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Abstract: We consider the α-mean curvature flow for convex graphs in Euclidean space. Given a smooth,
complete, strictly convex, non-compact initial hypersurface over a strictly convex projected domain, we derive
uniform curvature bounds, which are independent of the height of a graph, to give C

2-estimates for convex
graphs. Consequently, these height-independent estimates imply that all the derivatives for level sets converge
uniformly. Furthermore, with these estimates on level sets, the boundary of the domain of a graph, which
demonstrates the behavior of level sets as the height tends to infinity, is shown to be a smooth solution for the
α-mean curvature flow of codimension two in the classical sense.
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1 Introduction

We consider a one-parameter family of immersions ⋅ → +
tX , : n n 1��( ) , ≥n 1, where n� is an n-dimensional

complete Riemannian manifold, and its evolution in time is governed by the power of the mean curvature H

on ≔ tXΣ ,t

n�( ) satisfying
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∂

= − >

=

ν

t

H α
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X
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Σ , 0 ,

α

n

0 �( )

(1.1)

where ν is the outward unit normal to Σt. We refer to the solution of (1.1) as that for the α-mean curvature flow.
One may regard this as a perturbation to the mean curvature flow, and such an approximate behavior can be
observed in physics and engineering. In this article, we consider non-compact complete convex graphs in
Euclidean spaces. The case of =α 1, i.e., the mean curvature flow of graphs, has been actively studied,
especially since the seminal articles [6] and [7] by Ecker and Huisken were published. Since then, many works
followed, including [17] and [20], where they obtained the smooth long-time existence of the graphical mean
curvature flow, and also showed that the projection of the graph onto its domain is a weak solution of the
mean curvature flow. Furthermore, in [8], the long-time existence of a convex entire graph for the α-mean
curvature flow has been obtained under some conditions on the normal vector ν. For the flows given by
curvature functions with degree of homogeneity greater than or equal to one and certain types of inverse
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concave curvature functions, the long-time existence was proved in [14]. More recently, for a mean convex
hypersurface, its long-time existence was proved in [18]. However, with a lack of uniform estimate, these imply
only the existence of a weak solution for the boundary of the projection of the hypersurface.

As an example of other extrinsic curvature flows on graphs, we refer to [4] for the evolution of complete
non-compact strictly convex hypersurfaces by the α-Gauss curvature flow for any positive α. One can deduce
that the projection of the hypersurface onto its domain evolving by the α-Gauss curvature is stationary since
the Gauss curvature vanishes when the smallest principal curvature is equal to zero. Another one is the
Q

k
-flow, ≤ ≤k n1 , on complete non-compact graphs where its speed is the quotient of successive elementary

symmetric functions of the principal curvatures. If the initial hypersurface has positive Q
k
, then the long-time

existence of a complete convex solution for such flow was proved in [3]. Note that the estimates for the
curvature of graphs in these studies are local and depend on the height of a graph. Our estimate for an upper
bound of the curvature is independent of the height, as shown in Section 4.3. In this article, we take regularity
theories of classical solutions in partial differential equations rather than the measure theoretic point of view
to obtain uniform curvature estimates and uniform regularity before the maximal time.

For closed convex hypersurfaces contracting by powers of the mean curvature, one can find the details in
[21] and [22]. It is noteworthy that for compact initial data, the convexity estimate was obtained in [21] using
the concavity of some quotient of elementary symmetric polynomials and a smooth approximation to the
minimum value for principal curvatures. In this article, without using these properties, a convexity estimate,
which follows from the curvature estimate, is derived by controlling the third-order derivatives in Section 5,
and this estimate is valid in the compact case. In fact, one shall see that mean convexity is preserved in
Section 4. Also, we shall obtain upper and lower curvature bounds for moving sub-level sets. Moreover, using a
cut-off function within a level strip, we obtain a uniform upper bound for the mean curvature independent of
height. To capture the asymptotic behavior of level sets as the height goes to infinity, we consider a horizontal
support-like function for each fixed level set, and the monotone property of level sets allows us to obtain global
uniform estimates of noncompact hypersurfaces independent of the height of the graph. Once these estimates
established, one can show that as the height approaches infinity, the level set follows the mean curvature flow
of codimension two with small error. This approach may provide a way to analyze possible singularities at
infinity for noncompact hypersurfaces and possibly for non-convex hypersurfaces.

Throughout this article, we adopt the Einstein convention and sum over repeated indices. Also, we write
C a a, …, k1( ) for a positive constant depending only on its arguments a a,…, k1 . The alphabetical indices i j k, , ,
and l run from 1 to n unless stated otherwise. In a local coordinate system x x, …, n1{ }, the induced metric and
the second fundamental form are given by

=
∂
∂

∂
∂

= −
∂

∂ ∂
νg

x x

h

x x

X X X
, and , ,

ij i i
ij

i j

2

respectively, where ⋅ ⋅,⟨ ⟩ is the standard inner product in +n 1� and = −ν n is the outward unit normal vector to
Σt. In terms of these, the Weingarten map � is given by

= =h g h ,
j

i ik

kj� ( ) ( )

with its eigenvalues λ λ,…, n1 , where g
ij is the inverse matrix of g

ij
. Often, we will write A for � throughout.

Then, the mean curvature H is given by = ∑ ≤ ≤h λtrace
j

i

i n i1( ) . Let = ∈+
+e 0, …,0, 1n

n

1
1�⟨ ⟩ . We denote by

= +u X e, n 1⟨ ⟩ the height function of the graph and the gradient function by = +
−

v n e, n 1
1⟨ ⟩ . The support function

S is given by νX,⟨ ⟩. Furthermore, let

= ∇ ∇ = ∇ ∇

∇ = ∇ ∇ ∇ = ∇ ∇

− −
αH Δ f f αH g f f

f f f f g f f

, , ˜ ˜ ,

, , ,

α α ij
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ij
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1 1

2 2

� �

� �

⟨ ⟩

‖ ‖ ⟨ ⟩ ∣ ∣

for smooth functions f and f̃ defined on n� . With abuse of notation, the inner product ⋅ ⋅, g⟨ ⟩ with respect to
the metric g is simply written as ⋅ ⋅,⟨ ⟩. Also, a nonnegative part +f of a function f is defined by =+f 0 for ≤f 0

and =+f f for >f 0. For a setU , its closure is denoted by cl U( ). Denoting by π the canonical projection of +n 1�

onto n� ; = ∈+π X X X X, …, , …,n n

n

1 1 1 �( ) ( ) , we let
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(1.2)

We shall refer to Ωt as the domain of a graph hypersurface Γt. Also, let T* be the maximal time for the smooth
solution of the α-mean curvature flow with the initial surface Γ0, i.e., T* is the first time when the curvature
blows up. Note that for ≥n 2, < ∞T* if Γ0 is bounded. As in [4], typical cases of initial hypersurfaces and their
domains are shown in Figure 1.

In this article, we obtain global C
2 estimates for principal curvatures. We write Σ

C0
2‖ ‖ for AsupΣ0

∣ ∣.

Proposition 1.1. Let >α 0, and let Σt, < ≤t T0 , be an evolution of a complete, non-compact, strictly convex
graph Σ0 by flow (1.1). Then, there is a constant C0 depending only on n, α, T , and Σ

C0
2‖ ‖ such that

≤
∈

=

λ X Csup .
X

i n

i

Σ

1, … ,

0

t

( )
(1.3)

Remark 1.2. The results in the existing literature provide local estimates that hold within a finite region, i.e.,
the region where ≤u c for some constant c. This implies that the level sets converge to a weak solution. The
estimates in this article, on the other hand, are global estimates in a fixed direction +en 1. Note that the results in
[6] and [7] include the case of entire graphs for =α 1.

Using Proposition 1.1, one has the following theorem. Its proof is given in Sections 7 and 8.

Theorem 1.3. Let → +X : n n

0
1�� be an immersion, and let = XΣ n

0 0 �( ) be the initial strictly convex complete
non-compact smooth hypersurface. Suppose that Σ0 is a graph given by a function →u : Ω0 0 � defined on a
strictly convex smooth domain ⊂Ω n

0 � , and that Ω
z

0 is bounded for each z. Then,
(i) there exists a complete non-compact smooth and strictly convex solution = tXΣ ,t

n�( ) of (1.1) in the time
interval T0,[ ] for which there exists a ball Bρ

0
of radius >ρ 0

0
in ΩT . Also, ⋅u t,( ) can be defined on Ωt and

≤u z onΩ
t

z. In addition, the maximal timeT* is the supremum of such T’s. In other words,T* will be the first
time at which ≔ ∩ <Ω ΩT t T t* * cannot enclose a ball Bρ of radius >ρ 0.

(ii) ∂Ω
t

z converges uniformly to ∂Ωt as → ∞z in any C
k -norm.

(iii) = ∂Γ Ωt t evolves under the −n 1( )-dimensional α-mean curvature flow in +n 1� , i.e., the α-mean curvature
flow of codimension two, and the maximal time of the solution Γt coincides with T*.

(iv) In addition, strict convexity of Σt is preserved. Furthermore, one also has strict convexity for ∂ =Ω Γt t.

Figure 1: Domains of projection.
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Remark 1.4.
(i) If the domain Ωt is entire or encloses an arbitrarily large ball, then one may choose any >T 0 in i( ) of

Theorem 1.3. In this case, the maximal time T* is infinity.
(ii) For each z, Ω

z

0 is bounded but Ω0 can be unbounded.
(iii) As noted in [4], a complete noncompact locally uniformly convex hypersurface can be expressed as a

graph by the result in [26].
(iv) The hypersurface Σt is strictly convex, but not uniformly strictly convex since the smallest principal

curvature λmin tends to zero as the height of the graph approaches infinity.

Remark 1.5. In [3], the maximal existence time of Q
k
-flow is discussed in detail, and it is shown that such time

depends on the number = + −d n V1 dimW ( ), where V denotes a vector space ∈ <+∞+
∈w X wsup ,n

X

1

Σ0
�{ ∣ ∣⟨ ⟩∣ }.

For the α-mean curvature flow, one can examine whether maximal time is finite depending on the bound of dW ,
more precisely, whether dW is less than n, the dimension of the hypersurface. This is to be seen in a future work. In
this article, we consider the existence of the α-mean curvature flow as long as the projection, i.e., the domain of
definition of the graph, contains an open ball.

This article is arranged as follows. In Section 2, evolution equations for tensors and scalar quantities are
derived, and in Section 3, a gradient estimate is derived. In Section 4, one has an upper bound for H for level
sets of finite height and that for the level strip of any height, and in Section 5, a lower bound for the smallest
principal curvature. In Section 6, one has higher regularity of the flow, and as in [4], one has the long-time
existence of the solution for (1.1) in Section 7. Finally, in Section 8, by considering a horizontal support-like
function, it is shown that the estimate for hypersurfaces is reduced to a curvature estimate for codimension
two as the height of a graph goes to infinity, and therefore, the boundary for the projection of the hypersurface
evolving by (1.1) satisfies the α-mean curvature flow of codimension two.

2 Evolution equations

In this section, we obtain the evolution of the quantities related to the curvature of the hypersurface Σt. The
computation for general curvature flows can be found in [1], and some are repeated in [10,21,22].

Lemma 2.1. Denote = −
αH Δ

α 1� , =h g h
ij ik

k

j, =A h h
ij

ij

2∣ ∣ , =h h hij ik j

k2( ) , and = −
b h

ij ij1( ) , the inverse matrix of the
second fundamental form hij. Let = νS X,⟨ ⟩ be the support function of the hypersurface Σt. Under the parabolic
flow (1.1), one has
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∂
∂ H h2
g

t

α

ij

ij ,
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∂

∂
∂H ,

ν

t
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x

X

j
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∂
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h
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i j
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i

k

kj

α

ij

2 1 2
ij

� ( ) ( ) ∣ ∣

(4) = +∂
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H α A H ,

H

t

α α2 2 1
α

� ∣ ∣

(5) = − ∇ −∂
∂
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v αH v v αH A v2 ,

v

t

α α1 1 2 1 2� ∣ ∣ ∣ ∣

(6) = + −∂
∂

−
u α H v1 ,

u

t

α 1� ( )

(7) = − + +∂
∂

−
S α H αH A S1 ,

S

t

α α 1 2� ( ) ∣ ∣

(8) = − − ∇ ∇ − ∇ ∇ + +∂
∂

− −
b α α H b b H H αH h b b α H δ1 2 1 .

b

t

ij α ik jl

k l

α

pl k

ip k jl α ij2 1
ij

� ( ) ( )

Proof. Equations (1) and (2) can be found in [21]. Let =F H
α be the speed of the flow. Equations of a curvature

flow with the speed F (see Theorem 3.7 in [1]) is given by

∂
∂

= ∇ ∇ + ∇ ∇ + − −
h

t

F h F h h F h h h h h h Fh h˙ ¨ ˙ ,
ij kl

k l ij

kl rs

i kl j rs

kl

ij k

m

ml kl i

m

mj i

m

mj

,
[ ] (2.1)
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where = ∂
∂Ḟ

kl F

hkl

and = ∂
∂ ∂F̈

kl rs F

h h

,

kl rs

2

. For flow (1.1), one has

= = −− −
F αH g F α α H g g˙ , ¨ 1 .

ij α ij ij kl α ij kl1 , 2( ) (2.2)

Equations (3) and (4) follow from (2.1). For = +u eX, n 1⟨ ⟩, one has

∂
∂

=
∂
∂
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α

α
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1
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which yield

∂
∂

= + − −u

t

u α H v1 .α 1� ( ) (2.4)

From the definition = +
−

v n e, n 1
1⟨ ⟩ , one has

∂
∂

= − ∇ −− − −v

t

v αv H v αvH A2 .α α1 1 2 1 2� ∣ ∣ ∣ ∣ (2.5)

Also, one can easily compute

∂
∂

=
∂
∂

= − + ∇
∂
∂
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∂
∂
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−
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S
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and therefore, one has

∂
∂

= − + + −S

t

S α H αH A S1 .α α 1 2� ( ) ∣ ∣ (2.7)

Finally, one obtains the evolution of b
ij from that of hij: since

= − + ∇ ∇ + ∇ ∇− −
b b b h αH b b b g h h αH b b b g h h ,ij ik jl

kl

α im pn jq kl

k mn l pq

α ip jm qn kl
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one has

∂
∂

= − − ∇ ∇ − ∇ ∇
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−

b

t

b α α H b b H H αH h b b

α H δ αH A b

1 2

1 .
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α

pl k
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2 1

1 2

� ( )

( ) ∣ ∣

(2.9)
□

3 Gradient estimate

In this section, we show that a smooth hypersurface remains a graph under flow (1.1) within the class of
smooth solutions to the α-mean curvature flow by showing that the gradient function is locally bounded. For
some large constant M , consider the following cut-off functionψ

γ
with varying height to derive a local gradient

estimate:

≔ − − +ψ p t M γt u p t, , ,
γ
( ) ( ( )) (3.1)

where γ is a constant to be determined later. Here, considering −u uinfΣ0
, we assume that =uinf 0Σ0

. Then, the
evolution equation of ψ

γ
on its support follows from Lemma 2.1:

∂
∂

= + − −−
t

ψ ψ α v H γ1 .
γ γ

α1� ( ) (3.2)

Reminding the notation in (1.2), we write
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= ∪ ×
= ∪ ×

≤ ≤

≤ ≤
−

t

t

Σ Σ ,

Σ Σ ,

t T t

M
t T t

M γt

0

0

{ }

( { })
(3.3)

for a space-time track of level sets, and denote by ΣM

t( ) the time section of ΣM with respect to t , i.e.,
= −

Σ ΣM

t t

M γt

( ) . Then, one has an upper bound for the gradient v.

Theorem 3.1. Let >α 0. The gradient function = +
−

v n e, n 1
1⟨ ⟩ of a solution Σt to (1.1) satisfies the estimate

≤ −
⎧
⎨
⎩

⋅
−

+

⎫
⎬
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− + +

+
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.
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Σ

1

Σ
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α

α

α
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1

1

1

( ) ( )
( )

( )( )
(3.4)

Proof. From Lemma 2.1 and (3.2), one can obtain the evolution equation of ≔Z ψ v
γ
,

∂
∂

=
∂
∂

+
∂
∂

= − ∇ − +
⎡
⎣⎢

+
−

−
⎤
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Z ψ
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t
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2 , 1 .
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1 1 2 1 2

1 2 1

� �

� �

[ ∣ ∣ ∣ ∣ ]

⟨ ⟩ ∣ ∣ ( )

(3.5)

Note that Z has compact support in × T0,n� [ ] and suppose that Z attains its maximum at p t,
0 0( ) with >t 00 .

At p t,
0 0( ), one has ∇ =Z 0 and (3.5) yields

∂
∂

≤ − + − −−
t

Z αZ A H α H γv1 .α α2 1∣ ∣ ( ) (3.6)

Case 1. For < ≤α0 1, one has a contradiction in (3.6) and thus (3.4) holds.
Case 2. For >α 1, using ≥n A H

2 2∣ ∣ , one may write (3.6) in the form

+
⎡

⎣⎢ +
⎛
⎝

⎞
⎠ +

+
⎛
⎝

⎞
⎠

⎤

⎦⎥
≤ −

++
+

+
α

α

α

ZH

n α

γv

H

α1
1

1

1
1,

α

α1
α

α

α

α α1

1 1

1

( )
( )

(3.7)

and then, it follows from Young’s inequality that

+ ⎛
⎝

⎞
⎠ ≤ −

+
+α

Z

n

γv α1 1.

α

α

α

1
1

1( ) ( ) (3.8)

By multiplying +
ψγ

α

1

1 , one has at p t,
0 0( ),

⎟⎜ ⎜ ⎟≤
−
+

⎛
⎝

⎞
⎠

≤
−
+

⎛
⎝

⎞
⎠

+ +

Z

α

α

n ψ

γ

α

α

n M

γ

1

1

1

1
.

α

γ
αα α

1

1
1

1

(3.9)

Then, the conclusion follows from the fact that − ≤ ≤θ M ψ M1
γ

( ) on Σ
t

θM , where < <θ0 1. □

From Theorem 3.1, one has the following result about the graphical hypersurfaces:

Corollary 3.2. If an initial hypersurface Σ0 is a smooth graph, then a smooth solution Σt to (1.1) remains a graph.

4 Estimates for H

In this section, we prove that for any >α 0, there are local infimum and supremum bounds of H depending on
initial data.

6  Hyunsuk Kang et al.



4.1 Lower bound for H

In the following lemma, one shall see that the mean convexity is preserved along the flow.

Lemma 4.1. Let >α 0. Given a constant < <θ0 1, the mean curvature H of a solution Σt to (1.1) satisfies the
estimate

≥
⎧
⎨
⎩

−
−

⎫
⎬
⎭

≕ −H

θ

α

H θ cinf min
1

1
, inf 1 .α α

M

Σ Σ
θM M

0

( ) (4.1)

Proof. From Lemma 2.1, one can obtain

∂ − = − − ∇− −
H

α A H H H

1
2 .t

α

α α2 1 3 2
� �( ) ∣ ∣ ∣ ∣ (4.2)

Recalling (3.2), one has

∂ − = ∂ − + ∂ −

− ∇ ∇ + ∇

ψ

H

ψ

H H

ψ

ψ
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H ψ H
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1 1

2
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2
.

t

γ

α γ t
α α

t γ

γ

γ

γ

α

γ

α γ

2
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�

�

( ) ( ) ( )
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(4.3)

Observe that ≔ −
W ψ H

γ

α is compactly supported. Suppose thatW attains its maximum at p t,
0 0( ) with >t 00 . At

p t,
0 0( ), one has ∇ =W 0 so that

≤ − − ∇ + − − + ∇− − −
ψ α A H H H

H

α v H γ

ψ H

ψ0 2
1

1
2

.
γ

α α

α

α
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α γ

2 1 3 2 1 2

� �( ∣ ∣ ∣ ∣ ) (( ) ) ∣ ∣ (4.4)

Moreover, it follows from ∇ =W 0 that ∇ = ∕ ∇H H ψ ψ
α α

γ γ

2 2 2

� �∣ ∣ ( ) ∣ ∣ . We simply take =γ 1. Thus, at p t,
0 0( ), one

has

≤ − + − −− −
αψ A H α v

H

0 1
1

.
γ α

2 1 1∣ ∣ ( ) (4.5)

Case 1. For < ≤α0 1, (4.5) yields a contradiction so that the maximum of W occurs at =t 00 .
Case 2. For >α 1, it follows from (4.5) that

≥
−

≥
−

H

v

α α1

1

1
,α (4.6)

at p t,
0 0( ), and since ≥ −ψ θ M1

γ
( ) on Σ

t

θM , one has

−
≤ ≤ − ∈

θ M

H p t

W p t α M p tX
1

,
, 1 , for all , Σ .

α t

θM
( )

( )
( ) ( ) ( ) (4.7)

Thus, one can conclude that

≥
⎧
⎨
⎩

−
−

⎫
⎬
⎭

H p t

θ

α

H, min
1

1
, inf .α α

Σ
M

0

( ) (4.8)
□

4.2 Upper bound for H in finite regions

In this subsection, the constant γ for the cut-off function ψ
γ

in (3.1) is taken to be zero so that

= − +ψ M u p t, .
0

( ( )) Denote by conv Σt( ) the convex hull of Σt. For Σ
t

M , let X0 be the center of an n-dimensional
ball on ≔ ∈ =E M u MX conv Σt t

M( ) { ( )∣ } referred to as the level domain, as shown in Figure 2. Recall the

α-Mean curvature flow of convex graphs  7



notation = ∪ ×≤ ≤ tΣ ΣM
t T t

M

0 ( { }) for =γ 0 from (3.3). Then, one has the following local upper bound of H for
finite height ≤u M .

Lemma 4.2. Let >α 0, and let Σt be a convex solution to (1.1) in × T0,n� [ ]. Assume that the convex hull of ΣT

contains an +n 1( )-dimensional ball of radius ρ
1
. Given constants M and < <θ0 1, the mean curvature H of Σt

satisfies the estimate

⎟⎜ ⎜ ⎟≤
−

⎧
⎨
⎩

⎛

⎝
+

⎛
⎝

⎞
⎠

⎞

⎠

⎫
⎬
⎭

≕H

R

θ ρ

H C n α

ρ

R

Mρ

Csup
4

1
max sup , ,

1
,α

M

α

α

α

M

α

θM

Σ 1 Σ 1 1
θM M

0

( )
( ) (4.9)

where C n α,( ) is some positive constant depending only on n and α, and RM denotes the radius of an
+n 1( )-dimensional ball enclosing Σ

M

0 .

Observe that this estimate is for graphs of finite height. However, in Proposition 4.5, where the height
becomes large, we shall derive a curvature estimate, which is independent of the height.

Proof. Let =ρ ρ
0

1

2 1
and denote the support function of Σt with respect to X0 by S , i.e., = − νS X X ,0⟨ ⟩, where X0

is the center of an n-dimensional ball on E Mt( ) as mentioned earlier. Consider the following functionϕ defined
on × T0,n� [ ] by

=
−

ϕ

H ψ

S ρ

,

α α

0

0

(4.10)

where = − +ψ M u p t, ,
0

( ( )) until S reduces to ρ2
0
. If the maximum of ϕ occurs at =t 0, the result follows from

the fact that ≤ − ≤ρ S ρ R2 M0 0
and =ρ ρ

0

1

2 1
. Suppose that ϕ attains an interior maximum at p t,

0 0( ). The
computation in this proof is carried out at p t,

0 0( ). From the evolution ofu in Lemma 2.1 withψ
0
, one can obtain

∂
∂

= − − ∇ + −− − − −
ψ

t

ψ α α H ψ ψ α αψ v H1 1

α

α α α α α0

0

2 1

0

2

0

2

0

1 1� ( ) ∣ ∣ ( ) (4.11)

and

Figure 2: Projections of Σ
t

M and the level domain E Mt( ).
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∂
∂

=
−

+

+
−

− − ∇ + −

−
−

− + +

−

− − − −

−

ϕ

t

ψ

S ρ

H α A H

H

S ρ

ψ α α H ψ ψ α αψ v H

H ψ

S ρ

S α H αH A S

1 1

1 .

α

α α

α

α α α α α

α α

α α

0

0

2 2 1

0

0

2 1

0

2

0

2

0

1 1

0

0

2

1 2

�

�

�

( ∣ ∣ )

( ( ) ∣ ∣ ( ) )

( )
( ( ) ∣ ∣ )

(4.12)

Since ∇ =ϕ 0 at p t,
0 0( ), one has

∇ =
−

∇ + ∇ −
−

∇+H

S ρ

ψ

ϕ

ϕ

ψ

S

αϕ S ρ

ψ

ψ
α

α α α

0

0 0

0

0

1 0

( ) ( )
(4.13)

and also

=
−

+
−

−
−

+
−

∇ ∇

+
−

∇ ∇ −
−

∇ ∇ −
−

∇ ∇

ϕ

ψ

S ρ

H

H

S ρ

ψ

H ψ

S ρ

S

H ψ

S ρ

S S

S ρ

H ψ

ψ

S ρ

H S

H

S ρ

ψ S

2

,

2
,

2

,
2

, .

α

α

α

α

α α α α

α α

α

α

α

α

0

0 0

0

0

0

2

0

0

3

0

0

0

0

2

0

2 0

� � � � �

� � �

( ) ( )
⟨ ⟩

⟨ ⟩
( )

⟨ ⟩
( )

⟨ ⟩

(4.14)

From (4.14), replacing H
α with − −

ϕ S ρ ψ
α

0 0
( ) and ∇H

α with other gradient terms in (4.13), one can easily find that

=
−

+
−

−
−

+
−

∇ ∇ − ∇ ∇
− −

ϕ

ψ

S ρ

H

H

S ρ

ψ

H ψ

S ρ

S

αH ϕ

ψ S ρ

S ψ

αH ϕ

ψ

ψ ψ

2
,

2
, .

α

α

α

α

α α

α

α

α

α

α

α α

0

0 0

0

0

0

2

1

0 0

0

1

0

2 0 0

� � � �
( )

( )
⟨ ⟩ ⟨ ⟩

(4.15)

At p t,
0 0( ), using (4.12) and (4.15), one has

≤ −
−

∇ ∇ + ∇ ∇

+
−

+
−

+ −

+
−

− − ∇ + −

− −

−
−

− − − −

αH ϕ

ψ S ρ

S ψ

αH ϕ

ψ

ψ ψ

α

H ψ

S ρ

A

H ψ

S ρ

α H αH A S

H

S ρ

α α H ψ ψ α αψ v H

0
2

,
2

,

1

1 1 .

α

α

α

α

α

α α

α α α α

α α

α

α α α α

1

0 0

0

1

0

2 0 0

2 1

0

0

2 0

0

2

1 2

0

2 1

0

2

0

2

0

1 1

( )
⟨ ⟩ ⟨ ⟩

∣ ∣
( )

(( ) ∣ ∣ )

( ( ) ∣ ∣ ( ) )

(4.16)

On the compact support of ϕ, we have − ≤ RX X 2 M0∣ ∣ . This, together with ∇ = ∇ ≤ψ u 1
0

∣ ∣ ∣ ∣ , gives that

∇ ∇ = − ⋅∇ ∇

≤ − − − ∇ ≤ν

S ψ h ψ

A u R A

X X X

X X X X

, ,

, 2 ,

i

k

k i

M

0 0 0

0
2

0
2

∣⟨ ⟩∣ ∣⟨ ( ) ⟩∣

∣ ∣ ∣ ∣ ⟨ ⟩ ∣ ∣ ∣ ∣
(4.17)

and therefore, ∇ ∇ ≤ −
S ψ αψ R H, 2

α α

M0 0

1∣⟨ ⟩∣ using convexity, which implies that

−
−

∇ ∇ ≤
−

+
αH ϕ

ψ S ρ

S ψ α R

ϕ

ψ

2
, 4 .

α

α

α

M α

1

0 0

0

2

2

0

1( )
⟨ ⟩ (4.18)

Note that since ≥n A H
2 2∣ ∣ and = − −

H S ρ ϕψ
α α

0 0
( ) , one has

−
−

−
= −

−

≤ −
−

− − −

∕

+
+

α

H ψ

S ρ

A α

H ψ

S ρ

A S αρ

H ψ

S ρ

A

αρ S ρ

nψ

ϕ .

α α α α α α

α

α

2 1

0

0

2

2 1

0

0

2

2

0

2 1

0

0

2

2

0 0

1

0

1

2 α

1

∣ ∣
( )

∣ ∣
( )

∣ ∣

( )
(4.19)

Combining (4.16), (4.18), and (4.19), one has
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≤ +
+ − ∇

−
−

+
+

+
− −

+

−

+
−

+
+

+

α R

ψ

ϕ

α α S ρ ψ

ψ

ϕ

αρ S ρ

nψ

ϕ

α

ψ

ϕ

α α S ρ

vψ

ϕ

0
4 1

1 1
.

M

α α

α α α

2

0

1

2

2

0

1

0

2

0

1

2

0 0

0

1

2

0

2 0

0

1

2

α

α

α

α

1

1

1

1

( )( ) ∣ ∣

( ) ( ) ( )
(4.20)

Since ∇ ≤ψ 1
0

2∣ ∣ , ≥v 1, ≤ − ≤ρ S ρ R2 M0 0
, and ≤ψ M

0
, multiplying (4.20) by + − +

ψ ϕ
α

0

1 2 α

1

gives that

≤ − + + + + − + + −
+

+
−

αρ

n

ϕ α R α M α αR ϕ α α S ρ0 4 1 1 2 1 .M M

0

1

2 2

0

1

α

α α α

1

2 1 1

( ( ) ( ) ) ( )( ) (4.21)

Note that one has that if − + + ≥a x b x c 02∣ ∣ ∣ ∣ ∣ ∣ and ≠a 0, then ≤ ∕ + ∕ ∕
x C α b a c a

α α α

0
2( )(∣ ∣ ∣ ∣ ) for some constant

C α0( ). Applying this to ∕
ϕ

α1 , one finds that

⎜ ⎟≤
′ ⎛

⎝
⎜

+
+

⎛
⎝

− ⎞
⎠

⎞

⎠
⎟

−

ϕ

C n α

ρ

R M

ρ

S ρ

ρ

,
,

M

α α

α

0 0

0

0

α 1

2

( ) (4.22)

for some constant ′C n α,( ). Observe that ≤ − ≤ρ S ρ R2 M0 0
( ) and ≥ =R ρ ρ2M 1 0

. From these, one has

⎟⎜≤
⎛
⎝

+ ⎞
⎠

≕ϕ

C n α

ρ

R M

ρ

C

,
˜.

M

α α

α

1 1

( ) (4.23)

Then, since ≤ −
H p t CR ψ, 2 ˜α

M

α

0
( ) , the conclusion follows from the fact that ≥ −ψ θ M1

0
( ) on ΣθM . □

Remark 4.3. The estimate in Lemma 4.2 still holds for a closed initial hypersurface in which case RM is bounded
and independent of M . Thus, one can take M sufficiently large to obtain ≤ − −

H Cρ H ρsup max sup ,α α α

Σ 1

1

Σ 1t 0
{ }. The

support function S has beenwidely used for flows of closed convex hypersurfaces since it was introduced for Gauss
curvature flow in [24] and for general curvature flows in [1].

4.3 Upper bound of H for large graph heights

In this section, one shall see that the upper bound of H for graphs with large heights does not depend on the
height of a graph but on its width of the compact support. For such bound, we introduce the horizontal and
vertical cut-off functions. Let the vertical cut-off function ≔ + −ψ ψ ψ¯ be given by

= − = −+ + + − − +ψ M u ψ u M, ,( ) ( ) (4.24)

with large constants +M and −M . Here, +M and −M become large as the height approaches infinity, and the
width −+ −M M can be chosen in any scale. Moreover, let the horizontal support-like function Ŝ be defined by

= − = − = −ν ν νS X X X X X Xˆ , ˆ ˆ ˆ , ˆ ˆ , ˆ ,0 0 0⟨ ⟩ ⟨ ⟩ ⟨ ⟩ (4.25)

where = − + +X X X e eˆ , n n1 1⟨ ⟩ , = − + +ν ν ν e eˆ , n n1 1⟨ ⟩ and X0 is the center of a ball on the level set −E Mt( ), as in
Section 4.2, replacing M in Figure 2 with −M . Note that the height u and the gradient v may be large for graphs
with large height. We consider the case where the projection Ω0 of Σ0 is smooth and strictly convex. For the
case of unbounded domains, let the horizontal cut-off function η be given by

= − − − − = − −+ + + +η L LX X X X e e X X, ˆ ˆ ,n n

2
0 0 1 1

2 2
0

2[ ∣ ⟨ ⟩ ∣ ] [ ∣ ∣ ] (4.26)

where ≥L 1 is a fixed constant. Then, for any < ≤ <t t T0 0 , we consider the evolution of

=
−

ϕ

H ψ η

S ρ

¯

ˆ
,

α α α2 2

0

(4.27)
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where r tin 0( ) is the radius of the largest −n 1( )-sphere with its center at π X0( ) enclosed by the convex hull −Ω
t

M

0
,

and = + ∕ +
ρ r t α n T ε Lmin , 1 ,in

α α

0

1

2 0
1 1

0{ ( ) (( ) ) } for some small < <ε0 10 .

Lemma 4.4. Let Ŝ , ψ̄ , and η be as in (4.24)–(4.26). Then, one has

∂
∂

= − + + + ∇ −
−

∂
∂

= − − ∇ + ∇ + − −

∂
∂

= −
−

∇ + − + − ∇

− −

− − − − − −
+ −

− − − −

S

t

S α H αH A S αH u

α

v

H

ψ

t

ψ α α H ψ ψ α ψ H u α α ψ H v ψ ψ

η

t

η

α

η

H η α α η SH α η H n u

ˆ
ˆ 1 ˆ 2

1
,

¯
¯ 2 2 1 ¯ ¯ 4 ¯ 2 1 ¯ ,

2 1

2
4 1 ˆ 4 ,

α α α

h

α

α

α α α α α α α

α

α

α

α α α α α α

1 2 1 2

2

2

2 2 1 2 2 2 2 2 1 1 2 2 1 1

2

2

2

1 2 2 2 1 2 2 1 1 2

�

�

�

( ) ∣ ∣ ∣ ∣

( ) ∣ ∣ ∣ ∣ ( ) ( )

( )
∣ ∣ ( ) ( ∣ ∣ )

(4.28)

where ∇ ≔ ∇ ∇u h u u
h

ij

i j

2∣ ∣ .

Proof. From (4.25), one has

∇ = ∇ − ∇ + − ∇
= − ∇ + − ∇

∇ ∇ = − − ∇ ∇ + ∇ − ∇

+ ∇ − ∇ ∇ − −

∂
∂

= − + + − ∇ ∇

+ +

+ +

+
−

+ +

+ +

+ +

ν ν

ν

ν

ν

ν ν ν

S

h

S h v h h

h h h

S

t

H H H

X X e e X X

X e e X X X

e X e X e X X X

X X e e X X X

e e X X X

ˆ , , ˆ ˆ ,

, , ˆ ˆ , ,

ˆ , , , ˆ ˆ ,

, , ˆ ˆ , ,

ˆ

, , ˆ ˆ , .

i i i n n i

i n n i

k

k

j i ij n i n j

l

l n j i

k

k

i

k

j j n n k i

k

jk

α α

n n i

α

i

1 1 0

1 1 0

1
1

1 1 0

1 1 0

1 1 0

⟨ ⟨ ⟩ ⟩ ⟨ ⟩

⟨ ⟩⟨ ⟩ ⟨ ⟩

⟨ ⟩ ⟨ ⟩⟨ ⟩ ( )⟨ ⟩

⟨ ⟨ ⟩ ⟩ ⟨ ⟩

⟨ ⟨ ⟩ ⟩ ⟨ ⟩

(4.29)

From (4.24), one has

∇ = − ∇ + ∇
∇ ∇ = − ∇ ∇ −

∂
∂

= −

= + − − + ∇

+ − + +

+ − + +

−
+ −

−
+ −

−

ν ν

ψ ψ ψ

ψ h ψ u u h ψ

ψ

t

H v ψ ψ

ψ α H v ψ ψ αH u

X e X e

e e

¯ , , ,

¯ , 2 , ,

¯

¯ 1 2 .

i i n i n

j i ij n i j ij n

α

α α

1 1

1 1

1

1 1 2�

⟨ ⟩ ⟨ ⟩

⟨ ⟩ ⟨ ⟩

( )

( ) ( ) ∣ ∣

(4.30)

From (4.26), one has

∇ = − − ∇ − ∇
∇ ∇ = − − ∇ − ∇ ∇ − ∇

= − + ∇ ∇
∂
∂

= − = + − + − ∇

+ +

+ +

−

ν

ν

η

η h u u

Sh g u u

η

t

H η α SH αH n u

X X X X e e

X X X e X e

X X

2 ˆ ˆ , , ,

2 ˆ ˆ , 2 ,

2 ˆ 2 2 ,

2 ˆ ˆ , 2 1 ˆ 2 .

i i i n n

j j ij i i n j j n

ij ij i j

α α α

0 1 1

0 1 1

0
1 2�

⟨ ⟨ ⟩ ⟩

⟨ ⟩ ⟨ ⟩

⟨ ⟩ ( ) ( ∣ ∣ )

(4.31)

Then, the evolution equations of Ŝ , ψ α¯
2 , and η

α2 easily follow. □

We will obtain a local upper bound of H , which is independent of the height of a graph, given that the
vertical width −+ −M M is fixed. Let

≔
+

+
−

≔
−

+
+

+ + − − + −M

θ

M

θ

M M

θ

M

θ

M

1

2

1

2
and

1

2

1

2
,

θ θ (4.32)

where < <θ0 1. Then, we prove the following proposition on = ∪ ×≤ ≤+ − + −
tΣ ΣM M ξL

t T t

M M ξL, ,
0

, ,θ θ
θ θ

( { }) of the “strip”:

= ∈ ≤ ≤ − ≤ < <− +
+ −

p t M u M ξL ξX X XΣ , Σ : , ˆ ˆ , 0 1 .t

M M ξL

t

θ θ, ,

0

θ θ

{ ( ) ∣ ∣ } (4.33)

Proposition 4.5. Let >α 0 and let Σt be a convex solution to (1.1) in × T0,n� [ ]. Assume that ΩT encloses a ball
Bρ

0
of radius >ρ 0

0
. Given positive constants +M , −M , L, < <θ0 1, and < <ξ0 1, one has
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⎜ ⎟ ⎜ ⎟
⎪

⎪

⎪

⎪

≤
− −

⎛
⎝

⎞
⎠

⎧
⎨
⎩

⎛
⎝

⎞
⎠

⎡

⎣
⎢ +

⎛

⎝
⎜ − −

+
+

−

⎞

⎠
⎟

+ +
⎤

⎦
⎥
⎫
⎬
⎭

+ −+ − + −
H

θ ξ

L

ρ

H

αn

ρ

n

L

ρ

α

θ M M

n

ξ L

α

sup
1

1 1
max sup , , 14 1

4

1 1

2
1

.

α

Σ

2 2 2 2

0 Σ 0 0

2

1

2
M

θ
M

θ
ξL

α

M M L
, ,

1

0

, ,( ) ( )
( )

( )( ) ( )

(4.34)

Proof. Recall = −ϕ .
H ψ η

S ρ

¯

ˆ

α α α2 2

0

From Lemma 2.1 and (4.28), one has

⎜ ⎟

∂
∂

=
−

+

+
−

− − ∇ + ∇ + − −

+
−

⎛
⎝

−
−

∇ + − + − ∇ ⎞
⎠

−
−

− + + + ∇ + −

−

− − − − − −
+ −

− − − −

− − −

t

ϕ

ψ η

S ρ

H α A H

H η

S ρ

ψ α α H ψ ψ α ψ H u α α ψ H v ψ ψ

H ψ

S ρ

η

α

η

H η α α η SH α η H n u

H ψ η

S ρ

S α H αH A S αH u α v H

¯

ˆ

ˆ
¯ 2 2 1 ¯ ¯ 4 ¯ 2 1 ¯

¯

ˆ

2 1

2
4 1 ˆ 4

¯

ˆ
ˆ 1 ˆ 2 1 .

α α

α α

α α

α α α α α α α

α α

α

α

α α α α α α

α α α

α α α

h

α

2 2

0

2 2 1

2

0

2 2 1 2 2 2 2 2 1 1 2 2 1 1

2

0

2

2

1 2 2 2 1 2 2 1 1 2

2 2

0

2

1 2 1 2 2

�

�

�

�

( ∣ ∣ )

( ( ) ∣ ∣ ∣ ∣ ( ) ( ))

( )
∣ ∣ ( ) ( ∣ ∣ )

( )
( ( ) ∣ ∣ ∣ ∣ ( ) )

Note that

=
−

+
−

+
−

−
−

+
−

∇

+
−

∇ ∇ +
−

∇ ∇ −
−

∇ ∇ −
−

∇ ∇

−
−

∇ ∇ +
−

∇ ∇

ϕ

ψ η

S ρ

H

H η

S ρ

ψ

H ψ

S ρ

η

H ψ η

S ρ

S

H ψ η

S ρ

S

η

S ρ

H ψ

ψ

S ρ

H η

ψ η

S ρ

H S

H η

S ρ

S ψ

H ψ

S ρ

η S

H

S ρ

ψ η

¯

ˆ ˆ
¯

¯

ˆ

¯

ˆ
ˆ

2 ¯

ˆ
ˆ

2

ˆ
, ¯

2 ¯

ˆ
,

2 ¯

ˆ
, ˆ

2

ˆ
ˆ, ¯

2 ¯

ˆ
, ˆ

2

ˆ
¯ , .

α α

α

α α

α

α α

α

α α α α α α

α

α α

α

α α

α α

α

α α

α

α α

α

α

α α

2 2

0

2

0

2

2

0

2

2 2

0

2

2 2

0

3

2

2

0

2

2

0

2

2 2

0

2

2

0

2

2

2

0

2

2

0

2 2

� � � � � �

� � � �

� �

( ) ( )
‖ ‖

⟨ ⟩ ⟨ ⟩
( )

⟨ ⟩
( )

⟨ ⟩

( )
⟨ ⟩ ⟨ ⟩

(4.35)

For the terms involving ∇H
α in (4.35), replace ∇H

α with other gradient terms: use

⎜ ⎟
−

∇ =
−

∇
⎛
⎝

− ⎞
⎠

= ∇ +
∇
−

−
∇

−
∇

ψ η

S ρ

H

ψ η

S ρ

ϕ S ρ

ψ η

ϕ

ϕ S

S ρ

ϕ ψ

ψ

ϕ η

η

¯

ˆ

¯

ˆ

ˆ

¯

ˆ

ˆ

¯

¯

α α

α

α α

α α

α

α

α

α

2 2

0

2 2

0

0

2 2

0

2

2

2

2

( )

(4.36)

to obtain

=
−

+
−

+
−

−
−

+
−

∇ + ∇
∇

+
∇

−
∇
−

− ∇ − ∇ −
−

∇

+
−

∇ ∇ +
−

∇ ∇ − ∇ ∇
− − −

ϕ

ψ η

S ρ

H

H η

S ρ

ψ

H ψ

S ρ

η

H ψ η

S ρ

S

H ψ η

S ρ

S ϕ

ψ

ψ

η

η

S

S ρ

ϕ

ψ

ψ

ϕ

η

η

ϕ

S ρ

S

αH ϕ

ψ S ρ

S ψ

αH ϕ

S ρ η

η S

αH ϕ

ψ η

ψ η

¯

ˆ ˆ
¯

¯

ˆ

¯

ˆ
ˆ

2 ¯

ˆ
ˆ 2 ,

¯

¯

ˆ

ˆ

2

¯
¯

2 2

ˆ
ˆ

2

¯ ˆ
ˆ, ¯

2

ˆ
, ˆ

2

¯
¯ , .

α α

α

α α

α

α α

α

α α α

α α α α

α

α

α

α

α

α

α

α

α

α

α

α

α

α

α α

α α

2 2

0

2

0

2

2

0

2

2 2

0

2

2 2

0

3

2

2

2

2

2

0

4

2 2

4

2 2

0

2

2

1

2

0

2
1

0

2

2

1

2 2

2 2

� � � � �

�

�

� � �

( )

( )
‖ ‖

‖ ‖ ‖ ‖
( )

‖ ‖

( )
⟨ ⟩

( )
⟨ ⟩ ⟨ ⟩

(4.37)

Note that the two terms involving ∇Ŝ
2

�‖ ‖ in (4.37) are canceled out. Since

∇ = − ∇ + ∇ − ∇ ⋅
= − ∇ + ∇

+ +
−

ν νS

h v u

X X X X e e

X X X

ˆ ˆ ˆ , ,

ˆ ˆ , ,

i i i i n n

i

k

k i

0 1 1

0
1

⟨ ⟩ ⟨ ( ) ⟩

⟨ ⟩
(4.38)

12  Hyunsuk Kang et al.



which follows from (4.25), one has

∇ ≤ + ∇S LH uˆ ,∣ ∣ ∣ ∣ (4.39)

on ψηsupp ¯ using convexity. For the terms in the penultimate line of (4.37), since ∇ = − −
u v12 2∣ ∣ , one has

−
∇

∇ ≤ +
∇−

αH ϕ

S ρ

f

f

S α

ϕ

ψ η H

LH

f

f

2

ˆ
, ˆ 4

¯
1 ,

α α

α α α

1

0

2

2

2

2

2 2( )
( )

∣ ∣
(4.40)

where =f ψ̄ or η. Also, one has

∇ ∇ ≤
− ∇ ∇

−
+ + − ≤ +

−

−

αH ϕ

ψ η

ψ η α

ϕ S ρ

ψ η H

ψ η

ψη

H ψ η

S ρ

α α v H α

ϕ

ψ η

2

¯
¯ , 8

ˆ

¯

¯

¯

¯

ˆ
1 1 2 1

¯
.

α

α α

α α

α α

α α α

α

α α

1

2 2

2 2 3

2

0

2 2

2 2

0

2

2

2

2 2

⟨ ⟩
( ) ∣ ∣∣ ∣

( )
[( ) ( ) ] ( )

(4.41)

Then, (4.37) together with (4.40) and (4.41) gives that

⎜ ⎟

⎜ ⎟

∂
∂

≤ − ∇
∇

+
∇

−
∇
−

+ ∇

+ ∇ + + ⎛
⎝

∇
+

∇ ⎞
⎠

+
− ∇ ∇

− −
−

⎛
⎝

∇
+

∇ ⎞
⎠

+
−

− − +
−

∇

+
−

− + − ∇

+ −
−

− + +

−

− − −

− − −

−
−

+ −

t

ϕ ϕ ϕ

ψ

ψ

η

η

S

S ρ

ϕ

ψ

ψ

ϕ

η

η α

ϕ

ψ η H

LH

ψ

ψ

η

η

α

ϕ S ρ

ψ η H

ψ η

ψη

α α

H ψ η

S ρ

ψ

ψ

η

η

α

ψ η H

S ρ

S ρ A S A α

H ψ η

S ρ

u

H ψ

S ρ

α α η SH α η H n u

α α

H ψ η

S ρ

v ψ ψ α

ϕ

ψ η

2 ,
¯

¯

ˆ

ˆ

2

¯
¯

2
4

¯
1

¯

¯

8

ˆ

¯

¯

¯
2 2 1

¯

ˆ

¯

¯

¯

ˆ
ˆ ˆ 4

¯

ˆ

¯

ˆ
4 1 ˆ 4

2 1
¯

ˆ
2 1

¯
.

α

α

α

α α

α

α

α

α α

α α

α α α

α α α α α α

α α

α α α α

α α α

α α

2

2

2

2

0

4

2 2

4

2 2 2

2

2 2

3

2

0

2 2

2

2 1 2 2

0

2

2

2

2

2 2 2 1

0

2 0

2 2 2

2 1 2 1 2

0

2

2

0

2 1 2 2 1 1 2

2 2 1 2

0

1

2

2 2

�

�

�

�

‖ ‖

‖ ‖ ( )
∣ ∣ ∣ ∣

( ) ∣ ∣∣ ∣
( )

∣ ∣ ∣ ∣

( )
(( )∣ ∣ ∣ ∣ ) ∣ ∣

( ( ) ( ∣ ∣ ))

( ) ( ) ( )

(4.42)

Suppose thatϕ attains its maximum at p t,
1 1( ), where ≤ ≤t T0 1 . If =t 01 , the result follows. Thus, let >t 01 . Note

that for the last two terms in (4.42),

∇ =
− ∇ϕ

f

f

α ϕ S ρ

ψ η H

f

f

2 8 ˆ

¯
,

α

α

α α4

2 2

2 2

0

2 2

2

2�‖ ‖
( ) ∣ ∣

(4.43)

for =f ψ̄ or η. Also, for the last two terms of the penultimate line in (4.42), one has

−
− + − ∇ ≤

−− − −
+

H ψ

S ρ

α α η SH α η H n u

αS S ρ

ψ η

ϕ

¯

ˆ
4 1 ˆ 4

8 ˆ ˆ

¯
,

α α

α α α α

α α

2

0

2 1 2 2 1 1 2 0

2 2 1

2( ( ) ( ∣ ∣ ))
( )

(4.44)

if

≥ >H

αn

ρ

αn

Ŝ0

(4.45)

Replacing H
α with − − −

ϕ S ρ ψ ηˆ ¯
α α

0

2 2( ) , from (4.42)–(4.44), one has, at p t,
1 1( ),

α-Mean curvature flow of convex graphs  13



⎜ ⎟

≤ − +
⎡
⎣⎢

+
∇

+
∇ ∇

+ +
∇ ⎤

⎦⎥
−

+ + ⎛
⎝

∇
+

∇ ⎞
⎠

+
−

∇

+ − −
−

+
−

+ +

+

+ − + +

αρ

n

ϕ

ψ η

H α α

ψ

ψ

α

ψ η

ψη

α α

η

η

ϕ S ρ

ψ η H

α

ϕ

ψ η H

LH

ψ

ψ

η

η

α

ϕ S ρ

ψ η H

u

α α ψ ψ

ϕ S ρ

vψ η

αS S ρ

ψ η

ϕ α

ϕ

ψ η

0
¯

2 2 1
¯

¯
8

¯

¯
2 2 1

ˆ

¯

4
¯

1
¯

¯
4

ˆ

¯

2 1

ˆ

¯

8 ˆ ˆ

¯
2 1

¯
,

α α α α

α α α α

α α α α α α

0
2

2 2

2

2

2

3 2

2

2

2

0

2 2

2

2

2 2

2

2

0

2 1 2

2

2

0

2 1 2

0

2 2 1

2

2

2 2

( )
∣ ∣ ∣ ∣∣ ∣

( )
∣ ∣ ( )

( )
∣ ∣ ∣ ∣ ( )

∣ ∣

( )( )
( ) ( )

( )

(4.46)

where the first term follows from the terms with A
2∣ ∣ in (4.42) using ≥n A H

2 2∣ ∣ . Multiplying both sides of (4.46)
by H and canceling the factor − −

ϕ ψ η¯
α α2 2 2 , (4.46) gives

⎜ ⎟ ⎜ ⎟≤
⎡

⎣⎢
+ ⎛

⎝
∇

+
∇ ⎞

⎠
+

⎤

⎦⎥
− + + ⎛

⎝
∇

+
∇ ⎞

⎠

+
⎡
⎣⎢

−
−

+
⎤
⎦⎥

− + ++ −

αρ

n

H α α

ψ

ψ

η

η

α

ψ

S ρ α LH

ψ

ψ

η

η

α α

ψ ψ

vψ

αS

η

S ρ H α H

2 1
¯

¯

4

¯
ˆ 4 1

¯

¯

2 1
¯

8 ˆ
ˆ 2 1 .

0 2 2

2

0

2

0

( )
∣ ∣ ∣ ∣

( ) ( )
∣ ∣ ∣ ∣

( ) ( ) ( )

(4.47)

Note that on ϕsupp , one has ≤ ≤η L0 2, ∇ ≤η nL2∣ ∣ , ≤S Lˆ , and

− ≤ − ≤ −

≤ ≤ −

∇ = − ∇ ≤ −

− + + − + −

+ −

+ − + −

M M ψ ψ M M

ψ M M

ψ ψ ψ u M M

,

0 ¯
1

4
,

¯ .

2( )

∣ ∣ ∣( ) ∣

(4.48)

Using (4.48), at p t,
1 1( ), one has

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

≤
⎡

⎣⎢
+ ⎛

⎝
−

+ ⎞
⎠

+
⎤

⎦⎥
+ ⎛

⎝
−

+ ⎞
⎠

+
⎡
⎣⎢

⎛
⎝

−
+ ⎞

⎠
+ ⎛

⎝
+

−
+ ⎞

⎠
+ +

⎤
⎦⎥

+ − + −

+ − + −

H

nL

ρ

α

M M

ψ

nL

η

α

ψ

nα

ρ

M M

ψ

nL

η

n

ρ

αL

M M

ψ

nL

η

L α

M M

ψ

L

η α

H

2 1
¯

2 4

¯

4

¯

2

4
¯

2
2 1

¯

8
2

1
.

2

0

2

2

0

0

( )

( )

(4.49)

Since ≤ +x A x B
2 ∣ ∣ ∣ ∣ implies that ≤ + ∕

x A B
1 2∣ ∣ ∣ ∣ and = ⎛

⎝
⎞
⎠ ≤ ⎛

⎝
⎞
⎠

−∕
+ −

α α
α

ψ

ψ

ψ

M M

ψ

4 2 ¯

¯

2

¯

2
1 2

, using ≥n 2, one has

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

≤
⎡
⎣⎢

⎛
⎝

−
+ ⎞

⎠
+ ⎛

⎝
+

−
+ ⎞

⎠
+ +

⎤
⎦⎥

+
⎡

⎣
⎢

⎡

⎣⎢
+ ⎛

⎝
−

+ ⎞
⎠

+
⎤

⎦⎥
+ ⎛

⎝
−

+ ⎞
⎠

⎤

⎦
⎥

≤
⎡
⎣⎢

+ ⎛
⎝

−
+ + ⎞

⎠
+ +

⎤
⎦⎥

+
⎡

⎣⎢
+ ⎛

⎝
−

+ ⎞
⎠

+ ⎛
⎝

−
+ ⎞

⎠
⎤

⎦⎥

+ − + −

+ − + −

+ −

+ − + −

H

n

ρ

αL

M M

ψ

nL

η

L α

M M

ψ

L

η α

nL

ρ

α

M M

ψ

nL

η

α

ψ

nα

ρ

M M

ψ

nL

η

n

ρ

α L

M M

ψ

n

α

L

η α

α nL

ρ

M M

ψ

nL

η

nα

ρ

M M

ψ

nL

η

4
¯

2
2 1

¯

8
2

1

2 1
¯

2 4

¯

4

¯

2

8 1
¯

1
2

1

4 1

¯

2 4

¯

2
,

0

0

2

2

0

0

2

0

2

0

1

2

1

2

( )

( )

( ) ( )

( )

(4.50)

at p t,
1 1( ). Since ≤η L

2 and < ≤ρ L nL
0

, the last line of (4.50) is less than
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⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

+
⎛
⎝

⎞
⎠

⎡

⎣⎢
⎛
⎝

−
+ ⎞

⎠
+ ⎛

⎝
−

+ ⎞
⎠

+
⎤

⎦⎥

= +
⎛
⎝

⎞
⎠

⎡
⎣⎢
⎛
⎝

−
+ ⎞

⎠
+

⎤
⎦⎥

≤ + ⎛
⎝

−
+ ⎞

⎠

+ − + −

+ −

+ −

α

nL

ρ

M M

ψ

nL

η L

M M

ψ

nL

η L

α

nL

ρ

M M

ψ

nL

η L

α

nL

ρ

M M

ψ

nL

η

2 1
¯

2 2

¯

2 1

2 1
¯

2 1

2 1
¯

3
.

0

2

2

0

0

1

2

1

2

1

2

( )

( )

( )

(4.51)

Substituting (4.51) into (4.50) and using ≥L 1, at p t,
1 1( ), one has

⎜ ⎟ ⎜ ⎟

⎜ ⎟

≤
⎡
⎣⎢

+ ⎛
⎝

−
+ ⎛

⎝ + ⎞
⎠

⎞
⎠

+ +
⎤
⎦⎥

+ + ⎛
⎝

−
+ ⎞

⎠

≤
⎡
⎣⎢

+ ⎛
⎝

−
+ ⎛

⎝ + ⎞
⎠

⎞
⎠

+ +
⎤
⎦⎥

+ − + −

+ −

H

n

ρ

α L

M M

ψ

n

α

L

η α

α

nL

ρ

M M

ψ

nL

η

nL

ρ

α

M M

ψ

n

α

L

η α

8 1
¯

1
2

1
2 1

¯

3

14 1
¯

1
2

1
.

0 0

0

( ) ( )

( )

(4.52)

Observe that on the strip

= ∈ ≤ ≤ − ≤ < <− +
+ −

p t M u M ξL ξX X XΣ , Σ : , ˆ ˆ , 0 1 ,t

M M ξL

t

θ θ, ,

0

θ θ

{ ( ) ∣ ∣ }

one has

≤ − ≤ −
−

− ≤ ≤ −

− ≤ ≤

+ − + −

+ − + −

ψ ψ θ M M

θ

M M ψ M M

ξ L η L

0 ,

1

4
¯

1

4
,

1 .

2

2 2

2 2 2

( )

( ) ( )

( )

(4.53)

Since ≤ ≤ρ S L2 ˆ
0

and

⎜ ⎟ ⎜ ⎟≤
⎛
⎝ −

⎞
⎠

⎛
⎝

− ⎞
⎠

=
−

−∕

∕ − ∕

− ∕
H

Hψ η

S ρ

S ρ

ψ η

Hψ η S ρ

ψ η S ρ

¯

ˆ

ˆ

¯

¯ ˆ

¯ ˆα
p t

α α

p t

α

2 2

0

1
,

0

1

2 2

2 2

0

1
,

2 2

0

11 1

1 1

( )
∣

( ) ( ( ) )∣

( )
( )

( )

on + −Σt

M M ξL, ,
θ θ

, (4.52) and (4.53), together with (4.45), give

⎜ ⎟ ⎜ ⎟

⎜ ⎟

≤
− −

⎛
⎝

⎞
⎠

⎧
⎨
⎩

⎛
⎝

⎞
⎠

⎡
⎣⎢

+ ⎛
⎝ − −

+
+
−

⎞
⎠

+ +
⎤
⎦⎥
⎫
⎬
⎭+ −

−

+ −
H

θ ξ

L

ρ

H

αn

ρ

n

L

ρ

α

θ M M

n α

ξ L α

1

1 1
max sup , ,

14 1
4

1 1
2

1
,

2 2 2 2

0 Σ 0 0

2

1

2

α

M M L

1

0

, ,( ) ( )

( )
( )( ) ( )

(4.54)

and the result follows. □

For the case in which Σ0 is given over a bounded smooth strictly convex domainΩ0, let d0 be the diameter of a

cylinder enclosing Σ0. Then, by taking =η 1 and =ξ 0 so that the term +
−

−
n α

ξ L1

1

2( )
in (4.54) does not appear, modifying

the strip in (4.33) accordingly, and replacing L with d0 in (4.54), one can obtain the following proposition.

Proposition 4.6. Let >α 0, and let Σt be a convex solution to (1.1) in × T0,n� [ ]. Assume that Σ0 is enclosed in a

cylinder of diameter d0 and that ΩT encloses a ball Bρ
0
of radius >ρ 0

0
. Let = ∪ ×≤ ≤+ − + −

tΣ Σ ,M M
t T t

M M,
0

,θ θ
θ θ

( { }) where

= ∈ ≤ ≤− +
+ −

p t M u MXΣ , Σ .t

M M

t

θ θ,
θ θ

{ ( ) ∣ } Then, given positive constants +M , −M , and < <θ0 1, one has

⎜ ⎟ ⎜ ⎟≤
−

⎛
⎝

⎞
⎠

⎧
⎨
⎩

⎛
⎝

⎞
⎠
⎡
⎣⎢

+
− −

+ + ⎤
⎦⎥
⎫
⎬
⎭+ −+ − + −

H

θ

d

ρ

H

αn

ρ

n

d

ρ

α

θ M M α

sup
1

1
max sup , ,

56 1

1
2

1
.

Σ

2 2

0

0 Σ 0

0

0

2
M

θ
M

θ

α

M M
,

1

0

,( )

( )

( )( )
(4.55)
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From Propositions 4.5 and 4.6, one has the following corollary, which gives an upper bound of the mean
curvature independent of the height u of a graph for > −u M :

Corollary 4.7. Let >α 0 and let Σt be a convex solution to (1.1) in × T0,n� [ ]. Assume that ΩT encloses a ball Bρ
0

of radius >ρ 0
0

.
(i) Given positive constants +M , −M , L, one has

≤H C n L α ρ Hsup , , , sup ,

Σ

0

Σ
M M L M M L5 ,4 ,

0

6 ,3 ,2

( ) (4.56)

where C n L α ρ, , ,
0

( ) is a positive constant depending only on n, L, α, and ρ
0
, and + −Σ

t

M M L, , is defined in (4.33).
For bounded domains, the dependence on L is omitted.

(ii) If =ρ O L
0

( ), then, for any positive constants +M , −M , L and < <θ0 1, one has

≤
−

⎧
⎨
⎩ − −

+ +
⎫
⎬
⎭+ −+ − + −

H

C n α

θ

H

θ M M L

sup
,

1
max sup ,

1

1

1
1 ,

Σ

2 2

Σ

2
M

θ
M

θ
L

M M L
, ,

0

, ,2

( )

( ) ( )( )
(4.57)

where + −ΣM M L, ,
θ θ

is defined in (4.33) and C n α,( ) is a positive constant depending only on n and α.

4.4 Proof of Proposition 1.1

The proof for Proposition 1.1 follows from Lemma 4.2, Propositions 4.5 and 4.6.

5 Lower bound of the smallest principal curvature λ1

In this section, we obtain a local bound for the smallest principal curvature λ1. As in [3] and [4], we use the
Pogorelov-type computation and the Euler’s formula to acquire such a bound. The results in this section do not
require the hypersurface to be graphical.

Let +
C

n2 1�� ( ) be the set of all complete convex hypersurfaces of class C
2 in +n 1� , and let λ XΣ̃min( )( ) be the

smallest principal curvature of ∈ +
CΣ̃ n2 1�� ( ) at ∈X Σ̃. Then, the smallest principal curvature of a convex

hypersurface Σ at X in Σ is defined by

= ∈ ⊂ ∈ +
λ λ CX X XΣ sup Σ̃ Σ conv Σ̃ , Σ̃ ,n

min min
2 1��( )( ) { ( )( )∣ ( ) ( )} (5.1)

where we write conv Σ̃( ) for a convex hull of Σ̃. Denote the inverse matrix −
h

ij1( ) of the second fundamental
form by b

ij.
We aim to find a local upper bound of −

λmin
1( ) , i.e., a local lower bound for λmin. Note that since −

λmin
1( )

may not be smooth, we will use a quantity involving b
ii and the Euler’s formula in Proposition 5.1 to obtain the

desired upper bound for −
λmin

1( ) . We will obtain a local lower bound for λmin in Theorem 5.3 using the
estimates for the terms involving the gradient of the second fundamental form in Proposition 5.4. The Euler’s
formula from [4] states that

Proposition 5.1. (Proposition 3.1 [4]) Let Σ be a smooth strictly convex hypersurface, and let → +
MX : n n 1� be a

smooth immersion with =MX Σ( ) . Then, for all p in M, one has

≤ =−b p

g p

λ p i n, 1,…, .

ii

ii
min

1
( )

( )
( ( )) (5.2)

Remark 5.2. Note that the left-hand side of (5.2) depends on the choice of charts, whereas inequality (5.2) holds
for any chart and immersion. In the following, we shall see that a lower bound of λmin can be obtained to be
independent of the choice of parametrization.

16  Hyunsuk Kang et al.



Theorem 5.3. Suppose that the initial hypersurface Σ0 for flow (1.1) is strictly convex and smooth. Let < <θ0 1.

For ≥ +β 1
α

1 , one has

⋅ ≥ − ⋅λ t θ λ, 1 inf , 0 .β

min Σ

Σ

minθM

t M

0

( )∣ ( ) ( )( ) (5.3)

Proof. Suppose that −
λ ψ

γ

β

min
1( ) attains its maximum value at p t,

0 0( ), where = − − +ψ p t M γt u p t, ,
γ
( ) ( ( )) , and

β and γ are the positive constants to be determined later. Since the result easily follows for the case of =t 00 ,
one may assume that >t 00 . One can choose coordinate charts such that

= = =g p t δ h p t λ δ λ p t λ p t, , , , , , .
ij ij j

i

i j

i

0 0 0 0 1 0 0 min 0 0( ) ( ) ( ) ( ) (5.4)

Let

≔ =
−

w

h

g

ψ

b

g

ψ .
γ

β

γ

β

1 11

11

11

11

( )
(5.5)

From Proposition 5.1, one has

= ≤ −
w p t

b

g

ψ p t λ ψ p t, , , ,
γ

β

γ

β

11

11 min
1( ) ( ) ( ) ( ) (5.6)

and the chart chosen in (5.4) gives

≤ =− −
λ ψ p t λ ψ p t w p t, , , .

γ

β

γ

β

min
1

min
1

0 0 0 0( ) ( ) ( ) ( ) ( ) (5.7)

Putting (5.6) and (5.7) together, one sees that w attains its maximum at p t,
0 0( ). Thus, we will find an upper

bound of w to obtain that of −
λ ψ

γ

β

min
1( ) . The computation in this section is carried out at p t,

0 0( ) reminding that
=h δ λij ij i at p t,

0 0( ). Differentiating (5.5) yields

=
∂

−
∂

+
∂

−
∇

= −
∇

+ −
∇

w

w

b

b

g

g

β

ψ

ψ

w

w

w

w

b

b

b

b

β

ψ

ψ

β

ψ

ψ

,

t t t
t γ

γ

γ

γ

γ

γ

11

11

11

11

2

2

11

11

11 2

11 2

2

2

� � �
� � �‖ ‖ ‖ ‖

( )

‖ ‖
(5.8)

and since ∇ =w p t, 0
0 0( ) , one has

∇
= ∇ = ∇β

ψ

ψ b

b b h b h

1
.

j γ

γ

k l

j kl j11

1 1 11
11 (5.9)

From the evolution of u in Lemma 2.1 6( ), one also has

∂
∂

= + − −−
t

ψ ψ α v H γ1 .
γ γ

α1� ( ) (5.10)

Then, again from Lemma 2.1,

− = −
∇

+
∂ −

−
∂

+
∇

+
⎡

⎣
⎢∂ − +

∇ ⎤

⎦
⎥

= −
∇

+ − − ∇ ∇

+ + − − ∇ ∇

− +
∇

+
⎡

⎣
⎢

−
− +

∇ ⎤

⎦
⎥

−

− −

w

w

w

w

w

w

b b

b

g

g

b

b

β

ψ

ψ ψ

ψ

ψ

w

w b

α α H b b H H

α H αH A b αH h b b

H h

g

b b h

b

β

ψ

α H

v

γ

ψ

ψ

1
1

1 2

2 1
.

t t t

γ

t γ γ

γ

γ

α k l

k l

α α α

pl k

p k l

α k l

kl

γ

α
γ

γ

2

2

11 11

11

11

11

11 2

11 2

2

2

2 11

2 1 1

1 2 11 1 1 1

11

11

1 1 2

11 2

2

� �
�

� � �

�

� �

‖ ‖ ‖ ‖

( )

‖ ‖

‖ ‖
[ ( )

( ) ∣ ∣ ]

‖ ‖

( )

( ) ‖ ‖

(5.11)

Consider the gradient terms involving ∇hkl in (5.11). Using the Codazzi relation, one has
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∑

∑

∑

− − ∇ ∇ = − ∇

− ∇ ∇ = − ∇

∇
= ∇

− −

− −

−

b

α α H b b H H α α H b h

b

αH h b b αH b b h

b b h

b

αH b h

1
1 1

2
2

.

α k l

k l

α

k

kk

α

pl k

p k l α

k l

ll

kl

k l

kl
α

k

k

11

2 1 1 2 11
1

2

11

1 1 1 1 11

,

1
2

1 1 2

11 2

1 11 2
11

2�

( ) ( )

∣ ∣

‖ ‖

( )
( ) ∣ ∣

(5.12)

From (5.9), one has ∇ = ∇ψ b h
γ

ψ

β

11
11

γ so that

∇
= ∇−β

ψ

ψ

ψ

α

β

H b h ,

γ

γ

γ

α

2

1 11 2
11

2
�‖ ‖

( ) ∣ ∣ (5.13)

and the sum B of gradient terms in (5.11) is

∑ ∑

∑ ∑

≔ − ∇ + − ∇

+ ∇ + ∇

− −

− −

B αH b b h α α H b h

αH b h

α

β

H b h

2 1

.

α

k l

ll

kl

α

k

kk

α

k

k

α

k

k

1 11

,

1
2 2 11

1

2

1 11 2
11

2 1 11 2
11

2

∣ ∣ ( )

( ) ∣ ∣ ( ) ∣ ∣

(5.14)

Proposition 5.4. Let B be as given in (5.14). Then,
(i) B is non-positive for ≥α 1 and ≥β 1 and

(ii) B is non-positive for < <α0 1 and ≥ +β 1
α

1 .

Proof of Proposition 5.4. i( ) For ≥α 1 and ≥β 1, from (5.14), one has

∑⎜ ⎟≤ ⎛
⎝
− + + ⎞

⎠
∇ ≤−

B αH

β

b h2 1
1

0.α

k

k

1 11 2
11

2( ) ∣ ∣ (5.15)

ii( ) Consider the case in which < <α0 1. In (5.14), let = ∇a hk k 11 and = ∇c h .k kk1 Since

∑ ∑ ∑∇ ≥ ∇ + ∇
= = ≠

b b h b h b b h ,

k l

ll

kl

k

n

k

k l

ll

kl

11

,

1
2

1

11 2
1 1

2

1

11
1

2∣ ∣ ( ) ∣ ∣ ∣ ∣ (5.16)

using the Codazzi equation, one has

∑ ∑ ∑ ∑

∑ ∑ ∑

⎜ ⎟

⎜ ⎟

≤
⎡

⎣
⎢− − + − + ⎛

⎝
+ ⎞

⎠

⎤

⎦
⎥

=
⎡

⎣
⎢
⎛
⎝

− ⎞
⎠

− +
− ⎤

⎦
⎥

−

= = = =

−

= = =

B αH b a b b c α

b

H

c

β

b a

αH b

β

a

b

b

c

α

Hb

c

2 2 1 1
1

1
1 2

1
.

α

k

n

k

k

n

kk

k

k

n

k

k

n

k

α

k

n

k

k

n kk

k

k

n

k

1

1

11 2 2

2

11 2

11

1

2

1

11 2 2

1 11 2

1

2

2

11

2

11

1

2

( ) ∣ ∣ ∣ ∣ ( ) ( ) ∣ ∣

( ) ∣ ∣ ∣ ∣

(5.17)

Also, using the Cauchy-Schwarz inequality, one has

∑ ∑ ∑

∑

⎜ ⎟⎜ ⎟
−

≤
⎛
⎝ +

−
+

⎞
⎠
⎛
⎝

+
+

− ⎞
⎠

≤
+

− ⎛
⎝ − ⎛

⎝
− ⎞

⎠
⎞
⎠ +

= = =

=

α

Hb

c

α

α

Hb

c

b

b

c

α α

Hb

α

α

Hb

α λ

H

c

b

b

c

1 2

1

1
2

1

2

1

2

2

1

1
1

1

2
2

k

n

k

k

n kk

k

k

n

kk

k

n kk

k

11

1

2

11 1
2

2

11

2

2

11

1

1
2

2

11

2

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

(5.18)

since

∑+
+

−
=

+
+

−
− = − ⎛

⎝
− ⎞

⎠ ≤
=

α α

Hb

α α

H

H λ

α λ

H

1

2

1

2

1

2

1

2
1

1

2
1.

k

n

kk

2

1

1
( ) (5.19)

18  Hyunsuk Kang et al.



Substituting (5.18) into (5.17), one obtains

∑⎜ ⎟≤
⎡
⎣⎢
⎛
⎝

− ⎞
⎠

+ ⎧
⎨
⎩

− +
−
+

⎛
⎝ − ⎛

⎝
− ⎞

⎠
⎞
⎠

⎫
⎬
⎭

⎤
⎦⎥

−

=
B αH b

β

a

β

α

α

α λ

H

λ

H

a

1
1

1
1

2 1

1
1

1

2
,α

k

n

k

1 11 2

2

2 1 1

1
2( ) ∣ ∣

( )
∣ ∣ (5.20)

using that =a c1 1. Also, note that

− +
−
+

⎛
⎝ − ⎛

⎝
− ⎞

⎠
⎞
⎠ = − +

+
−

−
+

⎛
⎝ −

−
⎞
⎠ ≤ −

+β

α

α

α λ

H

λ

H β α

α

α

λ

H α β

α

α

1
1

2 1

1
1

1

2

1
1

1

1

1

1

1

1

1

1
.

1 1
2

1

2
( ) ( ) (5.21)

By choosing ≥ +β 1
α

1 , the sum B becomes non-positive. This completes the proof for Proposition 5.4. □

Returning to the proof of Theorem 5.3, the evolution equation (5.11) for w, together with Proposition 5.4,
gives

− ≤
−

− + ⎡
⎣

−
− ⎤

⎦
−w

w

w

w

α H

b

αH A

β

ψ

α H

v

γ

1 1
.

t

α

α

γ

α

11

1 2
� ( )

∣ ∣
( )

(5.22)

For ≥α 1, at p t,
0 0( ), one has

− ≤ − + ⎡
⎣

−
− ⎤

⎦

≤ − −

+ +w

w

w

w

α

n

H

α

n

H

β

ψ

α H

v

γ

β

ψ

α C γ

1

1 ,

t
α α

γ

α

γ

θM

1 1
� ( )

[( ) ]

(5.23)

using that ≥v 1, ≤λ
H

n
1 , and ≥A

H

n

2
2

∣ ∣ , where CθM is from (4.9) in Lemma 4.2. Thus, by choosing > −γ C α 1θM( ),
one finds that

≤w wsup ,

Σ
M

0

(5.24)

and (5.24), along with the observation from (5.6) and (5.7), gives that on each time section ΣθM

t( ) ,

≤ ≤ − ≥ −− −b

g

ψ

b

g

ψ θ

b

g

λ θ λsup 1 sup , i.e., 1 inf .
γ

β

γ

β β β

11

11

Σ

11

11

Σ

11

11 min

Σ

min
M M

M

0 0
0

( ) ( ) (5.25)

For < <α0 1, choose ≥γ 0 and the result immediately follows from (5.22). This completes the proof of
Theorem 5.3. □

6 Higher regularity

From the evolution equation (1.1), one can easily obtain the following nonlinear equation for u:

⎜ ⎟= +
⎡
⎣⎢
⎛
⎝

−
+

⎞
⎠

⎤
⎦⎥

≤ ≤−
u Du δ

D u D u

Du

D u i j n1
1

, 1 , ,t

ij
i j

ij

α

2

2

α1

2( ∣ ∣ )
∣ ∣

(6.1)

where = ∂
∂ut

u

t
and D is the standard Euclidean derivative on n� . For >α 0, we shall obtain a ∞

C -estimate for
the solution of (6.1). Denote

⎜ ⎟= − + +
⎡
⎣⎢
⎛
⎝

−
+

⎞
⎠

⎤
⎦⎥

−
F Du D u u u Du δ

D u D u

Du

D u, , 1
1

.t t

ij
i j

ij

α

2 2

2

α1

2( ) ( ∣ ∣ )
∣ ∣

To simplify the notation, recall = +v Du1 2∣ ∣ and let
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= −
+

a Du δ

D u D u

Du1
.ij ij

i j

2
( )

∣ ∣
(6.2)

Observe that the derivative F
ij of F with respect to D u

2 variable is

= =− − −
F αv a D u a αH a ,ij α kl

kl

α ij α ij1 1 1( ) (6.3)

and the eigenvalues of F
ij are −

αH
α 1 with multiplicity −n 1 and ∕−

αH v
α 1 2 with multiplicity 1. As seen in

Theorem 3.1, Corollary 4.7, and Theorem 5.3, for any fixed X0 and t0, one has

∕ ≤ ≤ ≤C H C v C1 and ,r (6.4)

in = ∈ × − < − < ≤+
+Q t r t r t tX X X, : , ,

r

n 1
0 0

2
0� �{( ) ∣ ∣ } where C and Cr are some positive constants. Thus,

F is a uniformly parabolic operator in Q
r
, i.e., there exists >λ 0 such that

≤ ≤ ∈−
λ ξ F ξ ξ λ ξ ξ Q, for any in .ij

i j

n

r

1 2 2 �∣ ∣ ∣ ∣ (6.5)

Note that (6.4) can be obtained by our local a priori estimates shown in Sections 3–5 for a strictly convex
solution in a larger domain. For >α 0, due to a particular structure of the operator in (6.1), i.e.,

= −
a Du D u u v ,ij

ij

α

t

α 1( ( ) )

standard theory for convex or concave fully nonlinear operators can be used. In the following, we give a C
α2,

estimate whose argument can be used for more general operators (cf. Proposition 5.2 in [3] and Proposition 5.3
in [4]).

Proposition 6.1. (C β2, estimate) Let u be a smooth solution to (6.1) inQ
r
. Then, for any ∈θ 0, 1( ), there exist >C 0

and ∈β 0, 1( ) such that

+ ≤∕ ∕u D u C ,t C Q C Q

2

x t

β β

θr x t

β β

θr,

, 2

,

, 2∥ ∥ ∥ ∥( ) ( ) (6.6)

where C and β depend only on n, θ, α, vsup
Q

r

, Hsup
Q

r

, and HinfQ
r

.

Proof. The fully nonlinear operator F is uniformly parabolic if vsup
Q

r

, Hsup
Q

r

, and HinfQ
r

are controlled. From
a geometric version of Krylov-Safonov Hölder estimate in [11] (see also [12] and [23]), a space-time Hölder
estimate for ut follows. Note that (6.1) can be written as

= ∕ − ∕
a Du D u u v .ij

ij t

α α1 1 1( ) ( ) (6.7)

By the standard elliptic theory for quasilinear elliptic equations as found in [9], a space Hölder estimate for
D u

2 follows for each t. Finally, the same argument as in the proof of Theorem 2.1 in [23] gives a Hölder estimate
for D u

2 in the time variable. One can find a similar proof for the α-Gauss curvature flow of graphs in
Proposition 5.3 of [4]. □

Furthermore, one can obtain a ∞
C estimate for curvature with smooth initial data. This can be obtained

from commuting the covariant derivatives and the time derivative with the height-independent curvature
estimate in Proposition 4.6. For the mean curvature flow, one can find local higher-order estimates in [7], [19],
and [20].

Proposition 6.2. For ≥m 1, one has

∑

∑

∂
∂

∇ = ∇ − ∇

+ ∇ ∗ ⋯ ∗ ∇ ∗ ∇

+ ∇ ∗ ⋯ ∗ ∇ ∗ ∇

− +

− −

+⋯+ =

− −

+⋯+ = +
< +

+

+

+

+

+

t

A A αH A

H A A A

H A A A

2

,

m m α m

α m

i i m

i i m

α m

i i m

i i m

i i m

2 2 1 1 2

1

2

2

, … , 2

m

m

m

m

m

1 3

1 3

1 2

1 2

1 2

�∣ ∣ ∣ ∣ ∣ ∣

(6.8)
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where A B* denotes a linear combination of traces of tensors A and B, and all the indices are nonnegative
integers.

Proof. Note that

∇ − ∇ = ∗ ∇ = ∗ ∗ ∇Δ A ΔA A A A ARm ,i i i i (6.9)

for =i n1,…, , which follows from the commuting relation:

∇∇ − ∇ ∇ = − + −h h h h h h h h h h h h h h ,i j kl k l ij ij k

p

pl jk i

p

pl il j

p

pk kl i

p

pj (6.10)

where Rm denotes the Riemann curvature tensor. Proceeding by induction, for ∈m �, one has

∑∇ = ∇ + ∇ ∗ ∇ ∗ ∇
+ + =

Δ A ΔA A A A.m m

i j k m

i j k

(6.11)

Proceeding by induction and using (6.11) then yield

∑ ∑∇ = ∇ + ∇ ∗ ∇ ∗ ∇ + ∇ ∗ ⋯ ∗ ∇ ∗ ∇−

+ + =

− −

+⋯+ + =
<

+
A A H A A A H A A A.m m α

i j k m

i j k α m

i i j m

j m

i i j1 1 2

m

m

1

1� �
(6.12)

Using the time evolution of the Christoffel symbol =Γ Γ
ij

k( )

∂
∂

= − ∇ + ∇ − ∇

= ∇ − ∇ − ∇ − ∇
t

g H h H h H h

g h H h H h H H g h

Γ

,

ij

k kl

i

α

jl j

α

il l

α

ij

kl

ij l

α

i

k

j

α

j

k

i

α α kl

l ij

[ ( ) ( ) ( )]

one has

∂
∂

∇ = ∇
∂
∂

+ ∗ ∗ ∇−
t

A

A

t

H A A A.α 1

From this, one has

∂
∂

∇ = ∇
∂
∂

+ ∗ ∗ ∇ ∗ ∇ + ∗ ∗ ∇− −
t

A

A

t

H A A A A H A A A.α α2 2 2 1 2 (6.13)

By induction, using

∂ − = ∇ ∇ +− −
A H A A H A A A* * * ,t

α α2 1�( ) (6.14)

from Lemma 2.1, one has

∑

∑

∑ ∑

∂
∂

∇ = ∇
∂
∂

+ ∗ ∗ ∇ ∗ ⋯ ∗ ∇

= ∇ + ∇ ∇ ∇ + + ∗ ∗ ∇ ∗ ⋯ ∗ ∇

= ∇ + ∇ ∗ ⋯ ∗ ∇ + ∇ ∗ ⋯

∗ ∇ ∗ ∇ ∗ ∇

−

+⋯+ =

− − −

+⋯+ =

− −

+⋯+ =

− −

+⋯+ + + =

+ +

+

+

t

A

A

t

H A A A A

A H A A H A A A H A A A A

A H A A H A

A A A

* * *

.

m m α m

i i m

i i

m m α α α m

i i m

i i

m α m

i i m

i i α m

i i j k m

i

i j k

2 1

1 2

1 1

m

m

m

m

m

m

m

m

1

1

1

1

1 3

1 3

1

1

�

�

[ ]
(6.15)

Then, it follows from (6.12) and (6.15) that

∑ ∑∂
∂

∇ = ∇ + ∇ ∗ ⋯ ∗ ∇ + ∇ ∗ ⋯ ∗ ∇− −

+⋯+ =

− −

+⋯+ = +
< +

+

+

+

+

+
t

A A H A A H A A,m m α m

i i m

i i α m

i i m

i i m

i i1 2

2

, … , 2

m

m

m

m

m

1 3

1 3

1 2

1 2

1 2� (6.16)

where the first sum in (6.16) includes that in (6.12), and the second sum in (6.16) includes the last sum in (6.15)
and that in (6.12). Since one has
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⎛
⎝

∂
∂

− ⎞
⎠ ∇ = ∇ ⎛

⎝
∂
∂

− ⎞
⎠∇ + ∇ ∇ − ∇− +

t

A A

t

A H A A A αH A2 , * * 2 ,m m m α m m α m2 1 1 2� �∣ ∣ ∣ ∣ (6.17)

where =T V T V,
i i

j j

i i

j j

…

…

…

…

r

s

r

s

1

1

1

1⟨ ⟩ , for r s,( )-tensors T and V , it follows from (6.16) that

∑

∑

∂
∂

∇ = ∇ − ∇

+ ∇ ∗ ⋯ ∗ ∇ ∗ ∇

+ ∇ ∗ ⋯ ∗ ∇ ∗ ∇

− +

− −

+⋯+ =

− −

+⋯+ = +
< +

+

+

+

+

+

t

A A αH A

H A A A

H A A A

2

,

m m α m

α m

i i m

i i m

α m

i i m

i i m

i i m

2 2 1 1 2

1

2

2

, … , 2

m

m

m

m

m

1 3

1 3

1 2

1 2

1 2

�∣ ∣ ∣ ∣ ∣ ∣

(6.18)

as required. □

Recall the cut-off function = − −+ + − +ψ M u u M¯ ( ) ( ) defined in (4.24), and consider

= ∇ + ∇ −
Q ψ A τ A¯ ,m m2 2 1 2∣ ∣ ∣ ∣ (6.19)

to obtain C
k estimates, where τ is a constant to be determined later. Suppose that one has uniform bounds

∇ < ′A C
k 2∣ ∣ for = −k m1,…, 1, where ′C is some positive constant. Then, from (6.8), one has

⎛
⎝

∂
∂

− ⎞
⎠ ∇ ≤ − ∇ + ∇ +− +

t

A αH A C A C ,m α m m2 1 1 2 2� ∣ ∣ ∣ ∣ ∣ ∣ (6.20)

where C is a constant depending only on ′C and the height-independent curvature estimate in Proposition 4.6,
and also,

⎛
⎝

∂
∂

− ⎞
⎠ ∇ ≤ − ∇ +− −

t

A αH A C.m α m1 2 1 2� ∣ ∣ ∣ ∣ (6.21)

From (4.30), one obtains that

∂
∂

= − ∇ + ∇ + − −− − −
+ −

ψ

t

ψ αH ψ αψH u α ψH v ψ ψ

¯
¯ 2 ¯ 4 ¯ 2 1 ¯ .α α α

2

2 1 2 1 2 1� ∣ ∣ ∣ ∣ ( ) ( ) (6.22)

Let = −∂
∂□

t
� . From (6.20)–(6.22), using the bounds in (4.48),

= ∇ + ∇ + ∇ − ∇ ∇ ∇

≤ − ∇ + ∇ + + − ∇ +

+ ∇ − ∇ + ∇ + − − − ∇ ∇ ∇

− −

− + −

− − −
+ −

−

Q ψ A τ A A ψ αH ψ A

ψ αH A C A C τ αH A C

A αH ψ αψH u α ψH v ψ ψ αH ψ A

□ ¯ □ □ □ ¯ 2 ¯ ,

¯

2 ¯ 4 ¯ 2 1 ¯ 2 ¯ , .

m m m α m

α m m α m

m α α α α m

2 2 1 2 2 2 1 2 2

2 1 1 2 2 1 2

2 1 2 1 2 1 1 2 2

∣ ∣ ∣ ∣ ∣ ∣ ⟨ ∣ ∣ ⟩

[ ∣ ∣ ∣ ∣ ] [ ∣ ∣ ]

∣ ∣ [ ∣ ∣ ∣ ∣ ( ) ( )] ⟨ ∣ ∣ ⟩

(6.23)

The last term mentioned earlier satisfies, by Young’s inequality, that

− ∇ ∇ ∇ ≤ ∇ + ∇ ∇− − + −
αH ψ A αH ψ A αH ψ A2 ¯ , ¯ 16 ¯ ,α m α m α m1 2 2 1 2 1 2 1 2 2⟨ ∣ ∣ ⟩ ∣ ∣ ∣ ∣ ∣ ∣ (6.24)

and therefore, (6.23) yields

≤ − + − ∇ +

+ − − + ∇ ∇ + +

− − −

+ −
−

Q ταH Cψ αH ψ αψH

α ψH M M αH ψ A C ψ τ

□ ¯ 2 ¯ 4 ¯

2 1 ¯ 16 ¯ ¯ .

α α α

α α m

1 2 1 2 1

1 2 2 2

[ ∣ ∣

( ) ( ) ∣ ∣ ]∣ ∣ [ ]

To control bad terms, take τ sufficiently large depending only on H H α Csup , inf , , , and −+ −M M( ) so that one
has

≤ − ++ −Q C M M τ□ .4[( ) ] (6.25)

Consider a finite time interval, say ≤ ≤t T0 . Then, applying the maximum principle, one can obtain the bound

≤ − + + ∇ + ∇+ −
−

Q C M M τ t ψ A τ Asup ¯ .
β m m4

Σ

2 1 2

0

[( ) ] [ ∣ ∣ ∣ ∣ ] (6.26)
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This completes the induction so that one concludes a global C
k estimate. We write Σ

C0 k‖ ‖ for ∇ −
Asup k

Σ
2

0
∣ ∣,

where ≥k 2.

Proposition 6.3. Under the conditions in Proposition 1.1, one has

∇ < ∈A C for k, ,k

k �∣ ∣ (6.27)

where Ck depends only on k, n, α, T , and Σ
C0 k‖ ‖ .

7 Long-time existence

Theorem 7.1. Let → +X : n n

0
1�� be an immersion, and let = XΣ n

0 0 �( ) be the initial convex complete non-
compact smooth hypersurface. Suppose that Σ0 is a graph given by a function →u : Ω0 � defined on a strictly
convex domain ⊂Ω n� . Then,
(i) there exists a complete non-compact smooth and strictly convex solution = tXΣ ,t

n�( ) of (1.1) defined in the
time interval T0,[ ] for which there exists a ball Bρ

0
of radius >ρ 0

0
in ΩT , and

(ii) the maximal time T* is the supremum of such T ’s.

Proof.We adopt the argument from the proof of Theorem 1.1 in Section 5 of [3] and outline the steps whose details
can be found in Section 5 of [3] and Section 5 of [4]. In order to find the existence theory for noncompact
hypersurfaces, we use the short-time and long-time existence for compact case. First, we approximate noncompact
hypersurfaces by compact ones and then extract convergent subsequences by obtaining uniform estimates.

By perturbing the convex hypersurfaces using a nonnegative rotationally symmetric function, one obtains

strictly convex hypersurfaces as follows: let ≔ +u u ax x x˜
j

0 0

1
( ) ( ) ( ), ∈ +j � , and

≔ = ≤ ∈z z u jx x x x xΣ̃ , ˜ , Ω ,
j

0 0 0{( ( )) ∣ ( ) ( ) }

where Ω0 is the natural projection of Σ0 onto n� , and ∫=a r drx arctan
x

0
( )

∣ ∣
for ∈x n� . By reflecting Σ̃

j

0 along
the plane =+X jn 1{ }, one obtains a closed strictly convex hypersurface

= ≤ ∈ − ∈z u j z u j ux x x x x xΣ̂ , ˜ , ˜ , 2 ˜ , Ω .
j

0 0 0 0 0{( ( )) ∣ ( ) { ( ) ( )} }

Taking the
j

1 -envelope E
j

0 of Σ̂
j

0, i.e.,

= ∈ = ∉+
E d

j

X X X, Σ̂
1

, conv Σ̂ ,
j

n
j j

0
1

0 0�{ ∣ ( ) ( )} (7.1)

where d is the Euclidean distance function. Note that E
j

0 is of C
1,1. To construct a closed smooth strictly convex

hypersurface approximating E
j

0 , use the compactly supportedmollifierφ
ε
introduced in Proposition 5.3. of [3]. Taking

j0,( ) as the origin, let S
j

0 be a support function of E
j

0 and let ≔ ∗S S φ
j ε j

ε0

,

0 be the convolution of S
j

0 andφ
ε
on n� for

∈ε 0, 1( ). By Proposition 5.4 in [3], there exists a closed smooth strictly convex hypersurface P
j

0 , of which its support
function is S

j ε

0

, for sufficiently small ε. Then, one has the unique closed smooth strictly convex hypersurface Pt

j with
P

j

0 as the initial data, for some time interval T0, j[ ), >T 0j , which follows from Theorem 1.1 in [21]. Let

≔ ∩ ∈ ≤ = ∈

≔ = ∈

≔

+
+

→∞

∈

P x j u

u

T T

X x x x

x x x

Σ , Ω ,

Σ lim Σ , Ω ,

liminf ,

t

j

t

j
n

n

j j

t

j

t

j

j

j

1
1�

�

{ ∣ } {( ( ))∣ }

{( ( ))∣ } (7.2)

where u
j and u are the height functions over domains Ω j and Ω in n� , respectively.

Denote by u
j

0 and u0 the height functions of Σ
j

0 and Σ0, respectively. One can choose M0 satisfying that for
sufficiently large j ,
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≤ ≥ ≤
≤ ≤ + ≤ ≤ + ≤ ≤ +

H H H H v vsup sup 2 , inf 2 inf , sup sup 2 .

u M u M u M u M
u M u MΣ : Σ : 1 Σ : Σ : 1

Σ : Σ : 1
j j

j j
j j

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

Note that one has a height-independent upper bound for H from Proposition 4.5. Then, on ∩ ≤ −+x MΣ 1t

j

n 1 0{ },
one has uniform bounds for vsup from Theorem 3.1, Hinf from Lemma 4.1, and Hsup from Lemma 4.2 and
Proposition 4.5. Applying Proposition 6.1, one has a uniform interior C

α2, estimate in Q
r
for some small >r 0 as

in Step 4 and Step 5 of Section 5 in [4], and therefore, by passing j to the limit, one has a uniform interior C
α2,

estimate for the height function u of Σt. Therefore, one finally has a non-compact smooth and strictly convex
solution, Σt for ≤t T . Furthermore, let ≤T T1 be the largest time until the convex hull conv Σt( ) encloses a
closed +n 1( )-dimensional ball +

B ρ
n 1

1
( ) of radius ρ

1
for some >ρ 0

1
.

We want to show that =T T1 . Otherwise, from Lemma 4.2, Propositions 4.5, and 4.6, as mentioned earlier,
one has a uniform bound for H , which yields bounds for the second derivatives and subsequently, C

α2,

estimates for hypersurfaces up to =t T1. Then, the short-time existence for the flow starting at ΣT1
follows

from the first part of this proof so that the flow of Σt can be extended past =t T1. This contradicts to the choice
of T1, which, in turn, implies that =T T1 .

(ii) Now, we want to show that T* is the supremum of such T ’s. Since curvatures are uniformly bounded
up to =t T , one has <T T*. Note that for bounded domains, the curvature blows up for the first time at =t T*,
i.e., = ∞→ × Alim supt T M t

* ∣ ∣{ } . For the case of = ∞T* , there are curvature bounds until any finite T . Observe that
the convexity of ΩT guarantees that there exists a ball Bρ

0
of radius >ρ 0

0
in ΩT . Thus, the supremum of such

T ’s is infinity. For finiteT*, choose ∈ −T T ε T* , *( ). Arguing similarly, there is such a ball in ΩT , which in turn
implies again that the supremum of such T ’s is T*. □

Remark 7.2.
(i) If ΩT contains no such a ball as in i( ) of Theorem 7.1, then the curvature blows up at =t T ,

i.e., = ∞→ × Alim supt T M t
∣ ∣{ } .

(ii) The uniqueness of non-compact solutions requires more work, and this will be discussed in the sequel. For
recent works on the uniqueness, see [2] and [5].

8 α-mean curvature flow of codimension two

In this section, we prove the main theorem of this article, namely, Theorem 1.3. For the case in which one has a
compact hypersurface Σ1 and a noncompact hypersurface Σ2, one can take points on each hypersurface at
which a distance between Σ1 and Σ2 is obtained. Then, one has a comparison theorem for this case. For mean
curvature flow, see Theorem 2.2.1 and Corollary 2.2.3 in [16], and one can extend these theorems to the case of
the α-mean curvature flow.

Proof of Theorem 1.3. For the case of entire graphs, since the hypersurface Σt remains a graph, which can be
seen from Theorem 3.1, one can find a ball inside the convex hull conv Σt( ) for all time. Thus, from Theorem 7.1,
the solution exists for all time. For the other cases, consider bounded domains and unbounded domains
separately. Let → ↦+

+π X X X X: ; , …, , …,n n

n n

1
1 1 1� � ( ) ( ), be the canonical projection onto n� . Recall the nota-

tion in (1.2) : = ∩ ≤+X zΣ Σ
t

z

t n 1{ }, ∂ = ∩ =+X zΣ Σ
t

z

t n 1{ }, = πΩ Σ
t

z

t

z( ), = ∂Γ Ω
t

z

t

z and = ∂Γ Ωt t. □

8.1 Bounded domain Ω0

Consider a time interval T0, *[ ), where the first singularity occurs at =t T*. Let ∈x*
n� be the point to which

Γ0 shrinks under the α-mean curvature flow as shown in Figure 3. Let zX 0( ) be the tip, i.e., the lowest point, of
Σ0, and write it as =z zX x , 00 0( ) ( ( ) ). For each θ in an −n 1( )-dimensional sphere −

S
n 1, denote by Πθ the half-

plane through x*, 0( ) spanned by +en 1 and θ, 0( ), with the line through x*, 0( ) in the direction of +en 1 as its
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boundary. Also, let X* be the lift of x*, i.e., the point on Σt such that = πx X* *( ). Denote by σ zθ( ) the convex
curve of ∩Π Σθ t

z starting at X* with the end point zX θ( ). Consider the canonical projection =z π zx Xθ θ( ) ( ( )) on
n� , which depends on z and θ. Note that zx θ( ) converges to some xθ in Γt as → ∞z . Define the function ζ by

= −θ θζ z zx x, , ,θ θ
n�( ) ⟨ ( ) ⟩ (8.1)

where ⋅ ⋅, n�⟨ ⟩ is the standard inner product in n� . Note that ∂ →θζ z, 0z ( ) as → ∞z . For sufficiently large >a 0

and each θ in −
S

n 1, one has

∫∂ = ∂ = ∂ < ∞
→∞ →∞

=
=

=θ θ θζ z z ζ z ζ zlim , d lim , , .
M

a

M

z

M

z z a

z M

z z a

2 ( ) ∣[ ( )] ∣ ∣ ( )∣ (8.2)

However, we also have ∂ <θζ z C,
z

3∣ ( )∣ for some constant C , which follows from the height-independent
estimate in Section 4 and Proposition 6.3. Therefore, one can conclude that ∂ θζ z,

z

2 ( ) converges to 0 uniformly
as → ∞z , i.e., the curvature κ σ zθ( ( )) of σ zθ( ) converges to 0 as → ∞z , and the smallest principal curvature
λ Σt1( ) of Σt satisfies

≤ ≤ →λ κ σ z0 Σ 0,θt1( ) ( ( )) (8.3)

as → ∞z .
Consider a bounded domain = πΩ Σt t( ) and = = ∩ ∈+π X j jΓ Σ ,t

j

n t1 �({ } ) . Fix a point ∈ = ∂ πp Γ Σt t( ( )).

Take a sufficiently small neighborhood around p so that one has graph representations for Γt and Γt

j with graph
functions w and wj, respectively, satisfying a monotone property that

≤ ≤+w w w .j j1 (8.4)

Since wj converges pointwise to w and one has a uniform C
α2, estimate for wj, independent of j , from Propositions

4.5 and 4.6, one has the same uniform C
α2, estimate for w. Thus, the limit Γt has C

α2, regularity.
The regularity theory ensures that the evolution of Γt is governed by the α-mean curvature flow. More

precisely, the limit Γt of the boundary Γ
t

z for the projection Ω
t

z of Σ
t

z as → ∞z coincides with the solution of the
coincides with the solution of the α-mean curvature flow whose initial submanifold of codimension two is Γ0.
This shall be discussed in the following. Parametrizing hypersurfaces on n� with the standard metric g

ij
on the

sphere since the second fundamental form has principle radii as its eigenvalues, i.e., = −
h g g hij

jk

il

lk1( ) , one
obtains

∂
∂

= − ∇∇ + = − ∇∇ +
S

t

g S Sg h h g S S A .ij

i j ij

α

m

i

k

j
km

i j

α2( ( )) ( ∣ ∣ ) (8.5)

Figure 3: Case of a bounded domain.
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From Corollary 4.7 and Theorem 5.3, one hasC
1,1 estimates for S and therefore C

α2, estimates. Note that the unit
normal vector ν

z to Σt on the level set ∈ =u zX Σ :t{ } converges to the unit normal vector = →∞ν νlimb z b

z as
→ ∞z , where ν

b

z is the unit normal vector to Γ
t

z. From (8.3), after rearranging the indices i j k, , , and m if
necessary, one can have =h λ1

1
1 and conclude that ≔ + ⋯+→∞H λ λlimb z n2( ) is the mean curvature of Γt

satisfying

∂
∂

= − ×−S

t

H T, on 0, * .
b

α n 1� [ ) (8.6)

Therefore, one has a family of immersions →−
Nx :b

n n1 � , where −
N

n 1 is an −n 1( )-dimensional complete
Riemannian manifold and = ∂ =Nx Ω Γb t t( ) satisfying

∂
∂

= − ν

t

Hx ,b b

α

b
(8.7)

where = + ⋯+→∞H λ λlimb z n2( ) is the mean curvature of Γt and νb is the outward unit normal vector to Γt . As
discussed in Theorem 7.1, one has the long-time existence for Γt, and therefore, xb is a solution of the α-mean
curvature flow of codimension two in +n 1� .

Lemma 8.1. Let T* and T *
b
be the maximal time for the flow of Σt obtained in Theorem 7.1 and that of Γt,

respectively. Then, one has =T T* *
b
.

Proof of Lemma 8.1. To prove =T T* *
b
, we first suppose that <T T* *

b
. Denote by Ω̂t (resp. Γ̂t) the solution of the

α-mean curvature flow starting fromΩ0 (resp. Γ0). Note that Σt exists for ∈t T0, *[ ) and Ω̂t exists for ∈t T0, *
b

[ ).
From the previous discussion in (8.7), it follows that

= = ≤ <π t TΩ Σ Ω̂ , for 0 * .t t t( ) (8.8)

Also, there exists a ball Bρ
0
in Ω̂T *, where >ρ 0

0
, due to the hypothesis <T T* *

b
. Using the convexity of ΣT *

which follows from that of Σt, it follows that ΣT * encloses a closed +n 1( )-dimensional ball +
B ρ

n 1

1
( ) of radius ρ

1
.

As in Theorem 7.1, a uniform bound for H follows from Lemma 4.2 and Proposition 4.5 so that one has bounds
for the second derivatives, giving C

α2, estimates for hypersurfaces Σt up to =t T*. Using the short-time
existence, where the details can be found in [7] and [13], the flow of Σt can be extended beyond =t T* for
a short time. This contradicts to the definition of T*, and one has ≥T T* *

b
.

It remains to show that ≤T T* *
b
. This follows from an argument similar to the one mentioned earlier.

Suppose that >T T* *
b
. Then, there exists an +n 1( )-dimensional ball inside the convex hull of ΣT *

b
. From (8.7),

= πΩ ΣT T* *
b b

( ) exists and contains an n-dimensional ball. Thus, the maximal time of Γt is greater thanT *
b
, yielding

a contradiction to T *
b
being maximal. Therefore, =T T* *

b
as required. □

8.2 Unbounded domain Ω0

We consider the case in which the initial projection = πΩ Σ0 0( ) is strictly convex, smooth, and unbounded. The
cases of convex unbounded domains with corners or disconnected boundaries will be studied in the sequel.
For an unbounded strictly convex domain Ω0, its boundary Γ0 is a strictly convex graph on −n 1� and remain so
due to the convexity of Σt. Note that Σ

z

0 is compact for each z.
We now proceed as in Section 8.1 for a compact subset ∩ BΩ R0 . Let x *

0 be the point on ∩ ∂ ∕BΩ R0 2 such that

=
∈ ∩∂ ∕

d dx x*, Γ sup , Γ ,

Bx

0 0

Ω

0

R0 2

( ) ( ) (8.9)

where = −∈d x x y, Γ infy Γ( ) ∣ ∣. As in Section 8.1, let zX 0( ) be the lowest point of Σ0, and write it as
=z zX x , 00 0( ) ( ( ) ). Then, let the point x*, 00( ) be the origin O, and let X*

0 be the lift of x*
0 , i.e., = πx X* *

0 0( ).
Then, there is a 2-plane Πθ through X*

0 spanned by +en 1 and θ, 0( ) for some θ in the sphere −
S

n 1. Denote by
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σ zθ( ) the convex curve of ∩Π Σθ t

z starting at X*
0 inside the cylinder ∩ × +BΩ R0 �( ) . Furthermore, let zX θ( ) be

the end point of σ zθ( ) on Πθ. Then, for each θ in −
S

n 1, = π zp X θzθ

( ( )) is the point of Γ
t

z in θ-direction on the
projected domain Ω

t

z, as shown in Figure 4. Let = →∞p plim
θ z zθ

. Consider the following function ζR for the
points p

zθ

on ∩ BΓ
t

z

R:

≔ −θ θζ z p p, , ,
θR zθ

n�( ) ⟨ ⟩ (8.10)

where ⋅ ⋅, n�⟨ ⟩ is the standard inner product in n� . Then, as in (8.3), the smallest principal curvature λ Σt1( ) of Σt

converges to zero as → ∞z .
Note that ∩ ∕BΓ

t

M

R 3 is an approximation to the solution of the α-mean curvature flow and the higher
derivatives of curvature are uniformly bounded on each ∩ ∕BΓ

t

M

R 3 using the results in Sections 6 and 7. Then,
as in the case of a bounded domain in Section 8.1, one can conclude that ∩ ∕BΓ

t

M

R 3 smoothly converges to
∩ ∕BΓt R 3 as → ∞M . Finally, one has the α-mean curvature flow of codimension two satisfying (8.7).
From Theorem 1.3, one has an immediate corollary for two-dimensional hypersurfaces.

Corollary 8.2. Given a two-dimensional strictly convex complete non-compact smooth hypersurface over a
strictly convex smooth domain as an initial hypersurface,
(i) the solution of (1.1) exists for a finite time if the projection of the initial graph is bounded, and
(ii) the solution of (1.1) exists for all time if the projection of the initial graph is unbounded.

Proof. For i( ), Σt is enclosed inside a round cylinder ×S
R

1

0
� , where S

R

1

0
is a circle of radius R0 enclosingΩ0, and

by the comparison principle, the result easily follows. The case of ii( ) can be seen from the one-dimensional
case of the α-Gauss curvature flows in Theorem 1.1 of [4], i.e., the graphs evolving by the α-curve shortening
flow exist for all time. Thus, Theorem 1.3, our main theorem, implies that solution of (1.1) defined over an
unbounded domain exists for all time. □

Remark 8.3. In higher-dimensional cases, Corollary 8.2 may not hold. For example, consider any three-dimen-
sional strictly convex graphical hypersurface defined over an unbounded strictly convex domain contained in
a solid cylinder ×D

2 � . Then, the projection of the hypersurface onto 3� disappears in finite time, and so does
the hypersurface.

Figure 4: Case of an unbounded domain.
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