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We develop the pole-skipping structure in de Sitter (dS) spacetime and find that their leading frequencies
satisfy the relation ωdS ¼ i2πTdSð1 − sÞ, where TdS ¼ 1=2πL and s denotes spin. In the two-dimensional
dS spacetime, the pole-skipping points near the cosmic horizon r ¼ L for the scalar field of spin 0 and the
fermionic field of spin 1

2
correspond one to one with those in the classical limit as λ → 0 in double-

scaled Sachdev-Ye-Kitaev model when the temperature is infinite (DSSYK∞). This provides a nume-
rical correspondence between quantum gravity in the static patch of two-dimensional dS spacetime and a
one-dimensional quantum system, which we consider as a realization of the DS/dS correspondence.

DOI: 10.1103/f3cb-kmnc

I. INTRODUCTION

The holographic principle, which posits that a theory of
quantum gravity in a higher-dimensional spacetime can be
encoded by a lower-dimensional boundary theory, is a
cornerstone of modern theoretical physics [1,2]. One of its
most successful realizations is the anti–de Sitter/conformal
field theory (AdS/CFT) correspondence [3–6], which con-
nects a gravitational theory in an asymptotically AdS
spacetime with a CFT living on its boundary. This
correspondence has provided deep insights into the inter-
play between quantum field theories and gravity.
Attempts have been made to connect quantum gravity in

de Sitter spacetime to a lower-dimensional conformal field
theory, as the correspondence holds significant promise for
understanding quantum gravity in a universe that is
expanding, akin to our own. Some papers have proposed
the dS=CFT correspondence, which describes that quantum
gravity in de Sitter space is dual to CFT living on the past
and future boundaries of de Sitter space [7–18], where the
masses of the stable scalar make the conformal weights

become complex, and, hence, the boundary CFT is non-
unitary. The DS/dS correspondence, as a framework for
describing holographic duality in dS gravity, provides us
with a new perspective [19–24]. It describes the duality
between quantum gravity in (dþ 1)-dimensional dS space-
time and two CFTs, which are cut off at the energy scale
1=L (where L is the radius of dS) and are coupled through
dynamical gravity. Both dSdþ1 and AdSdþ1 can be repre-
sented as foliations of dSd slices, and the quantum gravity
theories in dSdþ1 and AdSdþ1 have the same IR physics,
which is the IR limit of the CFT on the AdS UV boundary.
In this paper, by drawing an analogy with the pole-skipping
phenomenon in the AdS/CFT correspondence, we obtain
the pole-skipping structure in the DS/dS correspondence,
enriching the de Sitter holographic duality.
Pole skipping is a phenomenon with very interesting

properties in the AdS/CFT theory. Generally, the retarded
Green’s function takes a form

GRðω; kÞ ¼ bðω; kÞ
aðω; kÞ ð1Þ

in the complex momentum space ðω; kÞ. At a special point
ðω⋆; k⋆Þ, both a and b satisfy aðω⋆; k⋆Þ ¼ bðω⋆; k⋆Þ ¼ 0,
and the retarded Green’s function cannot be uniquely
defined [25–29]. Its value will be determined by how it
approaches this special point; that is, it depends on the
slope δk=δω:
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GR ¼ ð∂ωbÞ⋆ þ δk
δω ð∂kbÞ⋆ þ � � �

ð∂ωaÞ⋆ þ δk
δω ð∂kaÞ⋆ þ � � � : ð2Þ

So, if we find the intersections of zeros and poles in the
retarded Green’s functions, we can obtain those special
points, which we refer to as pole-skipping points. For the
theory of the AdS/CFT correspondence, we can use another
method to obtain the pole-skipping points from the bulk
field equation [30–39]. The absence of a unique incoming
mode near the horizon corresponds to the nonuniqueness of
the Green’s function on the boundary. For the static black
holes in AdS spacetime, the leading pole-skipping fre-
quency ω is known as ωAdS ¼ i2πTAdSðs − 1Þ [40–48],
where i is the imaginary unit and s denotes the spin of the
operator. The frequencies of the pole-skipping points in dS
spacetime are different from those in AdS spacetime. The
frequencies of the pole-skipping points of the scalar
perturbation near the horizon of a four-dimensional asymp-
totically dS black hole are given as ω ¼ i2πTn (n is a
positive integer) [49], which are opposite to the pole-
skipping frequencies of the scalar perturbation in AdS
spacetime.
In this work, we calculate the pole-skipping positions of

the scalar field and the fermionic field in dS spacetime and
obtain the leading frequencies ωdS ¼ i2πTdSð1 − sÞ, where
TdS denotes TdS ¼ 1=2πL and s is the spin. The temper-
ature in dS space is given as TdS ¼ 1=2πL, where L is the
dS radius [7,11]. In dS2 spacetime, only the scalar field
with spin 0 and fermionic field with spin 1

2
exist, so the

leading frequencies of the pole-skipping point are located
only in the upper half-plane. For this special case in dS2
gravity, we aim to identify a dual field theory where the
imaginary frequencies of pole-skipping points also reside
in the upper half-plane.
The Sachdev-Ye-Kitaev (SYK) model is a strongly

interacting quantum system at low energy which can be
solvable at a large N limit with an emergent conformal
symmetry [50,51]. Both the Jackiw-Teitelboim (JT) gravity
with nearly AdS2 geometry and the Majorana SYK model
could derive the Schwarzian action by spontaneously
breaking their conformal symmetry down to SLð2;RÞ
due to reparametrization [52–63]. Therefore, AdS JT
gravity has been considered as the gravitational dual of
the Majorana SYK model. In Ref. [64], we show that the
pole-skipping points in the Majorana SYK model match
those in AdS JT gravity. Moreover, the pole-skipping
points in the charged AdS JT gravity and in the complex
SYK model remain the same. This demonstrates the dual-
ities JT/Majorana SYK and charged of JT/complex SYK in
terms of the pole skipping.
The double-scaled SYK (DSSYK) model is the limit of

the SYK model under conditions N; p → ∞ and λ≡ 2p2

N ¼
fixed [65–68]. One can compute the exact four-point
function for the DSSYK model across all energy scales
using combinatorial methods and chord diagrams. It applies

these results to correct the maximal Lyapunov exponent at
low temperatures and introduces diagrammatic rules for
nonperturbative correlation functions. The double-scale
limit simplifies some calculations and makes it easier to
analyze and study the dynamical and spectral properties of
correlation functions. It is an important step in under-
standing the solvable model of holographic duality.
In the classical limit and low-temperature limit, the

behavior of DSSYK model matches that of the Schwarzian
theory [66,69,70], which describes the dynamics of JT
gravity in two-dimensional AdS space. However, interest-
ingly, the DSSYK model exhibits different behavior in
the high-temperature limit. Recently, a pioneering work by
Susskind and collaborators established a connection
between a static patch of JT gravity in dS spacetime and
the double-scaled Sachdev-Ye-Kitaev model at infinite-
temperature (DSSYK∞) [71–75]. JT gravity in nearly 2D
dS spacetime can be described using a double-scaled
random matrix theory, which shares properties similar to
those of the DSSYK model. In the double-scaled limit, the
spectral form factors of the SYK model exhibit the general
ramp-plateau behavior of random matrix theory, suggesting
a potential holographic duality between a static patch of JT
dS2 gravity and the DSSYK∞ model [76–82]. In [83,84],
they presented a complete solution to the Brownian version
of DSSYK and explored its potential relation to static patch
physics in de Sitter space. In particular, they derived an
analytic result for the out-of-time-order correlators, which
exhibits hyperfast scrambling in the semiclassical limit.
They demonstrated that the double-scaled chord algebra
forms a type II1 Von Neumann algebra, which explains why
the empty chord state corresponds to an infinite-temper-
ature state. References [22–24] have understood the fact
that the de Sitter static patch is in a maximally entangled
state, and this fact supports the recent discussion of type II1
algebra in de Sitter space.
We aim to explore the numerical connection between

two-dimensional dS spacetime and the DSSYK∞ model in
this paper. We find that, in the classical limit as λ → 0, the
pole-skipping points of the Green’s function in the DSSYK
model correspond one to one with these special points at
the cosmic horizon which is the boundary of the static patch
in dS2 spacetime. The duality between AdS2 and the low-
temperature SYK model could lead to a one-to-one
correspondence in their pole-skipping structures [64].
Therefore, we believe that it has a dual relationship with
dS2 spacetime through the pole-skipping phenomenon. Our
findings support the conjecture of a holographic duality
between the static patch of JT dS2 gravity and the DSSYK∞
model.
In Secs. II and III, we calculate the pole-skipping points

for the scalar field of spin 0 and the fermionic field of spin 1
2

at the dS2 horizon by using the methods of near-horizon
analysis and computing bulk retarded Green’s function
separately. In Sec. IV, we calculated the pole-skipping
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points of the DSSYK model in the high-temperature limit,
and these results correspond to those in two-dimensional
dS spacetime. We summarize and discuss in Sec. V.

II. POLE SKIPPING IN dS2 SPACETIME:
NEAR-HORIZON ANALYSIS

A. Scalar field

The two-dimensional JT gravity with positive cosmo-
logical constant is a dimensional reduction of three-dimen-
sional Einstein gravity with a positive cosmological
constant, and the metric of dS2 with a dilaton field Φ
equal to r is given as [78–80]

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2; Φ ¼ r; ð3Þ

where fðrÞ ¼ 1 − r2=L2 and L is the radius of the dS. The
cosmic horizon at rh ¼ L, and the global temperature is
given by TdS ¼ 1

2πL [7,11]. We consider the scalar field
Ψðv; rÞ ¼ e−iωtΨðrÞ with mass m of which the dynamics
are given by the Klein-Gordon equation

1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νΨÞ −m2Ψ ¼ 0: ð4Þ

We use the incoming Eddington-Finkelstein (EF) coordi-
nate v ¼ tþ r�, where r� is the tortoise coordinate
dr� ¼ dr=fðrÞ. In the incoming EF coordinate, (3)
becomes

ds2 ¼ −fðrÞdv2 þ 2dvdr; ð5Þ
and the Klein-Gordon (4) equation can be expanded as

fðrÞΨ00ðrÞ þ ðf0ðrÞ − 2iωÞΨ0ðrÞ −m2ΨðrÞ ¼ 0: ð6Þ

Since the blacken factor goes fðrÞ ¼ 4πTðrh − rÞ þ
Oðrh − rÞ2 near the horizon, one can check that the
Klein-Gordon equation (6) has a regular singularity
at r ¼ rh. From now on, we will use scaled frequency
w ¼ ω

2πT and mass m ¼ m
2πT. The singularity can be seen if

we approximate (6) to

Ψ00ðrÞ − 1þ iw
rh − r

Ψ0ðrÞ − πTm2

rh − r
ΨðrÞ ¼ 0; ð7Þ

near horizon. According to conventional differential equa-
tion techniques, one can solve (7) by imposing series
solution ansatz as

ΨðrÞ ¼ ðr − rhÞλ
X∞
p¼0

Ψpðr − rhÞp: ð8Þ

At the lowest order, we can obtain the indicial equation
λðλþ iwÞ ¼ 0. The two roots are

λ1 ¼ 0; λ2 ¼ −iw: ð9Þ

Generally speaking, a solution with exponent λ1 near the
horizon is regular. Therefore, if λ2 is not an integer, we can
obtain a unique “incoming” solution with exponent λ1.
However, if λ2 is an integer, there may be an additional
regular solution, which is a signal of a pole skipping near
the horizon. For example, let us consider iw ¼ −1.
According to the standard technique of the differential
equation, the assumption for the following solution is more
appropriate than (8):

ΨðrÞ ¼
X∞
p¼0

Ψ1;pðr − rhÞp

þ ðr − rhÞ logðr − rhÞ
X∞
q¼0

Ψ2;qðr − rhÞq; ð10Þ

where we include the log term. After substituting it into the
Klein-Gordon equation (6), up to Oðr − rhÞ0 the equation
of motion becomes

ð1þ iwÞðΨ1;1 þ Ψ2;0 logðr − rhÞÞ þ ðπTm2Ψ1;0

þ ð2þ iwÞΨ2;0Þ ¼ 0: ð11Þ
The first term vanishes at iw ¼ −1. If we focus on m ¼ 0,
we obtain Ψ2;0 ¼ 0, and the series solution takes two
independent regular solutions as follows:

ΨðrÞ ¼ Ψ1;0 þ ðr − rhÞ1
X∞
p¼0

Ψ̃2;pðr − rhÞp; ð12Þ

where two independent coefficients are Ψ1;0 and Ψ̃2;0.
Thus, the first pole-skipping point is

w⋆ ¼ −i; m2
⋆ ¼ 0: ð13Þ

In general, at the pole-skipping points, the series solution
takes the following form:

ΨðrÞ ¼
Xn−1
p¼0

Ψ1;pðr − rhÞp þ ðr − rhÞn
X∞
q¼0

Ψ̃2;qðr − rhÞq;

ð14Þ
where Ψ1;p and Ψ̃2;q are independent coefficients.
There is a systematic procedure to calculate pole-skipping
points [32]. First, we expand ΨðrÞ with a Taylor series

ΨðrÞ ¼
X∞
p¼0

Ψpðr − rhÞp

¼ Ψ0 þΨ1ðr − rhÞ þ Ψ2ðr − rhÞ2 þ � � � : ð15Þ

We substitute (15) into (6) and expand the equation of
motion in powers of ðr − rhÞ. Then, a series of the perturbed
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equation in the order of ðr − rhÞ can be denoted as

S¼
X∞
p¼0

Spðr−rhÞp¼S0þS1ðr−rhÞþS2ðr−rhÞ2þ���:

ð16Þ

We write down the first few equations Sp ¼ 0 in the
expansion of (16):

0 ¼ M11ðω; mÞΨ0 þ ð2πT þ iωÞΨ1;

0 ¼ M21ðω; mÞΨ0 þM22ðω; mÞΨ1 þ ð4πT þ iωÞΨ2;

0 ¼ M31ðω; mÞΨ0 þM32ðω; mÞΨ1 þM33ðω; mÞΨ2

þ ð6πT þ iωÞΨ3: ð17Þ

To find an incoming solution, we should solve a set of linear
equations of the form

Mðω; mÞ ·Ψ≡

0
BBB@

M11 ð2πT þ iωÞ 0 0 � � �
M21 M22 ð4πT þ iωÞ 0 � � �
M31 M32 M33 ð6πT þ iωÞ � � �
� � � � � � � � � � � � � � �

1
CCCA

0
BBBB@

Ψ0

Ψ1

Ψ3

� � �

1
CCCCA ¼ 0: ð18Þ

The nth pole-skipping points ðωn; mnÞ can be calculated by
solving

ω⋆n ¼ i2πTn; detMðnÞðω⋆; m⋆Þ ¼ 0; ð19Þ
where the matrix MðnÞ is the ðn × nÞ square matrix whose
elements are taken from M11 to Mnn in (18). (The first few
elements of this matrix have been shown in Appendix A.)
The following are the resulting pole-skipping points:

w ¼ i; m2 ¼ 0;

w ¼ 2i; m2 ¼ 0;−2;

w ¼ 3i; m2 ¼ 0;−2;−6;

w ¼ 4i; m2 ¼ 0;−2;−6;−12;

w ¼ 5i; m2 ¼ 0;−2;−6;−12;−20;

..

.
: ð20Þ

These special points have physical meaning only for the
points with mass equal to 0. Although the other points with
negative mass squared are nonphysical, their correspondence
with the pole skipping in the later DSSYK model is quite
interesting. The operator dimension of scalar field in dS2
spacetime is Δ1 ¼ 1

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2L2

p
[9,11–13]. Pole-skip-

ping points (20) can be rewritten in terms of operator
dimensions:

w ¼ i; Δ1 ¼ 1;

w ¼ 2i; Δ1 ¼ 1; 2;

w ¼ 3i; Δ1 ¼ 1; 2; 3;

w ¼ 4i; Δ1 ¼ 1; 2; 3; 4;

w ¼ 5i; Δ1 ¼ 1; 2; 3; 4; 5;

..

.
: ð21Þ

This result agrees with the formula ωdS ¼ i2πTdSð1 − sÞ for
s ¼ 0. We plot (21) in Fig. 1.
In dS spacetime, the relationship between a scalar field

and the conformal dimension of the dual CFT operator is
governed by the equation ΔðΔ − dÞ ¼ −m2L2. When
m2L2 > 1, the conformal dimension Δ becomes complex,
which implies that the corresponding CFT violates unitarity
if there exist stable scalars with masses above this bound.
However, for the pole-skipping points we obtained, the
squared masses are negative, ensuring that the conformal
dimension remains real and, thus, preserving unitarity in
the CFT. This also provides a reasonable explanation for
the correspondence with the DSSYK model that satisfies
the unitarity in the following steps.

B. Fermionic field

As a way to confirm the validity of our holographic
computational method, we consider the Dirac field in the
same background (5). The Dirac equation is given as

ðΓMDM −mÞψ� ¼ 0: ð22Þ

FIG. 1. (a) The blue points are the positions of pole-skipping
points for the scalar field of the dS2 spacetime by using near-
horizon analysis. (b) The red points are the positions of pole-
skipping points for the scalar field of the dS2 spacetime by bulk
retarded Green’s function.
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The capital letter M denotes the indices of bulk spacetime
coordinates and small letters a and b denote tangent space
indices. The covariant derivative of bulk spacetime acting
on fermions is defined by DM ¼ ∂M þ 1

4
ðωabÞMΓab, where

Γab ≡ 1
2
½Γa;Γb�. Γa are Gamma matrices which satisfy

Grassmann algebra fΓa;Γbg ¼ 2ηab [41,85]. The spinors
are two dimensional

ψ�ðr; tÞ ¼ e−iωt
�
ψþðrÞ
ψ−ðrÞ

�
;

and we use the following gamma matrices representa-
tion [86]:

Γv ¼ iσ2; Γr ¼ σ3: ð23Þ

We choose the orthonormal frame to be

Ev¼1þfðrÞ
2

dv−dr; Er¼1−fðrÞ
2

dvþdr; ð24Þ

for which

ds2 ¼ ηabEaEb; ηab ¼ diagð−1; 1Þ: ð25Þ

The spin connections for this frame are given by

ωrr ¼ 0; ωvr ¼ −
f0ðrÞ
2

: ð26Þ

Using these spin connections (26) and the EF coordinate

ds2 ¼ −fðrÞdv2 þ 2dvdr; ð27Þ

one can calculate the Dirac equation to be

8>>>><
>>>>:

ðf0ðrÞ − 4ðmþ iωÞÞψþðrÞ þ ðf0ðrÞ − 4iωÞψ−ðrÞ
þ2ðfðrÞ − 1Þψ 0

−ðrÞ þ 2ðfðrÞ þ 1Þψ 0þðrÞ ¼ 0;

ð4iω − f0ðrÞÞψþðrÞ − ð4mþ f0ðrÞ − 4iωÞψ−ðrÞ
−2ðfðrÞ þ 1Þψ 0

−ðrÞ þ 2ð1 − fðrÞÞψ 0þðrÞ ¼ 0:

ð28Þ

We combine the two equations of (28) and expand them
near the horizon rh. The first-order equation near the
horizon is

first∶ ð2πT þ 2iωþmÞψþ þ ð2πT þ 2iω −mÞψ− ¼ 0:

ð29Þ

We take the value of coefficients ð2πT þ 2iωþmÞ and
ð2πT þ 2iω −mÞ to be 0, and, thus, there are two inde-
pendent free parameters ψþ and ψ− to this equation. The
first-order pole-skipping point is obtained as

w ¼ i
2
; m ¼ 0; Δ2 ¼

1

2
; ð30Þ

where the operator dimension of Dirac field in dS2 is
Δ2 ¼ 1

2
þ im which is positive like scalar operator dimen-

sion [87,88]. We expand the Dirac equation in higher order:

second∶
�
m2

4πT
−

mðm−πTÞ
m−2πT−2iω

�
ψ0þþ

1

2

�
3þ iω

πT

�
ψ1þ¼0;

third∶
ð14mπTþ2imω−36π2T2−m2Þ

ð3πTþiωÞð5πTþiωÞð2πTþ2iω−mÞψ
0þ
mð20m2π2T2þ64π4T4þm4Þ

32πT
þ3

2

�
7þ iω

πT

�
ψ3þ¼0;

fourth∶
mð56m4π2T2þ2304π6T6þ784m2π4T4þm6Þ

ð3πTþiωÞð5πTþiωÞð7πTþiωÞð2πTþ2iω−mÞψ
0þ
ðm2þ64π2T2−18mπT−2imωÞ

192πT
þ2

�
9þ iω

πT

�
ψ4þ¼0: ð31Þ

For the choice of positive square root m in higher-order equations, the higher-order pole-skipping points are

w ¼ 3i
2
; m ¼ 0; i; Δ2 ¼

1

2
;
3

2
;

w ¼ 5i
2
; m ¼ 0; i; 2i; Δ2 ¼

1

2
;
3

2
;
5

2
;

w ¼ 7i
2
; m ¼ 0; i; 2i; 3i; Δ2 ¼

1

2
;
3

2
;
5

2
;
7

2
;

w ¼ 9i
2
; m ¼ 0; i; 2i; 3i; 4i; Δ2 ¼

1

2
;
3

2
;
5

2
;
7

2
;
9

2
;

..

.
: ð32Þ
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This result agrees with the formula ωdS ¼ i2πTdSð1 − sÞ
for s ¼ 1=2. We plot (32) in Fig. 2. At the position of the
pole-skipping points, we cannot distinguish between
incoming and outgoing waves at the horizon, which
reflects the nonuniqueness of the pole-skipping phenome-
non. In the next section, we will see the nonuniqueness of
the retarded Green’s function at these special points.
Similar to the case of the scalar field in the previous
section, the points in (32) will correspond to the pole
skipping in the later DSSYK model. Therefore, we will
still list these points that have the mathematical form of
the pole-skipping structure.

III. POLE SKIPPING IN dS2 SPACETIME: BULK
RETARDED GREEN’S FUNCTION

In this section, we draw a direct analogy to the AdS/CFT
correspondence by using a similar prescription to derive the
bulk retarded Green’s function in dS spacetime. The bulk
fields ϕ and ψ are dual to operators in the CFT on the
boundary of the static patch with dimensions Δ1 and Δ2,
respectively. Then we could obtain the pole-skipping points
from the retarded Green’s function.

A. Scalar field

We return to the wave equation

1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νϕÞ −m2ϕ ¼ 0 ð33Þ

in the two-dimensional dS spacetime

ds2 ¼ −fðrÞdv2 þ 2dvdr ð34Þ

considered in the previous subsection. The general solution
to the wave equation has the form

ϕ ¼ Bϕn þ Aϕnn

∼ C1P
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
−1Þ=2

iωL

�
r
L

�
þ C2Q

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
−1Þ=2

iωL

�
r
L

�
;

ð35Þ

where Pμ
νðxÞ is the associated Legendre polynomial and

Qμ
νðxÞ is the associated Legendre function of the second

kind. The functions Pμ
νðxÞ and Qμ

νðxÞ can be expressed in
the form of hypergeometric functions [89,90]

Pμ
νðxÞ ¼ 1

Γð1 − μÞ
�
xþ 1

x − 1

�
μ=2

2

F1

�
−ν; νþ 1; 1 − μ;

1 − x
2

�

and

Qμ
νðxÞ ¼ ð−1Þμ ffiffiffi

π
p

Γðνþ μþ 1Þðx2 − 1Þμ=2
2νþ1Γðνþ 3=2Þxνþμþ1

× 2F1

�
νþ μþ 2

2
;
νþ μþ 1

2
; νþ 3

2
; x−2

�
: ð36Þ

We call ϕn normalizable and ϕnn non-normalizable. The
specific forms of the two solutions are

ϕn ¼
ð1þ r

LÞ
ffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
−1

2 ðr2L2 − 1Þ1−
ffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
4

Γð3−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
2

Þ 2F1

�
−iωL; iωLþ 1;

1

Γð3−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
2

Þ
;
1

2
−

r
2L

�
;

ϕnn ¼
ð−1Þ

ffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
−1

2

ffiffiffi
π

p
Γð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
þ2iωL

2
Þ

ΓðiωLþ 3
2
Þ2iωLþ1 2F1

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2L2

p
þ 2iωL

4
;
3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2L2

p
þ 2iωL

4
; iωLþ 3

2
;
L2

r2

�

×

�
r
L

�−1−
ffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
−2iωL

2

�
r2

L2
− 1

� ffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
−1

4

: ð37Þ

We could expect to treat the non-normalized mode as the source and the normalized mode as the response. Consequently,
we can anticipate that the retarded Green’s function will be proportional to the ratio B=A. We expand the hypergeometric
functions in the solutions (37) near the horizon, as r → L, the retarded Green’s function becoming [for the hypergeometric
function 2F1ða; b; aþ bþN ; zÞ around z ¼ 1, the details are presented in Appendix B]

FIG. 2. (a) The blue triangles are the positions of pole-skipping
points for the fermionic field of the dS2 spacetime by using near-
horizon analysis. (b) The red triangles are the positions of pole-
skipping points for the fermionic field of the dS2 spacetime by
bulk retarded Green’s function.
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GRðω; mÞ ∝ B
A
∝
ð−1Þ

ffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
−1

2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
Γð3

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
2

Þ
Γð3

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
2

þ iωLÞ

× Γ
�
1

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2L2

p

2
þ iωL

�
: ð38Þ

Since Γð−nÞ diverges for non-negative integer n, the lines
of pole and zero of the Green’s function (38) are

8<
:

1
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
2

þ iωL¼0;−1;−2;… ðlines of poleÞ;
3
2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4m2L2

p
2

þ iωL¼0;−1;−2;… ðlines of zeroÞ:
ð39Þ

The pole-skipping points for (39) are

w ¼ i; Δ1 ¼ 1;

w ¼ 2i; Δ1 ¼ 1; 2;

w ¼ 3i; Δ1 ¼ 1; 2; 3;

w ¼ 4i; Δ1 ¼ 1; 2; 3; 4;

w ¼ 5i; Δ1 ¼ 1; 2; 3; 4; 5;

..

.
; ð40Þ

where Δ1 ¼ 1
2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2L2

p
is the operator dimension

of scalar field mentioned in Sec. II A. The results (40) agree
with the pole-skipping points obtained from near-horizon
behavior (21), as shown in Fig. 1.

B. Fermionic field

To solve the fluctuation equation analytically, it is
convenient to introduce coordinate u, which is defined
as r ¼ L cosðuÞ. In the u coordinate, metric (3) takes
following form:

ds2 ¼ − sin2ðuÞdt2 þ L2du2: ð41Þ

We substitute the metric (41) into the Dirac equation (25):

8>>>><
>>>>:

2ωLCscðuÞψ−ðuÞ þ ðCothðuÞ − 2mLÞψþðuÞ
þ2ψ 0þðuÞ ¼ 0;

−2iωLCscðuÞψþðuÞ þ ðCothðuÞ þ 2mLÞψ−ðuÞ
þ2ψ 0

−ðuÞ ¼ 0:

ð42Þ

Combining the two equations of (42), we obtain

8>>>>>>>>><
>>>>>>>>>:

ð4ðω2L2Csc2ðuÞ −m2L2 −mLCothðuÞÞ − 2Csch2ðuÞ
þCoth2ðuÞ þ 2CothðuÞCotðuÞÞψþðuÞ þ 4ψ 00þðuÞ
þ4ðCothðuÞ þ CotðuÞÞψ 0þðuÞ ¼ 0;

ð4ðω2L2Csc2ðuÞ −m2L2 þmLCothðuÞÞ − 2Csch2ðuÞ
þCoth2ðuÞ þ 2CothðuÞCotðuÞþÞψ−ðuÞ þ 4ψ 00

−ðuÞ
þ4ðCothðuÞ þ CotðuÞÞψ 0

−ðuÞ ¼ 0:

ð43Þ

We solve these two second-order differential equations (43).
The two spinor components behave as

ψþ ∼ C12F1

�
−iωL;

1

2
− iðmþ ωÞL; 1

2
− imL; e2iu

�

× ð1 − e2iuÞ12−iωL þ C2ið1 − e2iuÞ12−iωLeiu−ð2uþπÞmL

× 2F1

�
1 − iωL;

1

2
þ iðm − ωÞL; 3

2
þ 2imL; e2iu

�
;

ð44Þ

ψ− ∼ C12F1

�
−iωL;

1

2
þ iðm − ωÞL; 1

2
þ imL; e2iu

�

× ð1 − e2iuÞ12−iωL þ C2ið1 − e2iuÞ12−iωLeiuþð2uþπÞmL

× 2F1

�
1 − iωL;

1

2
− iðωþmÞL; 3

2
− imL; e2iu

�
:

ð45Þ

Expanding the hypergeometric functions in the solutions
(37) near the horizon, as u → 0, one finds the two linearly
independent solutions given by ψþ ∼ ð1 − e2iuÞ12−iωL
ðb1ψn þ a1ψnnÞ and ψ− ∼ ð1 − e2iuÞ12−iωLðb2ψn þ a2ψnnÞ.
Because of the ingoing boundary condition near the
horizon, ψþ and ψ− have no term proportional to the
positive imaginary frequency index. Then the retarded
spinor Green’s functions have two sets given as (the details
of the hypergeometric function around u ¼ 0 are also
presented in Appendix B)

GR
1 ðω; mÞ ¼ b1

a1

¼ −ieπmL Γð12 − imLÞΓð1þ iωLÞΓð1
2
þ imLþ iωLÞ

Γð3
2
þ imLÞΓðiωLÞΓð1

2
− imLþ iωLÞ ;
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GR
2 ðω; mÞ ¼ b2

a2

¼ −ie−πmL Γð12 þ imLÞΓð1þ iωLÞΓð1
2
− imLþ iωLÞ

Γð3
2
− imLÞΓðiωLÞΓð1

2
þ imLþ iωLÞ : ð46Þ

In (43), the equation for ψþ is related to that of ψ− by
m → −m, so we could see that the retarded spinor Green’s
functions GR

1 ðω; mÞ and GR
2 ðω; mÞ are invariant under

m → −m from (46). Although the poles and zeros of the
two Green’s functions are different:

8>>>>><
>>>>>:

1
2
þ Lmþ iωL ¼ 0;−1;−2;−3;…

½poles of GR
1 ðω; mÞ and zeros of GR

2 ðω; mÞ�;
1
2
− Lmþ iωL ¼ 0;−1;−2;−3;…

½zeros of GR
1 ðω; mÞ and poles of GR

2 ðω; mÞ�;

ð47Þ

the pole-skipping points are the same:

w ¼ i
2
; Δ2 ¼

1

2
;

w ¼ 3i
2
; Δ2 ¼

1

2
;
3

2
;

w ¼ 5i
2
; Δ2 ¼

1

2
;
3

2
;
5

2
;

w ¼ 7i
2
; Δ2 ¼

1

2
;
3

2
;
5

2
;
7

2
;

w ¼ 9i
2
; Δ2 ¼

1

2
;
3

2
;
5

2
;
7

2
;
9

2
;

..

.
; ð48Þ

whereΔ2 ¼ 1
2
þ im is the operator dimension of Dirac field

mentioned in Sec. II B. (48) agree with the pole-skipping
points obtained from near-horizon behavior (32), as shown
in Fig. 2. We use the method of solving with the bulk
retarded Green’s function, which produces the same values
for the pole-skipping points as those obtained through near-
horizon analysis in Sec. II. The leading-order imaginary
frequency of ωdS ¼ i2πTdSð1 − sÞ at these special points
depends on the s spinor of the bulk field. These locations
cause the Green’s function to become an indeterminate
form of type 0=0, and this nonuniqueness corresponds to
the nonuniqueness of the incoming solution of the bulk
equation at the pole-skipping positions near the horizon.
There is no clear understanding of the Green’s function in
dS spacetime; however, we have tried a similar prescription
as in AdS spacetime. The whole precise Green’s functions
may be different from the results in this paper, but the
positions of the pole-skipping points of the Green’s
function in dS spacetime will be the same because the

near-horizon analysis is still valid regardless of the defi-
nition of the Green’s function in dS spacetime.

IV. POLE SKIPPING IN DSSYK MODEL AND
dS2=DSSYK∞ CORRESPONDENCE

In this section,wewill compute the numerical values of the
pole-skipping points in DSSYK in the infinite-temperature
limit and compare the results with those obtained in the dS2
spacetime.We start with a brief review of the DSSYKmodel.
The N fermions ψxðx ¼ 1;…; NÞ obeying fψx;ψyg ¼ 2δxy
interact all to all in p-body groups, and this coupling is
random. The Hamiltonian is given as [65–68]

H ¼ ip=2
X

1≤x1<���<xp≤N
Jx1…xpψx1…ψxp ;

hJ2x1…xpi ¼
J 2

λ

�
N

p

� ; ð49Þ

with the Jx1…xp being random couplings. The ψxðx ¼
1;…; NÞ areMajorana fermions satisfying fψx;ψyg ¼ 2δxy.
This is a largeN theory, whereN and p are going to be large.
In the double-scaling limit, the SYK model satisfies

N; p → ∞; λ≡ 2p2

N
¼ fixed: ð50Þ

Operators in DSSYK at classical λ → 0 limit are essen-
tially characterized by the number of fermions the operator
contains. The normalized two-point function of the same
operator is given as [81,91]

GðtÞ ¼
�

cos πv
2

cosðπv
2
ð1 − 2it

β ÞÞ
�
2δ

; ð51Þ

and a new parameter λ̃ will be defined. The symbol δ ¼ λ̃=λ
represents the size of the operator, and it can be seen that it
is positive. The relationship between parameter v and
parameter J is as follows:

βJ ¼ πv
cos πv

2

: ð52Þ

From relation (52), it can be concluded that, in the high-
temperature limit as β → 0, the ratio πv

β approaches J . In
infinite-temperature limit βJ → 0, (51) becomes a simple
expression:
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GinfiniteðtÞ ¼
�

1

coshðJ tÞ
�

2δ

: ð53Þ

The retarded Green’s function in frequency space is defined
as [92–94]

GRðωÞ ¼ −i
Z

dtθðtÞeiωtGðtÞ: ð54Þ

The retarded Green’s function becomes

GR
infiniteðωÞ ¼ −i

Z
dtθðtÞeiωtGinfiniteðtÞ

¼ −ieiωtð1þ e2J tÞðsecðJ tÞÞ2δ
2J δþ iω

× 2F1ða; b; aþ bþN ; zÞ; ð55Þ

where a ¼ 1, b ¼ 1 − δþ iω
2J ,N ¼ 2δ − 1, and z ¼ −e2J t.

We now calculate the pole-skipping points of Green’s
function (55). The function 2F1ða; b; aþ bþN ; zÞ could
be expanded into three expressions based on three cases of
parameter N [95]. However, the pole-skipping positions
for these three expressions are the same. We simplify the
forms into

2F1

�
1; 1 − δþ iω

2J
; 1þ δþ iω

2J
;−e2J t

�

¼ Γð1þ δþ iω
2J Þ

Γðδþ iω
2J Þ

AðN Þ þ Γð1þ δþ iω
2J Þ

Γð1 − δþ iω
2J Þ

BðN Þ: ð56Þ

The values of coefficients AðN Þ and BðN Þ are determined
by three different cases of N , and only zeros exist in these
two coefficients. (The details of these coefficients are
presented in Appendix C.) Equation (55) becomes

GR
infiniteðωÞ ¼ eiωtð1þ e2J tÞðsecðJ tÞÞ2δ

×

� Γð1þ δþ iω
2J Þ

ð2J δþ iωÞΓðδþ iω
2J Þ

AðN Þ

þ Γð1þ δþ iω
2J Þ

ð2J δþ iωÞΓð1 − δþ iω
2J Þ

BðN Þ
�
: ð57Þ

For the term in front of coefficient AðN Þ, the only pole
ð2J δþ iωÞ is reduced by the zero obtained from
Γð1þδþ iω

2J Þ
Γðδþ iω

2J Þ
¼ ðδþ iω

2J Þ. So we focus on the term in front of

coefficient BðN Þ, the pole-skipping positions obtained
from the intersections of zeros and poles in term

Γð1þδþ iω
2J Þ

ð2J δþiωÞΓðδþ iω
2J Þ
. We could obtain these special points

ω ¼ iJ ; δ ¼ 1

2
;

ω ¼ 2iJ ; δ ¼ 1;

ω ¼ 3iJ ; δ ¼ 1

2
;
3

2
;

ω ¼ 4iJ ; δ ¼ 1; 2;

ω ¼ 5iJ ; δ ¼ 1

2
;
3

2
;
5

2
;

ω ¼ 6iJ ; δ ¼ 1; 2; 3;

..

.
: ð58Þ

In the DSSYK∞ model [78] defines the “tomperature” T ¼
2J which remains finite as β → 0. Tomperature T , as an
“effective temperature,” reflects the finiteness of energy and
timescale for this system. In the dS metric, the horizon
radius L is a single-dimensional parameter. Similarly, the
tomperature T is also a single-dimensional parameter in the
DSSYK∞. To build the duality between two theories, the
relation between the two parameters is T ¼ 1=L [78].
Then, (58) could be expressed in a dimensionless form of
frequency w ¼ ω

T and is divided into

w ¼ i; δ ¼ 1;

w ¼ 2i; δ ¼ 1; 2;

w ¼ 3i; δ ¼ 1; 2; 3;

w ¼ 4i; δ ¼ 1; 2; 3; 4;

w ¼ 5i; δ ¼ 1; 2; 3; 4; 5;

..

. ð59Þ

and half-integers

w ¼ i
2
; δ ¼ 1

2
;

w ¼ 3i
2
; δ ¼ 1

2
;
3

2
;

w ¼ 5i
2
; δ ¼ 1

2
;
3

2
;
5

2
;

w ¼ 7i
2
; δ ¼ 1

2
;
3

2
;
5

2
;
7

2
;

w ¼ 9i
2
; δ ¼ 1

2
;
3

2
;
5

2
;
7

2
;
9

2
;

..

.
: ð60Þ

Equations (59) and (60) are similar to the pole-skipping
points in dS2 spacetime. We depict those special points in
Fig. 3. From the perspective of the dS2=DSSYK∞ corre-
spondence, the horizon as the boundary of the static patch
of de Sitter spacetime and the pole-skipping structure at this
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area is consistent with that of DSSYK in the infinite-
temperature limit. We could see that (59) corresponds one
to one with (21) and (40), while (60) corresponds one to
one with (32) and (48). There are only the scalar field and
fermionic field in dS2 spacetime, and they correspond to the
integer part and the half-integer part of the pole-skipping
points, respectively. We could see that the pole-skipping
points in DSSYK∞ in the classical limit include the sum of
the pole-skipping points of these two types of bulk fields in
the dS2 spacetime.
We will discuss the relationship between the DSSYK

model and the geometry of dS spacetime. Reference [91]
provides insight into the DSSYK and the curvature of two-
dimensional spacetime. It presents a Liouville form
DSSYK model

I ¼ N
16p2

Z
dτdr

�
−
1

2
ð∂τgÞ2 þ

1

2
ð∂rgÞ2 − 2J 2egðτ;rÞ

�
:

ð61Þ
Liouville theory describes the quantum mechanics of the
Weyl factor with respect to the naive metric appearing in
the kinetic term, so when the Liouville equations of motion
are imposed on g, it could take the form of a two-dimen-
sional de Sitter spacetime [91]

ds2 ¼ cosðπv
2
Þ2

cosðπv
2
ð1 − 2it

β ÞÞ2
ðdt2 þ dr2Þ: ð62Þ

In the case of infinite-temperature v → 0, the metric (62)
becomes

ds2 ¼ 1

coshðJ tÞ2 ðdt
2 þ dr2Þ: ð63Þ

We could obtain Ricci scalar form from (63):

R ¼ 2J 2; ð64Þ

which is a constant positive curvature. The DSSYK∞
model could provide two-dimensional dS geometry; there-
fore, it preserves the same pole-skipping structure in the
static patch of dS2 spacetime. We consider that this
consistency in the numerical values of these uncertain
points could provide a conjecture for the dS2=DSSYK∞
correspondence.
Reference [91] also demonstrates that the Liouville form

of the double-scaled SYK model naturally gives rise to a
two-dimensional AdS spacetime structure. A feature of the
DS/dS correspondence is that both dSdþ1 and AdSdþ1

spacetimes can be foliated into dSd slices. This correspon-
dence establishes a duality between dþ 1-dimensional
quantum gravity and the field theory defined on these
dSd slices. If we regard the DSSYK model as a field theory
on the dS1 slice, it can render both AdS2 spacetime forms
and dS2 spacetime forms, which could be considered as a
signature of the DS/dS correspondence.

V. CONCLUSION

In summary, we develop the pole-skipping structure at
the cosmic horizon r ¼ L in the static patch of dS
spacetime. For fields with spin s, their leading pole-
skipping frequencies satisfy ωdS ¼ i2πTdSð1 − sÞ, which
is exactly opposite to the frequencies in AdS spacetime.
We also obtain a numerical consistent relationship

between the static patch of dS2 spacetime and the
DSSYK∞ model. The pole-skipping points are regarded
as a series of uncertain positions within the system. These
uncertain points directly correspond to the integer pole
skipping for the scalar field and the half-integer pole
skipping for the fermionic field in dS2 gravity, respectively.
From Eqs. (20) and (32), we can see that, in dS2 spacetime,
each order of pole-skipping points for the scalar field and
fermionic field has a position with mass equal to 0, while
the mass squared of the subsequent pole-skipping points is
negative. These massless pole-skipping points have physi-
cal meaning. Although the other pole-skipping points with
negative mass squared are nonphysical, they correspond
one to one with the pole-skipping points in the DSSYK∞
model. We list these special points that have the math-
ematical form of the pole-skipping structure to provide a
reference for the dS2=DSSYK∞ correspondence.
The correspondence between dS2 and DSSYK∞ can be

viewed as a correspondence between the quantum gravity
of static patch in dS2 and the field theory which is unitary
on the dS1 slice. We demonstrate the pole-skipping
phenomenon in the application of the DS/dS correspon-
dence. We believe our results highlight the universal role of
pole skipping as a diagnostic tool for holographic duality
and could provide a new perspective for the AdS/CFT and
the DS/dS correspondence.

FIG. 3. The blue lines are poles and zeros of Green’s function in
the DSSYK∞ model, and the red points where they intersect
indicate the positions of pole skipping. (δ is positive from the
definition.)
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APPENDIX A: DETAILS OF NEAR-HORIZON
EXPANSIONS

In this appendix, we show the details of the near-horizon
expansions of the equations of motion. We can calculate a
Taylor series solution to the scalar mode ΨðrÞ equation of
motion when the matrix equation (18) is satisfied. The first
few elements of this matrix are shown below:

M11 ¼
m2

2
;

M21 ¼ 0; M22 ¼
m2 − f00ðrhÞ

4
;

M31 ¼ 0; M32 ¼ −
fð3ÞðrhÞ

12
; M33 ¼

m2 − 3f00ðrhÞ
6

;

M41 ¼ 0; M42 ¼ −
fð4ÞðrhÞ

48
; M43 ¼ −

fð3ÞðrhÞ
6

; M44 ¼
m2 − 6f00ðrhÞ

8
;

M51 ¼ 0; M52 ¼ −
fð5ÞðrhÞ
240

; M53 ¼ −
fð4ÞðrhÞ

24
;

M54 ¼ −
fð3ÞðrhÞ

4
; M55 ¼

m2 − 10f00ðrhÞ
10

;

..

.
: ðA1Þ

APPENDIX B: EXPRESSIONS FOR THE
HYPERGEOMETRIC FUNCTION

2F1ða;b; a+ b+N ; 1Þ
In this appendix, we consider four cases depending on

whether N is a noninteger, a positive integer, zero, or a
negative integer. As z → 1−, the hypergeometric function

2F1ða; b;aþ bþN ; zÞ becomes [95]
(i) N is a noninteger (N → n):

2F1ða; b; aþ bþ n; zÞ ≃z→1− Γðaþ bþ nÞΓðnÞ
Γðaþ nÞΓðbþ nÞ ;

ðB1Þ

(ii) N is a positive integer (N → N):

2F1ða; b; aþ bþ N; zÞ ≃z→1− Γðaþ bþ NÞΓðNÞ
Γðaþ NÞΓðbþ NÞ ;

ðB2Þ

(iii) N is zero:

2F1ða; b; aþ b; zÞ ≃z→1− −
Γðaþ bÞ
ΓðaÞΓðbÞ ½ψðaÞ þ ψðbÞ�;

ðB3Þ
(iv) N is a negative integer (N → −N):

2F1ða; b; aþ b − N; zÞ

≃z→1− −
ð−1ÞN
N!

Γðaþ b − NÞ
Γða − NÞΓðb − NÞ

× ½ψðaÞ þ ψðbÞ�; ðB4Þ
where ψðaÞ ¼ Γ0ðaÞ=ΓðaÞ ¼ d lnΓðaÞ=da.

APPENDIX C: EXPRESSIONS FOR THE
HYPERGEOMETRIC FUNCTION

2F1ða; b; a+ b+N ; zÞ
In this appendix, we list the details of Eq. (55). The

hypergeometric function 2F1ð1; 1 − δþ iω
2J ; 1þ δþ
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iω
2J ;−e2J tÞ can bewritten in the formof 2F1ða; b; aþ bþN ; zÞ, wherea ¼ 1,b ¼ 1 − δþ iω

2J ,N ¼ 2δ − 1, and z ¼ −e2J t.
There are four outcomes when N is a noninteger, positive integer, zero, or a negative integer [95]:
(i) N is a noninteger (N → n):

2F1ða; b; aþ bþ n; zÞ ¼ Γðaþ bþ nÞΓðnÞ
Γðaþ nÞΓðbþ nÞ

X∞
k¼0

ðaÞkðbÞk
ð1 − nÞkk!

ð1 − zÞk þ ð1 − zÞn Γðaþ bþ nÞΓð−nÞ
ΓðaÞΓðbÞ

×
X∞
k¼0

ðaþ nÞkðbþ nÞk
ð1þ nÞkk!

ð1 − zÞk; ðC1Þ

where ðaÞk ¼ Γðaþ kÞ=ΓðaÞ ¼ aðaþ 1Þ � � � ðaþ k − 1Þ;
(ii) N is a positive integer (N → N):

2F1ða; b; aþ bþ N; zÞ ¼ Γðaþ bþ NÞ
Γðaþ NÞΓðbþ NÞ

XN−1

k¼0

ðaÞkðbÞkðN − k − 1Þ!
k!

ðz − 1Þk − ðz − 1ÞN Γðaþ bþ NÞ
ΓðaÞΓðbÞ

×
X∞
k¼0

ðaþ NÞkðbþ NÞk
k!ðkþ NÞ! ð1 − zÞk½logð1 − zÞ − ψðkþ 1Þ − ψðkþ N þ 1Þ

þ ψðaþ kþ NÞ þ ψðbþ kþ NÞ�; ðC2Þ

(iii) N is zero:

2F1ða; b; aþ b; zÞ ¼ −
Γðaþ bÞ
ΓðaÞΓðbÞ

X∞
k¼0

ðaÞkðbÞk
ðk!Þ2 ð1 − zÞk½logð1 − zÞ − 2ψðkþ 1Þ þ ψðaþ kÞ þ ψðbþ kÞ�; ðC3Þ

(iv) N is a negative integer (N → −N):

2F1ða; b; aþ b − N; zÞ ¼ Γðaþ b − NÞ
ΓðaÞΓðbÞ

XN−1

k¼0

ða − NÞkðb − NÞkðN − k − 1Þ!
k!

ð1 − zÞ−Nðz − 1Þk

− ð−1ÞN Γðaþ b − NÞ
Γða − NÞΓðb − NÞ

X∞
k¼0

ðaÞkðbÞk
k!ðkþ NÞ! ð1 − zÞk

× ½logð1 − zÞ − ψðkþ 1Þ − ψðkþ N þ 1Þ þ ψðaþ kÞ þ ψðbþ kÞ�: ðC4Þ

APPENDIX D: SYK MODEL IN THE
LOW-TEMPERATURE LIMIT

In this appendix, we consider the pole-skipping points in
the low-temperature limit of the SYK model, which
exhibits a correspondence with the results from JT gravity
in two-dimensional AdS. The conclusions obtained are the
same as those we previously obtained in Ref. [64].
The SYK model develops an emergent conformal

symmetry as βJ → ∞, and the two-point function is given
as [55–58]

GcðtÞ ¼ b

�
π

β sinh πt
β

�
2Δ
: ðD1Þ

The retarded Green’s function is

GR
lowðωÞ ¼ −i

Z
dtθðtÞeiωtGcðtÞ

¼
ibβð− iπcschðπtβ Þ

β Þ2Δeiωtð1 − e−
2πt
β Þ

2πΔ − iβω

× 2F1ða; b; aþ bþN ; zÞ; ðD2Þ

where a ¼ 1, b ¼ 1 − δ − iβω
2π , N ¼ 2δ − 1, and z ¼ −e

2πt
β .

Using our method in the infinite-temperature limit, we can
obtain the pole-skipping points at low temperature:
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ω ¼ −
iπ
β
; Δ ¼ 1

2
;

ω ¼ −
i2π
β

; Δ ¼ 1;

ω ¼ −
i3π
β

; Δ ¼ 1

2
;
3

2
;

ω ¼ −
i4π
β

; Δ ¼ 1; 2;

ω ¼ −
i5π
β

; Δ ¼ 1

2
;
3

2
;
5

2
;

ω ¼ −
i6π
β

; Δ ¼ 1; 2; 3;

..

.
: ðD3Þ

After rescaling the frequency w ¼ βω
2π, it is evident that the

integer points

w ¼ −i; Δ ¼ 1;

w ¼ −2i; Δ ¼ 1; 2;

w ¼ −3i; Δ ¼ 1; 2; 3;

w ¼ −4i; Δ ¼ 1; 2; 3; 4;

w ¼ −5i; Δ ¼ 1; 2; 3; 4; 5;

..

. ðD4Þ

and the half-integer points

w ¼ −
i
2
; Δ ¼ 1

2
;

w ¼ −
3i
2
; Δ ¼ 1

2
;
3

2
;

w ¼ −
5i
2
; Δ ¼ 1

2
;
3

2
;
5

2
;

w ¼ −
7i
2
; Δ ¼ 1

2
;
3

2
;
5

2
;
7

2
;

w ¼ −
9i
2
; Δ ¼ 1

2
;
3

2
;
5

2
;
7

2
;
9

2
;

..

.
: ðD5Þ

We depict those in Fig. 4. In the low-temperature limit, the
correlation functions of SYK are consistent with the
correlators obtained in the Schwarzian theory, which
describes the dynamics of JT gravity in two-dimensional
AdS spacetime. The numerical results (D4) and (D5) of the
pole skipping that we obtained in the low-temperature SYK
model correspond well to the results of the scalar field and
the fermionic field in two-dimensional AdS spacetime,
respectively. We hope it can help study the duality
mechanism between quantum gravity in two-dimensional
AdS and dS spacetimes and one-dimensional gauge theory.
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