : M™ — R"*! be a
smooth immersion with X(M) = X. Then, for all p in M, one has

bi(p) a0
) < Gnin(p)?, i=1.,n0 (5.2)
Remark 5.2. Note that the left-hand side of (5.2) depends on the choice of charts, whereas inequality (5.2) holds
for any chart and immersion. In the following, we shall see that a lower bound of A, can be obtained to be
independent of the choice of parametrization.
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Theorem 5.3. Suppose that the initial hypersurface ¥ for flow (1.1) is strictly convex and smooth. Let 0 < 0 < 1.
ForB=1+ % one has

Amin(':t)l(zm)t 2(1-6)F izl;‘llfAmin(': 0). (5.3)
0

Proof. Suppose that (Aym)™" wf attains its maximum value at (p,, to), where zpy( p,t) =M -yt - u(p, t)), and
B and y are the positive constants to be determined later. Since the result easily follows for the case of ¢y = 0,
one may assume that ¢, > 0. One can choose coordinate charts such that

8Dy, to) = 6y, h}(Po, to) = 8%, (P to) = Amin(Pys to)- (5.4)
Let
(h—l)ll bll
we yf = ?wf. (5.5)

From Proposition 5.1, one has
bll
w(p, t) = wa(p, B) < Arin) (P, ), (56)

and the chart chosen in (5.4) gives
()(min)_1 l/)f(p: t) < ()lmin)_l l/}yﬁ(po, tO) = W(po: tO)- (5-7)

Putting (5.6) and (5.7) together, one sees that w attains its maximum at (p,, t;). Thus, we will find an upper
bound of w to obtain that of (Ay)™" z,byﬁ . The computation in this section is carried out at (p,, to) reminding that
hi = 8yA; at (p,, to). Differentiating (5.5) yields

we _ atbn a[gn . 5tl/1y

w bll gll l/)y

(5.8)
Lw Wl _ oot et LY, IV
w w2 - pi (bn)z wy ¢V2 ,
and since Vw(p,, tp) = 0, one has
Vi, 1
ﬁ% = Zb "D = BT (5.9
y
From the evolution of u in Lemma 2.1(6), one also has
%IIJV = Ll/)V +(a - DvH - y. (5.10)
Then, again from Lemma 2.1,
we  Lw _|[Vwll  abt - bt ag" VB B 191z
wow o w o g e Ty M T
y y
vwly | 1 a-2p eyl
7 + b“[ ala - DH* *b'*bY'VHV,H 510

+ (a + DH - aH* 1 |APDY - 2aH* hy Vi bPVFDY
apll bkpUVh,|12
2| alz | B

(-DH" 199,
gll (bn)z lpy

% l,by

Consider the gradient terms involving Vhy; in (5.11). Using the Codazzi relation, one has
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2

a(a - DH2p%pUGHVH = a(1 - a)HY 2p1 Zvlhkk

bll

2
- ﬁaH“‘lhp,kalpvkb” = -2aH P ) B |V, f? (5.12)
k1

blkblth 2
w - ClHa_l(bll)ZZthlﬂz.
k

(bn)z
From (5.9), one has Vy, = %bHth so that
v 2
ﬁw = gHa—l(bll)Zlvhan) (5.13)
b, ¥ B

and the sum B of gradient terms in (5.11) is

2

B =-2aH*p" ) B! |Vih? + a(l - @)H 2" | ) Vihyy
k1l k (5.14)
a
+ aH N DMEY [Vich + ZHOHBD™2Y [Vicha .
k B k
Proposition 5.4. Let B be as given in (5.14). Then,
(i) B is non-positive fora 21 and B =21 and
(ii) B is non-positive for0 <a<land =1+ %
Proof of Proposition 5.4. (i) For a 2 1 and 8 = 1, from (5.14), one has
1
B< aH“‘l[—Z +1+ E](bﬂ)ZZwkhnF <0. (5.15)
k
(ii) Consider the case in which 0 < a < 1. In (5.14), let ax = Vxhyy and ¢ = Vihyy. Since
n
PUY B Wik 2 Y Bk + Y BB Vil (5.16)
k,l k=1 k=l#1
using the Codazzi equation, one has
n n pit n 2 n
B<aH -2 ) 0" |axl - 2 Y b"DH| + 1 - a)— | Do +[1+ —] 2 (Ol
k=1 k=2 H ;5 k=1
(5.17)
1 1- ’
= qHe 1 (p11)? [E -1 kzllaklz 2 Z i |ck|2 b11 klek I
Also, using the Cauchy-Schwarz inequality, one has
i 2 1- | |2 +9 Z |C |2 a + zl_—a
Hb11 Z 1+a Hp ' || 2 T S oHpkk
[ (5.18)
2 1-a 1-alk bkk
< 1- —lal +2 ) —|alf
Trami| "z Ju)d ,Zz pit 1
since
1+a «1-a 1+a 1-a 1-ali
+ = + H-X)=1- — <1 5.19
2 ,ZZZkuk 2 o A M) 2 JH G19)
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Substituting (5.18) into (5.17), one obtains

1 L 1 2(1—(1) [1— alA | A
B < aH (M| -1 Zl=-1+ 1- =1=ilail?|, 5.20
aH( )”ﬁ ]g;ml {ﬁ T a > |z lE e (520)
using that a; = g. Also, note that
- - — )2 2
l_1+2(1 a)l_[l a@ﬁzl_“r 1 (d-ao*A 1 sl— a_ 5.21)
B 1+a 2 JHIH f 1+a l+a |H 1-a B 1+a
By choosing f 21 + % the sum B becomes non-positive. This completes the proof for Proposition 5.4. O

Returning to the proof of Theorem 5.3, the evolution equation (5.11) for w, together with Proposition 5.4,
gives

w, Lw _ (a-1DH" B B [(a - 1)H® l
___Si_aHalAZ_F_ _— .
W w piL Al v, (5.22)
For a 2 1, at (p,, ty), one has
ﬁ_ﬂng(Hl_gHaﬂ_‘_ﬁ(a_l)Ha_ ]
w w n l/)y W
(5.23)

n
< l/%[(a = DCon - ¥1,

2
using thatv > 1, A < % and |A)* = % where Cyy, is from (4.9) in Lemma 4.2. Thus, by choosing y > Coy(a — 1),
one finds that

w < sup w, (5.24)
z:0
and (5.24), along with the observation from (5.6) and (5.7), gives that on each time section (£M),,
bll 5 bll P bll ) .
e <y, sg}lwp Ew” <(1-6)*F Szlllwp P ie, Amn=(1-6)~ ;ré}[fxlmin. (5.25)
0 0

For 0 < a <1, choose y 2 0 and the result immediately follows from (5.22). This completes the proof of
Theorem 5.3. O

6 Higher regularity

From the evolution equation (1.1), one can easily obtain the following nonlinear equation for u:

a

Diu Dju .
, 1<1i,j<n, (6.1)

1+ |Duf?

1-

u; = (1 + |Dup)z"||8¥ -

Diju

where u; = Z—l: and D is the standard Euclidean derivative on R". For a > 0, we shall obtain a C*-estimate for
the solution of (6.1). Denote
a

Diu Dju
Diju .

1-a ii
F(Du, DA, ug) = —ug + (1 + 'D“'Z)ZH&J T 1+ Duf

To simplify the notation, recall v = /1 + [Duf?> and let
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i(pu) = 87 - DDt 6.2)
a’(Du) = 69 - ——. .
(Dw) 1+ |Duf?
Observe that the derivative F7 of F with respect to D?u variable is

Fi = qv=(a"Dyu)*1a¥ = aH* 1a¥, (6.3)

and the eigenvalues of FV are aH®' with multiplicity n - 1 and aH*'/v? with multiplicity 1. As seen in
Theorem 3.1, Corollary 4.7, and Theorem 5.3, for any fixed X, and ¢, one has

1/C<H<C and v<=¢(, (6.4)

nQ, ={Xt) e R™ xR, : |X - Xo| <r,ty—r?<ts to}, where C and C, are some positive constants. Thus,
F is a uniformly parabolic operator in Q,, i.e., there exists A > 0 such that

AYNEP < FigE < A8, forany EERM in Q. (6.5)

Note that (6.4) can be obtained by our local a priori estimates shown in Sections 3-5 for a strictly convex
solution in a larger domain. For a > 0, due to a particular structure of the operator in (6.1), i.e.,

(a¥(Du)Dyu)* = upv®?,

standard theory for convex or concave fully nonlinear operators can be used. In the following, we give a C>¢
estimate whose argument can be used for more general operators (cf. Proposition 5.2 in [3] and Proposition 5.3
in [4]).

Proposition 6.1. (C%P estimate) Let u be a smooth solution to (6.1) in Q.. Then, for any 6 € (0, 1), there existC > 0
and B € (0,1) such that

uellesprg,y *+ 1D%ullcpprgg, ) < C, (6.6)

where C and B depend only onn, 6, a, sup,, v, supQrH , and info H.

Proof. The fully nonlinear operator F is uniformly parabolic if sup, v, sup, H, and infy H are controlled. From
a geometric version of Krylov-Safonov Hélder estimate in [11] (see also [12] and [23]), a space-time Holder
estimate for u, follows. Note that (6.1) can be written as

a¥(Du)Dgu = (ue)tavt-1/a, (6.7)

By the standard elliptic theory for quasilinear elliptic equations as found in [9], a space Hélder estimate for
D?%u follows for each t. Finally, the same argument as in the proof of Theorem 2.1 in [23] gives a Holder estimate
for D*u in the time variable. One can find a similar proof for the a-Gauss curvature flow of graphs in
Proposition 5.3 of [4]. O

Furthermore, one can obtain a C* estimate for curvature with smooth initial data. This can be obtained
from commuting the covariant derivatives and the time derivative with the height-independent curvature
estimate in Proposition 4.6. For the mean curvature flow, one can find local higher-order estimates in [7], [19],
and [20].

Proposition 6.2. For m > 1, one has

d
Y: [VMARE = L [VMAP - 2aH* ! [V IAR
+ fa-m-1 Z ViA % - % Vimesd * YMA
i+ ipe3=m (6.8)
+ HOmZ % YA % e x Vinzd x VTA,

i+ + imsp=m+2
i, e, ima2<M+2
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where A * B denotes a linear combination of traces of tensors A and B, and all the indices are nonnegative
integers.
Proof. Note that
AVA - VAA =Rm * VA=A * A x VA, (6.9)
fori =1,..., n, which follows from the commuting relation:
VWVihi = Vi = Rhfhy = highfhy + hilh}’hpk - hah{hy, (6.10)
where Rm denotes the Riemann curvature tensor. Proceeding by induction, for m € N, one has

AVMA =VMA + ) VA x VIA * VKA, (6.11)

i+j+k=m
Proceeding by induction and using (6.11) then yield
LVMA = VLA + HOD ) VA« WA x VKA + HOm 1 % GhA x - x Uind x W24,
i+j+k=m it +iptj=m (6.12)

jem

Using the time evolution of the Christoffel symbol T’ = (Ff-})

0
EFE = —gN[V(Hy) + Vi(Hhy) - Vi(Hhy)]

= gy ViH" ~ hFGH® - WHE - HgNThy,

one has
5} 0A
—VA =V— + HT1A * A * VA.
ot ot
From this, one has
0 0A 5 _
EVZA=VZE + H%2A * A xVA VA + H* 1A * A = V2A. (6.13)
By induction, using
(8 - L)A=HV2VA *VA + H 1A * A * A, (6.14)
from Lemma 2.1, one has
9 gma=yn4 4 ga-m Y AxAxViAx - xVing
ot at -
=VMLA + VI[HO WA * VA + HIA* A* Al + HO™ ) AxAxViA x - x Vind
i+ +ip=m (6.15)
=VMLA + Hom-1 Z ViA * - * Vims4 + fa-m-2 Z ViA * -
i+ +imsz=m i+ +iptj+k=m

* VimA » WA + VK14,
Then, it follows from (6.12) and (6.15) that

iva = LVMA + gom-1 z VHA * - * Vimes4 + fJa-m-2 Z Vi4 * - * Vi"l*ZA,
ot i+ +ipez=m i+ +imep=m+2
i, ey Ime2<m+2

(6.16)

where the first sum in (6.16) includes that in (6.12), and the second sum in (6.16) includes the last sum in (6.15)
and that in (6.12). Since one has
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F) )
[E - LJ |VmAP = 2<va, [E - L]va> + HOA*YMA*YMA - 2aH ! [VHIAR, (6.17)

where (T, V) = )by for (r, s)-tensors T and V, it follows from (6.16) that

Qoolyr "o lp
9 mAa |2 mA |2 a-1 |gm+14|2
¢ VAR = LVTAP - 2aH ! [V71A]

+ ga-m-1 Z ViA % - % Vimsd * YMA
i1+ +ime3=m (618)

+ qa-m-2 Z VA % - % Vind + VM4,
i+ +ipgap=m+2

i, on, ima2<M+2

as required. O

Recall the cut-off function ¢ = (M, — w).(u — M-). defined in (4.24), and consider
Q = §* |VmAP + T [VAP, (6.19)

to obtain C¥ estimates, where 7 is a constant to be determined later. Suppose that one has uniform bounds
|VKA]? < ¢’ for k = 1,..., m — 1, where C’ is some positive constant. Then, from (6.8), one has

)
Frin L] IVMAP < —aHe1 VAR + C VAR + C, (6.20)

where C is a constant depending only on C’ and the height-independent curvature estimate in Proposition 4.6,
and also,

0
[5 - 1:] [Vm-1A: < —aH1 VAR + C. (6.21)
From (4.30), one obtains that
A 1 1OTR 4 AT Ee- T
S = L0 - 2aH T VPP + daPH (VuP + 201 - )PH (Y, - ). (6.22)

Let [ = % - L. From (6.20)—(6.22), using the bounds in (4.48),
00 = P 0VMAR + tO[Vm AR + [VMARCY? - 2aH XV, VIVAL)
< P[-aH 1 VAR + C VAR + C] + t[-aH* ! VAP + C] (6.23)
+ [VMAPR[-2aH® [V + 4aPHO [Vul + 2(1 - )P HYV (Y, - ¥)] - 2aHKVP?, VIV"AR).

The last term mentioned earlier satisfies, by Young’s inequality, that

-2aH VP2, V|VRARY < aHO 12 [VPHAR + 16aH ! [V 2VmAP, (6.24)
and therefore, (6.23) yields

00 < [-taH ' + CP* - 2aH* ! |V + 4apH* !

+2(1 - QPHY(M, - M.) + 16aH ™ VY [F]|VrAR + C[§* + 7).

To control bad terms, take 7 sufficiently large depending only on supH, infH, a, C, and (M, - M-) so that one
has

0Q < C[(M. - M)* + 7). (6.25)
Consider a finite time interval, say 0 < t < T. Then, applying the maximum principle, one can obtain the bound

Q < Cl(M, - MO)* + 7]t + sup [§F |VmAR + 7 [vm-1APR], (6.26)
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This completes the induction so that one concludes a global C¥ estimate. We write ||Zo||c« for sunglvk‘zAL
where k > 2.

Proposition 6.3. Under the conditions in Proposition 1.1, one has
|VKA| < G, for kEN, (6.27)

where C; depends only on k, n, a, T, and ||Zo||*.

7 Long-time existence

Theorem 7.1. Let Xy : M™ — R™! be an immersion, and let £y = Xo(M™) be the initial convex complete non-

compact smooth hypersurface. Suppose that ¥ is a graph given by a function uy : @ - R defined on a strictly

convex domain Q C R™. Then,

(i) there exists a complete non-compact smooth and strictly convex solution £; = X(M™", t) of (1.1) defined in the
time interval [0, T] for which there exists a ball B, of radius p, > 0 in Qr, and

(ii) the maximal time T* is the supremum of such T’s.

Proof. We adopt the argument from the proof of Theorem 1.1 in Section 5 of [3] and outline the steps whose details
can be found in Section 5 of [3] and Section 5 of [4]. In order to find the existence theory for noncompact
hypersurfaces, we use the short-time and long-time existence for compact case. First, we approximate noncompact
hypersurfaces by compact ones and then extract convergent subsequences by obtaining uniform estimates.

By perturbing the convex hypersurfaces using a nonnegative rotationally symmetric function, one obtains

strictly convex hypersurfaces as follows: let @iy(x) = up(x) + %a(x), JEZ, and

£ = {(x, 2(0) | 2(%) = @(X) < j, X € Qo},
where Q is the natural projection of X, onto R", and a(x) = I(l)xlarctanr dr for x € R". By reflecting ié along
the plane {X,.1 = j}, one obtains a closed strictly convex hypersurface

£0 = {(x, 2(%) | (%) <, z € {{lp(x), 2] ~ T(X)}, X € Q}.

Taking the %-envelope E{ of £ ie,

. N 1 N

E{ = {X € R™| d(X, £)) = 7 X & conv(Z)}, (7.0)

where d is the Euclidean distance function. Note that E({ is of CLL To construct a closed smooth strictly convex
hypersurface approximating E({ , use the compactly supported mollifier ¢, introduced in Proposition 5.3. of [3]. Taking
(0, j) as the origin, let S({ be a support function of on and let S({ ® = S({ * ¢, be the convolution of ng and ¢, on S for
€ € (0, 1). By Proposition 54 in [3], there exists a closed smooth strictly convex hypersurface P}, of which its support
function is S¢'¢ for sufficiently small €. Then, one has the unique closed smooth strictly convex hypersurface P/ with
POJ as the initial data, for some time interval [0, T}), T; > 0, which follows from Theorem 1.1 in [21]. Let

/=B 0 {X € R™xp < j} = {(x, W(X)|x € QJ},

;= lim 2l = {(x, ux)|x € Q}, (7.2)
T = liminf T},
jeN

where v/ and u are the height functions over domains / and Q in R", respectively.

Denote by uoj and u the height functions of Zé and X, respectively. One can choose M satisfying that for
sufficiently large j,
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sup H< sup 2H, inf 2H> inf H, sup vs  osup  2v.

shud<Mo To:up<My+l Thud<My Zo:upsMo+1 shud<My To:g<Mp+1

Note that one has a height-independent upper bound for H from Proposition 4.5. Then, on T n {Xpe1 S My - 13,
one has uniform bounds for supv from Theorem 3.1, infH from Lemma 4.1, and supH from Lemma 4.2 and
Proposition 4.5. Applying Proposition 6.1, one has a uniform interior C>¢ estimate in Q, for some smallr > 0 as
in Step 4 and Step 5 of Section 5 in [4], and therefore, by passing j to the limit, one has a uniform interior C>¢
estimate for the height function u of X,. Therefore, one finally has a non-compact smooth and strictly convex
solution, X; for ¢t < T. Furthermore, let T; < T be the largest time until the convex hull conv(Z;) encloses a
closed (n + 1)-dimensional ball B"*Y(p,) of radius p, for some p, > 0.

We want to show that T = T. Otherwise, from Lemma 4.2, Propositions 4.5, and 4.6, as mentioned earlier,
one has a uniform bound for H, which yields bounds for the second derivatives and subsequently, C>¢
estimates for hypersurfaces up to t = T;. Then, the short-time existence for the flow starting at Xy, follows
from the first part of this proof so that the flow of X; can be extended pastt = T;. This contradicts to the choice
of T, which, in turn, implies that T; = T.

(ii) Now, we want to show that T* is the supremum of such 7’s. Since curvatures are uniformly bounded
uptot = T,onehasT < T*. Note that for bounded domains, the curvature blows up for the first time att = T*,
i.e., lime . r+supy,,,lA| = . For the case of T* = o, there are curvature bounds until any finite T. Observe that
the convexity of Q7 guarantees that there exists a ball B, of radius p, > 0 in Q7. Thus, the supremum of such
T’s is infinity. For finite T*, choose T € (T* - ¢, T*). Arguing similarly, there is such a ball in Qr, which in turn
implies again that the supremum of such T’s is T*. O

Remark 7.2.

(i) If Qr contains no such a ball as in (i) of Theorem 7.1, then the curvature blows up at t =T,
Le, ime.rsupy, Al = .

(ii) The uniqueness of non-compact solutions requires more work, and this will be discussed in the sequel. For
recent works on the uniqueness, see [2] and [5].

8 a-mean curvature flow of codimension two

In this section, we prove the main theorem of this article, namely, Theorem 1.3. For the case in which one has a
compact hypersurface £; and a noncompact hypersurface X,, one can take points on each hypersurface at
which a distance between £; and £, is obtained. Then, one has a comparison theorem for this case. For mean
curvature flow, see Theorem 2.2.1 and Corollary 2.2.3 in [16], and one can extend these theorems to the case of
the a-mean curvature flow.

Proof of Theorem 1.3. For the case of entire graphs, since the hypersurface X; remains a graph, which can be
seen from Theorem 3.1, one can find a ball inside the convex hull conv(Z;) for all time. Thus, from Theorem 7.1,
the solution exists for all time. For the other cases, consider bounded domains and unbounded domains
separately. Let 77 : R™! - R%(X, ...,Xn+1) = (X, ...,Xp), be the canonical projection onto R". Recall the nota-
tion in (1.2) : &7 = Z; N {Xpeq < 2}, 07 = Z; N {Xpeq = 2}, QF = m(ZF), T7 = 9Q7 and T; = 0Q;. O

8.1 Bounded domain

Consider a time interval [0, T*), where the first singularity occurs att = T*. Let x* € R" be the point to which
Iy shrinks under the a-mean curvature flow as shown in Figure 3. Let X(z,) be the tip, i.e., the lowest point, of
o, and write it as X(zy) = (X(zy), 0). For each 0 in an (n - 1)-dimensional sphere S"°%, denote by IIy the half-
plane through (x*, 0) spanned by e,.; and (0, 0), with the line through (x*, 0) in the direction of e,.; as its
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boundary. Also, let X* be the lift of x*, i.e., the point on Z; such that x* = 7(X*). Denote by gg(z) the convex
curve of Ilp N Z7 starting at X* with the end point X(zg). Consider the canonical projection x(zg) = 7(X(zg)) on
R", which depends on z and 6. Note that x(z¢) converges to some Xp in [; as z — «. Define the function { by

((Z, 0) = <XB - X(Zo)s 0>[R") (81)

where (-, )gn is the standard inner product in R". Note that 9,{(z, 8) — 0 as z — . For sufficiently large a > 0
and each 0 in S™L, one has

lim
M-

M
|E2¢ e)dz‘ = 1im [[8,4(z, )= | = 10,{(2, 0)]- < . (82)

However, we also have |83{(z, 8)| < C for some constant C, which follows from the height-independent
estimate in Section 4 and Proposition 6.3. Therefore, one can conclude that 32{(z, 8) converges to 0 uniformly
as z - «, ie, the curvature k(og(z)) of dgg(z) converges to 0 as z > », and the smallest principal curvature
M(Z¢) of X; satisfies

0 < A(Zy) < k(gp(2)) — 0, 8.3

asz — o,

Consider a bounded domain Q; = m(X;) and F{ = 1({Xn+1 = j} N Z¢),j € N. Fix a point p € I; = 9(n(Ly)).
Take a sufficiently small neighborhood around p so that one has graph representations for I; and 1“{ with graph
functions w and wj, respectively, satisfying a monotone property that

W < Wi < W (8.4)

Since wj converges pointwise to w and one has a uniform C%® estimate for wy, independent of j, from Propositions
45 and 4.6, one has the same uniform C>¢ estimate for w. Thus, the limit I; has C>® regularity.

The regularity theory ensures that the evolution of I; is governed by the a-mean curvature flow. More
precisely, the limit I; of the boundary I} for the projection Q7 of £7 as z — o coincides with the solution of the
coincides with the solution of the a-mean curvature flow whose initial submanifold of codimension two is Ij.
This shall be discussed in the following. Parametrizing hypersurfaces on $" with the standard metric gj on the
sphere since the second fundamental form has principle radii as its eigenvalues, i.e., hg/* = g,(h")*, one
obtains

oS L S
o = @S + Sgp) = ~(hnheg ™V + S |AP)". 8.5)

X(zp)

2

Figure 3: Case of a bounded domain.
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From Corollary 4.7 and Theorem 5.3, one has C*! estimates for S and therefore C>* estimates. Note that the unit
normal vector vZ to I, on the level set {X € %, : u = z} converges to the unit normal vector v, = lim,_...v/ as
z - o, where v{ is the unit normal vector to I'Z. From (8.3), after rearranging the indices i, j, k, and m if
necessary, one can have hl1 = A and conclude that Hj = lim,.o(A; +---+A,) is the mean curvature of I;
satisfying
aS

i -Hf, on S"1x[0,T*). (8.6)
Therefore, one has a family of immersions x;, : N*! » R", where N™ ! is an (n - 1)-dimensional complete
Riemannian manifold and x,(N) = 89, = [} satisfying

0

—Xp, = ~H%, 8.7)
ot Xb b Vb

where Hy, = lim,_..(A; +:-+A,) is the mean curvature of I; and v is the outward unit normal vector to I;. As
discussed in Theorem 7.1, one has the long-time existence for I}, and therefore, X is a solution of the a-mean
curvature flow of codimension two in R™*1,

Lemma 8.1. Let T* and Ty be the maximal time for the flow of L, obtained in Theorem 7.1 and that of T,
respectively. Then, one has T* = Tj'.

Proof of Lemma 8.1. To prove T* = T, we first suppose that T* < T;*. Denote by Q (resp. I}) the solution of the
a-mean curvature flow starting from Q, (resp. I). Note that %, exists for t € [0, T*) and Q exists fort € [0, ).
From the previous discussion in (8.7), it follows that

Q =7n()=Q, for 0<t<T*. (8.8)

Also, there exists a ball B, in Q7+, where P, > 0, due to the hypothesis T* < T;". Using the convexity of Zr+
which follows from that of X, it follows that Zr+ encloses a closed (n + 1)-dimensional ball B**!(p,) of radius p,.
As in Theorem 7.1, a uniform bound for H follows from Lemma 4.2 and Proposition 4.5 so that one has bounds
for the second derivatives, giving C>® estimates for hypersurfaces X, up to t = T*. Using the short-time
existence, where the details can be found in [7] and [13], the flow of Z; can be extended beyond t = T* for
a short time. This contradicts to the definition of T*, and one has T* = T}.

It remains to show that T* < Ty. This follows from an argument similar to the one mentioned earlier.
Suppose that T* > Tj. Then, there exists an (n + 1)-dimensional ball inside the convex hull of L. From (8.7),
Qry = m(Iry) exists and contains an n-dimensional ball. Thus, the maximal time ofT; is greater than T}, yielding
a contradiction to T; being maximal. Therefore, T* = T} as required. O

8.2 Unbounded domain Q,

We consider the case in which the initial projection Qy = 7(Z) is strictly convex, smooth, and unbounded. The
cases of convex unbounded domains with corners or disconnected boundaries will be studied in the sequel.
For an unbounded strictly convex domain Qy, its boundary I is a strictly convex graph on R*! and remain so

due to the convexity of Z;. Note that ZZ is compact for each z.
We now proceed as in Section 8.1 for a compact subset Qy N Bg. Let g be the point on Qy N 3Bg,, such that
dixg, L) = sup dx, I, (8.9)

XEQNIBg/2

where d(X,T) = infyer|X - y|. As in Section 8.1, let X(z,) be the lowest point of Xy, and write it as
X(zp) = (%(zp), 0). Then, let the point (x§, 0) be the origin O, and let X§ be the lift of x§, i.e,, x§ = 7(Xp).
Then, there is a 2-plane ITp through X§ spanned by e,.; and (@, 0) for some  in the sphere S*"!. Denote by
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0g(z) the convex curve of Il N X7 starting at X§ inside the cylinder (2 N Bg) x R.. Furthermore, let X(zg) be
the end point of gp(z) on M. Then, for each @ in S*1, p,, = 7(X(ze)) is the point of I'7 in @-direction on the
projected domain Qf, as shown in Figure 4. Let p, = lim,-p,,. Consider the following function ( for the
points p,, on I' N Bg:

(r(2,0) = (Pg ~ Py O)r, (8.10)

where (-, )rn is the standard inner product in R™. Then, as in (8.3), the smallest principal curvature A,(%;) of Z;
converges to zero as z — .

Note that TM N Bg/; is an approximation to the solution of the a-mean curvature flow and the higher
derivatives of curvature are uniformly bounded on each TM N Bg/; using the results in Sections 6 and 7. Then,
as in the case of a bounded domain in Section 8.1, one can conclude that T¥ N Bg;3 smoothly converges to
I; N Bgjs as M — . Finally, one has the a-mean curvature flow of codimension two satisfying (8.7).

From Theorem 1.3, one has an immediate corollary for two-dimensional hypersurfaces.

Corollary 8.2. Given a two-dimensional strictly convex complete non-compact smooth hypersurface over a
strictly convex smooth domain as an initial hypersurface,

(1) the solution of (1.1) exists for a finite time if the projection of the initial graph is bounded, and

(i) the solution of (1.1) exists for all time if the projection of the initial graph is unbounded.

Proof. For (i), Z; is enclosed inside a round cylinder S 1120 x R, where S 1%0 is a circle of radius Ry enclosing Qg, and
by the comparison principle, the result easily follows. The case of (ii) can be seen from the one-dimensional
case of the a-Gauss curvature flows in Theorem 1.1 of [4], i.e., the graphs evolving by the a-curve shortening
flow exist for all time. Thus, Theorem 1.3, our main theorem, implies that solution of (1.1) defined over an
unbounded domain exists for all time. O

Remark 8.3. In higher-dimensional cases, Corollary 8.2 may not hold. For example, consider any three-dimen-
sional strictly convex graphical hypersurface defined over an unbounded strictly convex domain contained in
a solid cylinder D? x R. Then, the projection of the hypersurface onto R? disappears in finite time, and so does
the hypersurface.

Figure 4: Case of an unbounded domain.
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