Results in Physics 76 (2025) 108412

journal homepage: www.elsevier.com/locate/rinp

Contents lists available at ScienceDirect

Results in Physics

The Wang-Landau study of the frustrated J,-J, Ising model on the
honeycomb lattice: Phase diagrams and residual entropy

*

Mouhcine Azhari >¢, Hoseung Jang ¢, Unjong Yu 4"

a Laboratory of Condensed Matter and Interdisciplinary Sciences (LaMCSc), Physics Department, Faculty of Sciences, Mohammed V University, Rabat, Morocco
b Fakultdt fiir Mathematik und Naturwissenschaften Bergische Universitit Wuppertal, 42097 Wuppertal, Germany

< Ecole Royale Navale, Casablanca 20052, Morocco

d Department of Physics and Photon Science, Gwangju Institute of Science and Technology, Gwangju 61005, South Korea

ARTICLE INFO ABSTRACT

Keywords:

Monte Carlo method
Ising model
Geometric frustration
Phase transition
Finite-size scaling

We investigate the full phase diagram of the frustrated J,-J, Ising model on the two-dimensional honeycomb
lattice, incorporating both nearest-neighbor interaction J; and next-nearest-neighbor interaction J, using the
Wang-Landau Monte Carlo method combined with finite-size scaling analysis. We map out the zero- and
finite-temperature phase diagrams as a function of J,/J,. From the entropy profile, we identify four distinct
ground-state structures — ferromagnetic, antiferromagnetic, dimer, and stripe states — and confirm that the

residual entropy scales linearly with the lattice’s linear dimension in the stripe and dimer ground states. Our
results suggest that the transition from the paramagnetic phase into the dimer or stripe phase changes its
nature from first-order to continuous while the transition into the ferromagnetic or antiferromagnetic phase
is continuous and belongs to the two-dimensional Ising universality class.

Introduction

Onsager’s exact solution [1] of the two-dimensional Ising model [2]
on a square lattice significantly advanced the understanding of sta-
tistical physics and phase transitions. Building on this foundation,
extending the model to include next-nearest-neighbor (NNN) interac-
tions (J,) alongside nearest-neighbor (NN) interactions (J;) has proven
challenging, sparking continued interest and debate over its intriguing
properties [3-30].

Despite its simplicity, the J,-J, model exhibits a rich landscape of
phenomena due to frustration, which is defined as the impossibility of
simultaneously satisfying all the interactions between the individual
elements (spins or particles) because of the lattice’s geometric con-
straints or competing interactions [31-33]. This frustration, tunable
by the ratio R = J,/J,, leads to various intriguing phenomena such
as rough energy landscapes, strong metastability, and slow relaxation
to equilibrium [26,34]. Key outcomes include extensive ground-state
degeneracy [32,33], unusual phase transitions [33-36], and nonzero
residual entropy at zero temperature [29,37]. Furthermore, these prop-
erties have significant implications for diverse fields, including uncon-
ventional superconductivity [22,38,39], quantum computing [40], and
energy storage [41].

The J,-J, Ising model has been studied extensively on various
lattices, each providing distinct perspectives on the interplay between
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frustration and spin order [3-30]. The specific geometry of the lattice
further highlights the role of frustration and competing interactions
in shaping the phase diagram. Experimentally, van der Waals mag-
nets serve as essential systems for testing the J,-J, Ising model on
the honeycomb lattice. VBr; single crystals exhibit strong uniaxial
anisotropy, a first-order spin-flip transition, and a tricritical point in
magnetic fields [42]. Under pulsed fields up to 65 T, FePS; undergoes
two successive first-order transitions, indicating significant exchange
anisotropy [43]. Its Néel temperature remains almost unchanged at
118 K, even in the monolayer regime, as demonstrated by Raman
spectroscopy [44]. Extensions of the model to include third-nearest-
neighbor interactions J; predict frustration phenomena (residual en-
tropy) and broad specific-heat maxima that correspond closely with
experimental findings [45]. It is important to note that the simpler J,-J,
model already explains the zigzag-to-paramagnetic first-order transi-
tion observed in FePS; [46]. These findings link statistical mechanics to
the specific behavior of materials, highlighting the ongoing relevance
of the J;-J, Ising model.

On the square lattice, the J,-J, Ising model exhibits no frustration
when NNN interactions are ferromagnetic (FM); the ground state is FM
if NN interactions are FM, and antiferromagnetic (AFM) if they are
AFM. For strong AFM NNN interactions |R| > 1/2, the ground state
exhibits a stripe order (also called a super-antiferromagnetic order or a
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collinear order) [5,17,18]. However, the precise location of the critical
line remains unknown [27]. At the special point |R| = 1/2, where
the ground state changes from a FM or AFM state to a stripe state,
it was proposed that the ground state degeneracy leads to disorder
at all finite temperatures, resembling an Ising chain in a transverse
field [10-12]. The nature of phase transitions near |R| = 1/2 is still
controversial, despite several past studies (see recent studies [27,28]
and references therein). Current evidences point to weakly first-order
transitions for |R| > 0.67 that become second-order asymptotically as
R — +o0. For 0.5 < |R| 5 0.67, however, the nature of the transitions
is still debated: some studies report a weak first-order character, while
others find entirely second-order behavior.

On the other hand, the AFM Ising model on the triangular lattice
is inherently frustrated even at J, = 0, leading to a spin-liquid ground
state. Introducing NNN interactions relieves frustration and stabilizes
exotic orders such as the v/3 x\/3 ferrimagnetic and collinear super-
antiferromagnetic phases [3,6]. Notably, the phase transition from the
paramagnetic phase into the collinear super-antiferromagnetic phase
was reported to be first-order [13,14]. A recent work also shows
that anisotropic or non-regular NNN interactions can induce intriguing
properties such as ordering in reduced dimensions, partial-spin-liquid
ground state, and successive phase transitions [29]. Exploring other
lattice geometries may eventually provide a deep understanding of the
nature of the ground states and phase transitions in the J;-J, Ising
model.

Compared to the square and triangular lattices, the honeycomb
lattice has received much less attention in the context of the J;-J,
Ising model [19,23-25,30]. The honeycomb lattice offers a unique
framework due to its bipartite, non-Bravais structure and a lower coor-
dination number (z = 3), compared with those of the square (z = 4) and
triangular (z = 6) lattices, which intensifies the frustration effect [47—
49]. This supposition is further supported by exotic phases such as the
spiral phase, a gapped spin liquid phase, and a lattice nematic phase, as
reported in theoretical and experimental studies of the J,-J, Heisenberg
model on the honeycomb lattice [50-53]. While the J,-J, Ising model
on the honeycomb lattice has been explored through various methods
like effective-field theory [19], Monte Carlo simulations (Metropolis
and parallel tempering algorithms) [20,23], machine learning [24],
cluster mean-field approach [25], and partition function zeros [30],
the phase diagram remains incomplete, highlighting the challenges of
studying highly frustrated systems. It is noteworthy that the tricritical
point predicted around R = —0.1 by effective-field theory [19] has not
been confirmed in subsequent studies [23,25,30].

In this paper, we construct the full phase diagram of the J,-J,
Ising model on the honeycomb lattice using the Wang-Landau (WL)
algorithm [54], a novel approach for this system. Our study focuses
on elucidating the effects of competing interactions J;, and J, on
the system. Specifically, we present an entropy profile and residual
entropies to identify ground states and investigate the nature of phase
transitions and critical phenomena in the model.

This paper is organized as follows. In Section ‘Model and methods’,
we provide a concise overview of the model and the methods employed
in this study. Section ‘Results and Discussion’ presents and discusses
our numerical results, including the phase diagram and critical prop-
erties. Finally, Section ‘Conclusion’ summarizes our findings and offers
concluding remarks.

Model and methods

The J,-J, Ising model with competing NN and NNN interactions is
described by the Hamiltonian

H=—1125isj—J2 z 8855 (€D)]
(i) (]

where (-) and ((-)) respectively denote NN and NNN spin pairs, and

s; = =1 is the Ising spin variable at the ith site of a two-dimensional
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honeycomb lattice. Positive (resp. negative) values of exchange cou-
plings J; and J, correspond to FM (resp. AFM) interactions. To reduce
surface effects, we consider a honeycomb lattice of N = L? spins with
periodic boundary conditions in both directions, where L is the linear
size of the lattice. Only even values of L are considered to ensure
the correct application of periodic boundary conditions along both
directions. Although the honeycomb lattice is typically defined with a
two-site basis (N = 2L?) [48], we adopted an effective four-site basis
in this work. This choice helps us to construct lattices with squareness
close to 1 easily, thereby reducing potential finite-size effects [55,56].

Since no exact solution exists for the model in Eq. (1) for a nonzero
J,, we employed the Monte Carlo method to compute the observables.
Specifically, we calculated the ensemble average of absolute magnetiza-
tion m, magnetic susceptibility y, specific heat C, and Binder cumulant
U [57] as functions of temperature 7, which are defined as

~+{8)
N

x= o () = ). ®
e ).

(m*)
3(m2)?
where E = H/N denotes the energy per spin and (---) means the en-
semble average. Throughout this paper, we set the Boltzmann constant
kp to unity (kg = 1) without loss of generality, so that temperature is
expressed in energy units.

The Metropolis algorithm [58] is widely used to simulate systems
in the Boltzmann distribution due to its simplicity and broad appli-
cability. However, the algorithm often struggles to efficiently explore
the complex energy landscape near first-order phase transitions or
in highly frustrated systems due to supercritical slowing-down [59],
leading to difficulties in accurately capturing the emergence of phase
transitions. The Metropolis algorithm performs poorly in the highly
frustrated regime J, < 0 and |R| > 0.20 of the current model, revealing
extremely slow dynamics and bad convergence to equilibrium as re-
ported recently in Ref. [23]. To resolve these challenges, we applied
the WL algorithm [54], which can overcome high energy barriers
and improve convergence to equilibrium. The WL algorithm has been
adopted in several recent studies in statistical mechanics, where it has
been proven to be efficient and reliable in determining the entropy
profile and phase diagrams in frustrated systems and complex social
dynamics [18,60-64].

Thus, we used the WL algorithm to determine the entropy profile,
ground states, and the phase diagram of the J,-J, Ising model on the
honeycomb lattice. For more comprehensive discussions of the method,
a detailed explanation of the approach is provided in Refs. [60,61]. The
WL method requires knowledge of the density of states (DOS) p(E,, E,),
which is estimated numerically through a random walk in the energy
space (E|, E,), where Ey = (¥, ;y 5;5;,)/N and E, = (X, ;y 5:5;)/N; the
total energy per spin is given by £ = —J,E, — J,E,. The reciprocal
of the DOS is used as the sampling probability function: the transition
probability is defined by

) (D)
p(s222)

(F) (F)
(5 )

N

2

i=1

U=1- ()

P(I » F)=min| 1, (6)

where (Ei’ ), E;’ )) and (EEF ), E;F )) are energy components before and
after the transition. At each Monte Carlo step, the DOS p(E,, E,) is
multiplied by the empirical modification factor 4, (4, > 1) while simul-
taneously updating the histogram h(E|, E,). The histogram gradually
flattens as the simulation progresses. Once the standard deviation of
h(E,, E,) for all accessible combinations of (E|, E,) is less than 4% of
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the average histogram value, a new set of random walks begins with an
empty histogram and a reduced modification factor following the rule
Ans1 = \/A,. Starting with A, = e, the simulation continues until the
final modification factor 4, < exp(10~'9), at which point the final DOS
p(E,, E,) reaches an accurate version quite close to the true DOS. After
normalizing such that ), ELE, PCEL Ey) = 2N, we obtain the entropy of
each state as S(E|, E,) = log[p(E,, E,)] [48,49]. The residual entropy
(or zero-point entropy) S, = S(Eig) s E;g)) represents the entropy at zero
temperature, where E;g) and Eég) are the values of E, and E, of the
ground state. After determining p(E,, E,), we compute the average ob-
servable O(E,, E,) through additional WL iterations. Finally, ensemble
averages (O(T, J,, J,)) of any thermodynamic variable can be computed
for arbitrary temperature (7)) and coupling constants (J; and J,) using
the determined p(E,, E,) and O(E,, E,) by

(J Ej+Jo Ep)N
2E. 5 OEL E)p(Ey . Ey)e™ T
(0T, Jy, ) = @
Z(T, Jy, Jo)
with the partition function
(J1E +Jp Ep)N
2,0, 0= Y, p(Ej,Epe T ()

Ep.E,

For each system size L, we performed five independent runs and
averaged both p(E|, E,) and O(E|, E,). Since the WL algorithm does not
suffer from the critical and supercritical slowing-down, it ensures reli-
able results even in frustrated systems, making it particularly efficient
for constructing phase diagrams in such systems [60,61].

Because the energy space scales as L*, computational constraints
limit the maximum lattice size to L = 24. Calculating p(E) with E =
—J,E, — J,E, instead of p(E,, E,) may reduce the size of the energy
space, thereby allowing calculations in larger lattices, especially when
J, and J, have a simple integer ratio. In particular, at R = —0.5, the
two-dimensional energy space (E,, E,) collapses to a single dimension
(E = —J,(E, — E,/2)), enabling calculation in lattices up to L = 48.

For larger lattice sizes, we utilized the Metropolis algorithm [58].
Due to its limitations in highly frustrated systems, we restricted its
use to weakly frustrated cases where we could validate results against
those of WL simulations. Each simulation involved 2 x 10’ Monte
Carlo steps per temperature, preceded by 2 x 10° equilibration steps,
with one spin-flip attempt per spin per Monte Carlo step. In order to
minimize thermalization time, temperatures were varied slowly, and
each new run was initialized with the final spin configuration from the
previous temperature. To ensure consistency, we performed simulations
with both increasing and decreasing temperature sweeps; any results
exhibiting hysteresis were discarded. Near critical temperatures, we
increased the number of iterations by up to fivefold to compensate for
the effects of critical slowing down. Within the Metropolis algorithm,
the residual entropy can also be calculated through the measurement
of the specific heat [65,66] by doing a numerical integration as

Sp=N [log(Z) - / ” @dT] ) 9)
o T

This method becomes numerically unstable for large N, as the phase
transition peak grows sharper with increasing system size, while the
Metropolis algorithm only provides data at discrete temperatures. Due
to these limitations, our analysis is restricted to small lattices (L < 43).
It is worth noting that the instability in Eq. (9) can be circumvented by
employing an alternative energy-integration-based formula [67].

To determine the critical temperature T,, we employed two comple-
mentary approaches. The first method identifies 7, from the crossing
point of Binder cumulants U for different system sizes [61,62,68,69],
which applies to both continuous and first-order transitions. However,
this method can be applied only to systems in which magnetization
serves as a valid order parameter or where an appropriate order pa-
rameter has been defined. The second approach determines 7, through
finite-size scaling (FSS) fitting of the pseudo-critical temperature 7,(L),
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which is defined as the peak position of the susceptibility or the specific
heat, to

[T.(L)-T,] o L7V (10)

In the latter method, the correlation length exponent v is determined
simultaneously. We confirmed that the two methods yield equivalent
results within error bars. Additionally, critical exponents v and y /v can
be determined from the maxima of |dU /dT| and y of various lattice
sizes [70]:

Max [

d_UH o LIV an
dT

Max [z] o« L7/ 12)
The derivative of the Binder cumulant can be calculated by

dU _ Am*)(Hm?) = (H)(m*)(m?) — (Hm*)(m?)

dT 3T2(m2)3 asj

Results and discussion

In Fig. 1(b), we present the zero-temperature global phase diagram
of the Ising model with NN coupling J; and NNN coupling J, on the
honeycomb lattice, obtained from the entropy profile in Fig. 1(a). The
entropy S(E,, E,) is symmetric about E; = 0, which is expected given
the bipartite nature of the honeycomb lattice. This mirror symmetry in
the entropy profile is also reflected in the phase diagram in Fig. 1(b),
which is symmetric about J; = 0. At zero temperature, the dominant
contribution comes from the minimum of the total energy per site
E = —J,E; — J,E,, as outlined in Eq. (7). Therefore, the values of
E, and E, of the ground state for given J, and J, are determined
straightforwardly. In the entropy profile, the four corner points —
(E, = 15,E, = 3), (E, = —15,E, = 3), (E, = —05,E, = —1), and
(E, = 0.5,E, = —1) — correspond to the FM, AFM, dimer, and stripe
ground states, respectively. The phase boundaries manifest themselves
geometrically as the slopes of the outer edges in the entropy profile. The
phase boundaries in Fig. 1(b) represent the energy crossover Egy; = Egr
(resp. Expm = Ep) at J, = —0.25J; (resp. J, = 0.25J,). Along each
boundary, all states on the straight line connecting the corresponding
vertices share the same energy per site (E = —0.75|J;|), signaling an
extensive ground-state degeneracy.

The FM and AFM ground states exhibit conventional twofold degen-
eracy due to global spin inversion symmetry. Thus, the residual entropy
per spin is

So/N = lim (log2)/N =0 a4

in the thermodynamic limit. By contrast, the dimer and stripe ground
states, which are the result of strong frustration, exhibit much greater
degeneracy. This leads to a residual entropy that grows linearly with
the system size L. In the stripe phase, any spin configuration satisfying
E, = 05 and E, = —1 could be the ground state. In other words,
the ground state must satisfy a simple local rule: every spin must have
exactly two parallel and one antiparallel NN spins, and two parallel and
four antiparallel NNN spins. This local rule provides a straightforward
criterion for identifying the stripe ground state configurations located
in the fourth quadrant of Fig. 1(b). These horizontal stripe states consist
of alternating up and down spin stripes, which can bend along either
rising or falling diagonals. The bending of a single stripe leads to
2L distinct configurations for a system of size L. Once the path of
one stripe is fixed, the configurations of the remaining stripes are
fully determined by the imposed constraints. Therefore, the residual
entropy of the horizontal stripe state is S, = log[2/] = (log2)L.
Vertical stripe states, which consist of alternating up and down spins
in straight vertical stripes, also obey the same ground-state spin rule.
However, because they cannot bend, their degeneracy is limited to
two, and their contribution to the total residual entropy is negligible.
This finding is supported by the plot in Fig. 1(c), where the residual
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Fig. 1. (a) Entropy profile as a function of E; and E, for the J,-J, Ising model in the honeycomb lattice of L = 16. (b) Zero-temperature phase diagram as a
function of J, and J,. Yellow, gray, pink, and light cyan colors represent regions where the ground state is ferromagnetic (FM), antiferromagnetic (AFM), dimer
(D), and stripe (ST) phases, respectively. The green and blue lines indicate the phase boundaries of J, = —0.25|J,|. Typical spin configurations for each ground
state are presented, where blue and red circles represent up and down spins, respectively. (c) Residual entropy (.S,) of the stripe ground state observed for J, > 0
and J, < —0.25J,. Filled squares were calculated by the Metropolis (M) algorithm at J, = 1 and J, = —0.5 through Eq. (9), and open circles were obtained from
the Wang-Landau (WL) algorithm. The statistical errors are comparable to the size of the symbols. The red straight line represents S, = [log(2)]L. (d) Entropy
per spin as functions of temperature for J; = 1 and J, = —0.5. Results obtained using the Metropolis method (dotted lines) and the WL method (solid lines) are
visually indistinguishable. The red horizontal line denotes the high temperature limit lim;_ . S(T)/N = log(2).
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Fig. 2. Finite-temperature phase diagram for J, = 1 and R = J,/J,. PM, ST,
and FM represent paramagnetic, stripe, and ferromagnetic states, respectively.
The phase diagram for J, = —1 and R = J,/|J,| is obtained by replacing FM
with AFM (antiferromagnetic state) and ST with D (dimer state). The exact
value [71,72] of T, = 2/log(2 + \/5) at R = 0 is represented as the empty
circle. The empty square and empty diamonds denote the values of T, obtained
by the parallel tempering with finite-size scaling in Ref. [23] and partition
function zeros in Ref. [30]. For R < —0.25, T, was calculated by the location
of the maximum specific heat through Eq. (10). For R > —0.25, the green
solid line denotes 7, obtained from the Binder cumulant crossing, the blue
dotted line from the maximum susceptibility, and the black dashed line from
the maximum specific heat. The yellow shaded region for R < —0.25 represents
the standard error of T,. For R > —0.25, the error bar is comparable to the line
thickness.

entropy Sy(L) aligns with (log2)L, which shows that the dominant
part of the residual entropy is attributed to horizontal stripe states.
Remarkably, the residual entropy data obtained by the WL algorithm

and the Metropolis algorithm through Eq. (9) agree excellently. Fig.
1(d) shows entropy per spin S(T')/N versus temperature T for J, = 1
and J, = —0.5. It approaches log(2) at high T and remains above zero
at T = 0 due to nonzero residual entropy.

The same residual entropy appears in the dimer ground state, which
emerges for J; < 0 and J, < 0.25J,. Because the honeycomb lattice is
bipartite, inverting all spins on one of the two bipartite sublattices is
equivalent to reversing the sign of J;. Hence, the transition temperature
and residual entropy of the AFM and dimer states coincide with those
of the FM and stripe states, respectively. Consequently, the residual
entropy of the dimer state is approximately .S, = (log2)L.

Fig. 2 shows the finite-temperature phase diagram as a function
of R = J,/J;, with J; set to unity. With positive J, (the first and
second quadrants in Fig. 1(b)), the NN and NNN interactions cooperate
to stabilize FM or AFM ground states depending on the sign of J;. As
J, increases with J; = 1, T, increases monotonically as shown in Fig.
2(b), and the phase transitions were confirmed to be continuous within
the two-dimensional Ising universality class. Therefore, we focus on the
fourth quadrant of Fig. 1(b) (J; > 0 and J, < 0), where the system is
frustrated. By symmetry, the behavior in the third quadrant (J; < 0 and
J, < 0) can be inferred from these results.

We first investigated the thermodynamic behavior for —0.25 < R <0
to examine signatures of phase transitions. Fig. 3 shows the temperature
dependence of the absolute magnetization (m), magnetic susceptibility
(), Binder cumulant (U), energy per spin (E), and specific heat (C)
for R = 0, —0.2, and —0.24. All results exhibit features of continuous
phase transitions. As R approaches the critical value R = —0.25, the
effect of frustration becomes more pronounced and the phase transi-
tions become sharper. However, we could not find any evidence of
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Fig. 3. Absolute magnetization (m), magnetic susceptibility (), Binder cumulant (U), energy per spin (E), and specific heat (C) as functions of temperature (T")
for J; =1 and R = J,/J, varying the lattice size L. The vertical dotted lines represent the values of the critical temperatures of the infinite lattice obtained by the
crossing of the Binder cumulant data for lattices of L =20 and L = 24. All the results were calculated by the Wang-Landau (WL) algorithm except the symbols
in the rightmost column, which were obtained by the Metropolis (M) algorithm. The statistical error is smaller than the symbol size or the line width.
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Fig. 4. The maximum values of |dU /dT| and susceptibility y as functions of
the lattice size L for various values of R in the range —0.25 < R < 0, with
J, = 1. Since both x- and y-axes are in logarithmic scales, the slopes of the
straight lines are 1/v = 1 in the left panel and y/v = 1.75 in the right panel.
The statistical error is smaller than the symbol size.

a first-order phase transition in the energy histogram and the Binder
cumulant. It is worth mentioning that a previous Monte Carlo study
reported that reliable determination of the transition type and the
transition temperatures in the range —0.25 < R < —0.2 was hindered

by extremely slow dynamics and bad convergence to equilibrium in
this region [23]. We calculated the critical exponents v and y /v within
the range —0.245 < R < 0 using the scaling relation in Egs. (11)—(12).
As shown in Fig. 4, the extracted values of critical exponents v and
y/v align well with those of the unfrustrated two-dimensional Ising
universality class (v = 1 and y/v = 1.75 [1]). This agreement is
particularly clear for large lattices (L > 16), where finite-size effects
are reduced. Note that these results are consistent with the results of
a recent study of partition function zeros for R = —-0.1, —0.2, —0.21
and —0.22 [30]. Therefore, it would be reasonable to conclude that
the phase transitions for R > —0.25 are continuous within the Ising
universality class, and that no tricritical point exists in this regime.
We determined the critical temperature 7, in the thermodynamic
limit (L — oo) by locating the crossing point of the Binder cumulant U
between the two largest lattices used in this work (L =20 and L = 24)
for R > —0.25. These values of T, agree within 1% with those obtained
by fitting the peak positions of C and y to Eq. (10). In Fig. 2, the green
solid, blue dotted, and black dashed lines represent 7, values obtained
from the Binder cumulant crossing point, the maximum of the suscep-
tibility, and the maximum of the specific heat, respectively. At R =
0, the critical point is exactly known from analytical results [71,72],
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Fig. 5. Absolute magnetization (m), energy per spin (E), and specific heat (C)
as functions of temperature (T) for J, =1 and R = J,/J, = {-0.8,-0.5,-0.3}
varying the lattice size L. Symbols and lines represent results obtained by the
Metropolis (M) and Wang-Landau (WL) algorithms, respectively. The results
of the Metropolis algorithm are omitted for R = —0.3, where strong hysteresis
occurs. The statistical error is smaller than the symbol size or the line width.

corresponding to a transition from the paramagnetic phase into the FM
phase at T, =2/log(2+ \/5). For R € {-0.22,-0.21,-0.20,-0.10}, our T,
estimates are consistent with previous works, which used the parallel
tempering method [23] and the partition function zeros method [30].
The effective-field theory [19] and the cluster mean-field approxima-
tion [25] also yield qualitatively similar phase diagrams for —0.25 < R
but tend to significantly overestimate the critical temperature (7, ~
1.87 and T, ~ 2.20, respectively, at R = 0). As R decreases, T, decreases
and vanishes at R = —0.25.

In the rightmost column of Fig. 3, we display the temperature
dependence of the energy and the specific heat at the critical point
(R = —0.25), where the two ordered phases (FM and stripe), along
with all states lying on the straight line connecting them in Fig. 1(a),
are degenerate at zero temperature. It demonstrates a distinct behavior
from that observed in the square lattice at its critical point R =
+0.5 [15,18,21]. For the honeycomb lattice, no size-dependent peaks of
C are observed at R = —0.25, indicating the absence of long-range order
and of a finite-temperature phase transition, owing to the extremely
high ground-state degeneracy with extensive residual entropy (S, «
N). The size-independent broad peak in specific heat around T = 0.5
persists in highly frustrated region centered at R = —0.25, producing a
two-peak structure in the ranges —0.31 < R < —0.25 and —-0.25 < R <
—0.23 for L = 24. The size-dependent sharp peak at lower temperatures
arises from a phase transition, whereas the size-independent broad
peak at higher temperatures originates from short-range correlations
associated with frustration effects [25].

For R < -0.25, the system undergoes a finite-temperature tran-
sition into a stripe-ordered state, with T, rising as R becomes more
negative. For J; = 0 and J, < 0, the system reduces to the triangular-
lattice antiferromagnet, which exhibits no finite-temperature phase
transition [71]. Thus, in the limit R - —co with J; = 1, T./|J,]| is
expected to approach zero. Since no proper order parameter is defined,
the transition temperatures were determined solely by extrapolating
the specific-heat peak position to L — oo via Eq. (10). Consequently,
the uncertainty in T,, which is represented by the yellow shaded
region in Fig. 2(a), is relatively large. Fig. 5 shows the temperature
dependence of the absolute magnetization (m), energy per spin (E),
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Fig. 6. (a) Temperatures that maximize the specific heat as a function of
inverse lattice size (1/L) for given R = J,/J, with J, = 1. The data series
correspond to R = —1.0, —=0.9, —-0.8, —0.7, —-0.6, —0.5, —0.4, and —0.3 from top
to bottom. Symbols denote results via the Wang-Landau algorithm, except for
crosses (x), which represent results via the Metropolis algorithm. Solid lines
are fits to Eq. (10). (b) The values of v obtained by the fitting as a function
of R. The yellow shading behind the solid line represents the standard error
of v.

and specific heat (C) for R = —0.8, —0.5, and —0.3. The sharpening of
the specific-heat peak with increasing lattice size signals the onset of
stripe ordering. For weakly frustrated cases R < —0.5, the Metropolis
algorithm was also used to overcome the computational constraints of
the WL method. In Fig. 5, symbols and lines denote results obtained
by the Metropolis and WL algorithms, respectively; the two approaches
yield consistent results within statistical error. In the strongly frustrated
case (R = —0.3), the Metropolis algorithm fails to reach the ground
state, becoming trapped in metastable states separated by high energy
barriers.

Fig. 6 presents fits of the finite-size specific-heat peak positions
T,.(L). Extrapolating T,(L) to 1/L — 0 yields both the critical tempera-
ture in the thermodynamic limit and the correlation-length exponent v.
As shown in Fig. 6(b), for R < —0.25, the exponent v deviates from that
of the two-dimensional Ising model (v = 1) and varies continuously
with R. The data of large lattices for R = —0.5 and R = —0.8 in Fig.
6(a) unequivocally indicate the discrepancy from the linear behavior
expected for v = 1. Therefore, it is clear that the phase transitions into
the stripe state for R < —0.25 do not belong to the Ising universality
class. Notably, similar deviations from the Ising universality class have
been reported in other frustrated systems, such as the stripe transitions
in the square-lattice Ising model [16,17] and the AFM Ising model
on the trellis lattice [48]. The mechanism behind this behavior and
its connection to the Ashkin-Teller model [73,74] or to Ashkin-Teller
criticality observed in the square-lattice J,-J, Ising model [16,17] are
beyond the scope of the present work.

In Fig. 7, we present the energy histograms near the pseudo-critical
temperature T,(L), obtained by the WL algorithm for L = 24 at
three representative values of R € {—0.5,-0.4,—0.3}. For R = -0.3,
the histogram exhibits a clear two-peak structure. As the temperature
decreases, the lower-energy peak gains weight while the higher-energy
peak diminishes, which indicates a first-order phase transition [62,75].
It is worth noting that the double-peak structure, which is clear in
small lattices, sometimes disappears in large lattices [61,76]. However,
the probability density is practically zero in the gap between the two
peaks and the gap width is large enough, we conjecture the double-peak
structure will pertain also in the thermodynamic limit. In contrast, the
histogram for R = —0.5 shows a single peak structure, where the peak
moves continuously with temperature, characteristic of a continuous
phase transition. For an intermediate case R = —0.4, the histogram
displays hybrid features of first-order and continuous transitions, point-
ing to a tricritical point nearby. Determining its precise location is
beyond the scope of this work, but our data strongly indicate that it
lies between R = —0.5 and R = —0.3. In contrast, for R > —0.25 the
transitions remain continuous and fall within the two-dimensional Ising
universality class.
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Fig. 7. Histogram as a function of energy near the pseudo critical temperature
T.(L) with L = 24 for J; = 1 and R = {-0.5,-0.4,-0.3} from left to right,
obtained via the Wang-Landau algorithm. The histogram is normalized such
that the sum of all bin values equals unity.

Conclusion

We studied the frustrated J,-J, Ising model in the two-dimensional
honeycomb lattice using Monte Carlo methods. The WL algorithm
provided the entropy profile and phase diagrams across the full range
of frustration ratios R = J,/J;, while the Metropolis algorithm allowed
us to explore larger lattices in the weakly frustrated regime. Stripe and
dimer ground states are stabilized in J, < 0 and |R| > 0.25, and FM
and AFM ground states were found in the other regime. The residual
entropy of the stripe and dimer ground states scales linearly with the
lattice’s linear dimension L. This can be explained by the bending of
the stripe and dimer patterns in the ground states.

We also constructed the finite-temperature phase diagram by cal-
culating the critical temperature for ordering into each ground state.
Transitions into the FM and AFM phases are continuous and belong
to the two-dimensional Ising universality class. For the transition into
the dimer and stripe phases, which occurs for J, < 0 and |R| >
0.25, in contrast, energy-histogram analysis indicates the existence of
a tricritical point R* ~ 0.4; for |R| > R*, the transition is continuous,
while for 0.25 < |R| < R* it becomes first-order. These results
demonstrate how frustration not only shifts the critical temperature but
also controls the ground-state degeneracy and the nature of the phase
transition, enriching our understanding of competing interactions on
two-dimensional lattices.
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