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We develop the pole-skipping structure in de Sitter (dS) spacetime and find that their leading frequencies
satisfy the relation w,g = i27T 45(1 — ), where Ty = 1/2zL and s denotes spin. In the two-dimensional
dS spacetime, the pole-skipping points near the cosmic horizon r = L for the scalar field of spin 0 and the
fermionic field of spin J correspond one to one with those in the classical limit as 2 — 0 in double-
scaled Sachdev-Ye-Kitaev model when the temperature is infinite (DSSYK,,). This provides a nume-
rical correspondence between quantum gravity in the static patch of two-dimensional dS spacetime and a
one-dimensional quantum system, which we consider as a realization of the DS/dS correspondence.

DOI: 10.1103/f3cb-kmne

I. INTRODUCTION

The holographic principle, which posits that a theory of
quantum gravity in a higher-dimensional spacetime can be
encoded by a lower-dimensional boundary theory, is a
cornerstone of modern theoretical physics [1,2]. One of its
most successful realizations is the anti—de Sitter/conformal
field theory (AdS/CFT) correspondence [3—6], which con-
nects a gravitational theory in an asymptotically AdS
spacetime with a CFT living on its boundary. This
correspondence has provided deep insights into the inter-
play between quantum field theories and gravity.

Attempts have been made to connect quantum gravity in
de Sitter spacetime to a lower-dimensional conformal field
theory, as the correspondence holds significant promise for
understanding quantum gravity in a universe that is
expanding, akin to our own. Some papers have proposed
the dS/CFT correspondence, which describes that quantum
gravity in de Sitter space is dual to CFT living on the past
and future boundaries of de Sitter space [7-18], where the
masses of the stable scalar make the conformal weights
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become complex, and, hence, the boundary CFT is non-
unitary. The DS/dS correspondence, as a framework for
describing holographic duality in dS gravity, provides us
with a new perspective [19-24]. It describes the duality
between quantum gravity in (d + 1)-dimensional dS space-
time and two CFTs, which are cut off at the energy scale
1/L (where L is the radius of dS) and are coupled through
dynamical gravity. Both dS,,; and AdS,.; can be repre-
sented as foliations of dS; slices, and the quantum gravity
theories in dS,,; and AdS,,; have the same IR physics,
which is the IR limit of the CFT on the AdS UV boundary.
In this paper, by drawing an analogy with the pole-skipping
phenomenon in the AdS/CFT correspondence, we obtain
the pole-skipping structure in the DS/dS correspondence,
enriching the de Sitter holographic duality.

Pole skipping is a phenomenon with very interesting
properties in the AdS/CFT theory. Generally, the retarded
Green’s function takes a form

b(w, k)

G*(w.k) = a(w, k)

(1)

in the complex momentum space (w, k). At a special point
(04, ky), both a and b satisfy a(wy. ki) = b(w,, ky) =0,
and the retarded Green’s function cannot be uniquely
defined [25-29]. Its value will be determined by how it
approaches this special point; that is, it depends on the
slope 6k/éw:
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So, if we find the intersections of zeros and poles in the
retarded Green’s functions, we can obtain those special
points, which we refer to as pole-skipping points. For the
theory of the AdS/CFT correspondence, we can use another
method to obtain the pole-skipping points from the bulk
field equation [30-39]. The absence of a unique incoming
mode near the horizon corresponds to the nonuniqueness of
the Green’s function on the boundary. For the static black
holes in AdS spacetime, the leading pole-skipping fre-
quency @ is known as wagg = i27T pqs(s — 1) [40-48],
where i is the imaginary unit and s denotes the spin of the
operator. The frequencies of the pole-skipping points in dS
spacetime are different from those in AdS spacetime. The
frequencies of the pole-skipping points of the scalar
perturbation near the horizon of a four-dimensional asymp-
totically dS black hole are given as w = i2zTn (n is a
positive integer) [49], which are opposite to the pole-
skipping frequencies of the scalar perturbation in AdS
spacetime.

In this work, we calculate the pole-skipping positions of
the scalar field and the fermionic field in dS spacetime and
obtain the leading frequencies w5 = 27T 45(1 — s), where
T ;s denotes T 3 = 1/2zL and s is the spin. The temper-
ature in dS space is given as Tyg = 1/2zL, where L is the
dS radius [7,11]. In dS, spacetime, only the scalar field
with spin 0 and fermionic field with spin % exist, so the
leading frequencies of the pole-skipping point are located
only in the upper half-plane. For this special case in dS,
gravity, we aim to identify a dual field theory where the
imaginary frequencies of pole-skipping points also reside
in the upper half-plane.

The Sachdev-Ye-Kitaev (SYK) model is a strongly
interacting quantum system at low energy which can be
solvable at a large N limit with an emergent conformal
symmetry [50,51]. Both the Jackiw-Teitelboim (JT) gravity
with nearly AdS, geometry and the Majorana SYK model
could derive the Schwarzian action by spontaneously
breaking their conformal symmetry down to SL(2,R)
due to reparametrization [52-63]. Therefore, AdS JT
gravity has been considered as the gravitational dual of
the Majorana SYK model. In Ref. [64], we show that the
pole-skipping points in the Majorana SYK model match
those in AdS JT gravity. Moreover, the pole-skipping
points in the charged AdS JT gravity and in the complex
SYK model remain the same. This demonstrates the dual-
ities JT/Majorana SYK and charged of JT/complex SYK in
terms of the pole skipping.

The double-scaled SYK (DSSYK) model is the limig of
the SYK model under conditions N, p — co and A = 2% =
fixed [65-68]. One can compute the exact four-point
function for the DSSYK model across all energy scales
using combinatorial methods and chord diagrams. It applies

these results to correct the maximal Lyapunov exponent at
low temperatures and introduces diagrammatic rules for
nonperturbative correlation functions. The double-scale
limit simplifies some calculations and makes it easier to
analyze and study the dynamical and spectral properties of
correlation functions. It is an important step in under-
standing the solvable model of holographic duality.

In the classical limit and low-temperature limit, the
behavior of DSSYK model matches that of the Schwarzian
theory [66,69,70], which describes the dynamics of JT
gravity in two-dimensional AdS space. However, interest-
ingly, the DSSYK model exhibits different behavior in
the high-temperature limit. Recently, a pioneering work by
Susskind and collaborators established a connection
between a static patch of JT gravity in dS spacetime and
the double-scaled Sachdev-Ye-Kitaev model at infinite-
temperature (DSSYK,) [71-75]. JT gravity in nearly 2D
dS spacetime can be described using a double-scaled
random matrix theory, which shares properties similar to
those of the DSSYK model. In the double-scaled limit, the
spectral form factors of the SYK model exhibit the general
ramp-plateau behavior of random matrix theory, suggesting
a potential holographic duality between a static patch of JT
dS, gravity and the DSSYK,, model [76-82]. In [83,84],
they presented a complete solution to the Brownian version
of DSSYK and explored its potential relation to static patch
physics in de Sitter space. In particular, they derived an
analytic result for the out-of-time-order correlators, which
exhibits hyperfast scrambling in the semiclassical limit.
They demonstrated that the double-scaled chord algebra
forms a type II; Von Neumann algebra, which explains why
the empty chord state corresponds to an infinite-temper-
ature state. References [22-24] have understood the fact
that the de Sitter static patch is in a maximally entangled
state, and this fact supports the recent discussion of type II;
algebra in de Sitter space.

We aim to explore the numerical connection between
two-dimensional dS spacetime and the DSSYK_, model in
this paper. We find that, in the classical limit as 4 — 0, the
pole-skipping points of the Green’s function in the DSSYK
model correspond one to one with these special points at
the cosmic horizon which is the boundary of the static patch
in dS, spacetime. The duality between AdS, and the low-
temperature SYK model could lead to a one-to-one
correspondence in their pole-skipping structures [64].
Therefore, we believe that it has a dual relationship with
dS, spacetime through the pole-skipping phenomenon. Our
findings support the conjecture of a holographic duality
between the static patch of JIT dS, gravity and the DSSYK
model.

In Secs. II and III, we calculate the pole-skipping points
for the scalar field of spin 0 and the fermionic field of spin %
at the dS, horizon by using the methods of near-horizon
analysis and computing bulk retarded Green’s function
separately. In Sec. IV, we calculated the pole-skipping

026022-2



POLE-SKIPPING IN TWO-DIMENSIONAL DE SITTER ...

PHYS. REV. D 112, 026022 (2025)

points of the DSSYK model in the high-temperature limit,
and these results correspond to those in two-dimensional
dS spacetime. We summarize and discuss in Sec. V.

II. POLE SKIPPING IN dS, SPACETIME:
NEAR-HORIZON ANALYSIS

A. Scalar field

The two-dimensional JT gravity with positive cosmo-
logical constant is a dimensional reduction of three-dimen-
sional Finstein gravity with a positive cosmological
constant, and the metric of dS, with a dilaton field ®
equal to r is given as [78-80]

2 _ 2 1 2

s f(r)dt +f(r) dr?,
where f(r) = 1 — r?/L? and L is the radius of the dS. The
cosmic horizon at r, = L, and the global temperature is
given by T, 5 = H [7,11]. We consider the scalar field
Y(v,r) = e "¥(r) with mass m of which the dynamics
are given by the Klein-Gordon equation

D =r, (3)

=0/ 0Y) — Y =0, (4)
We use the incoming Eddington-Finkelstein (EF) coordi-
nate v =t+r,, where r, is the tortoise coordinate
dr, =dr/f(r). In the incoming EF coordinate, (3)
becomes

ds* = —f(r)dv* + 2dvdr, (5)

and the Klein-Gordon (4) equation can be expanded as

fr)®(r) + (f'(r)

Since the blacken factor goes f(r)=4xT(r,—r)+
O(r, —r)? near the horizon, one can check that the
Klein-Gordon equation (6) has a regular singularity
at r = r;. From now on, we will use scaled frequency
W = 5% and mass m = 57 The singularity can be seen if
we approximate (6) to

—2iw)¥'(r) — m*¥(r) = 0. (6)

1+im aTm?

ry—r

W (r) -

W (r) -

¥(r)=0,  (7)

rp,—r

near horizon. According to conventional differential equa-
tion techniques, one can solve (7) by imposing series
solution ansatz as

P(r) r—rhﬂZ‘PI,r—rh (8)

p=0

At the lowest order, we can obtain the indicial equation
A(A+ iw) = 0. The two roots are

Ay = —im. 9)

Generally speaking, a solution with exponent A; near the
horizon is regular. Therefore, if 4, is not an integer, we can
obtain a unique “incoming” solution with exponent A;.
However, if 4, is an integer, there may be an additional
regular solution, which is a signal of a pole skipping near
the horizon. For example, let us consider iw = —1.
According to the standard technique of the differential
equation, the assumption for the following solution is more
appropriate than (8):

r) = io:lpl.p(r_ )P
p=0

(r=ra)log(r—r) > Wa (r = ),

q=0

(10)

where we include the log term. After substituting it into the
Klein-Gordon equation (6), up to O(r — r;,)° the equation
of motion becomes

(14 iw) (¥ + Waolog(r—ry)) + (aTm?¥,

+ (2 + im)¥,,) =0. (11)

The first term vanishes at i = —1. If we focus on m = 0,
we obtain W,, =0, and the series solution takes two
independent regular solutions as follows:

[So]

‘I’(r) T10+ r—rh Z

p=0

(12)

r—rh

where two independent coefficients are ¥, and ‘i'z,o-
Thus, the first pole-skipping point is

(13)

In general, at the pole-skipping points, the series solution
takes the following form:

n—1 0
Z‘I’lpr—rhl’—i— r—rh Z r—rh
p=0 q=0

(14)

where ¥, and ‘i’z‘q are independent coefficients.
There is a systematic procedure to calculate pole-skipping
points [32]. First, we expand W(r) with a Taylor series

Z‘Pp r— rh
p=0
=W+ (r—ry) +¥(r—r)*+---. (15

We substitute (15) into (6) and expand the equation of
motion in powers of (r — r;,). Then, a series of the perturbed
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equation in the order of (r — r;,) can be denoted as

(o]

S= Sy(r=ri)? =So+8i(r—ry) +Sa(r—ry)*+---
p=0

(16)
We write down the first few equations §, =0 in the

expansion of (16):
J

0 = Mll(w, m)‘PO + (27[T + ia))‘Pl,
0 == M21 ((U, m)‘I’O + Mzz(w, m)‘I’l + (4JTT + iw)‘I’z,
0 = M3 (0, m)¥y + M3y (w0, m)¥) + My3(w, m)¥,

+ (62T + i)W (17)

To find an incoming solution, we should solve a set of linear
equations of the form

Mll (27ZT+IC()) O 0 \PO
M M 4xT + iw 0 Y

M, m) - = 21 2 (4n ) . N S (18)
M3, M3, M3 (6T +iw) -+ || ¥3

The nth pole-skipping points (w,,, m,) can be calculated by
solving

Wy, = 22Tn,  det M (w,,m,) =0, (19)

where the matrix M) is the (n x n) square matrix whose
elements are taken from M;; to M,,, in (18). (The first few
elements of this matrix have been shown in Appendix A.)
The following are the resulting pole-skipping points:

=i, m? =0;

w=2, —m?=0-2

w = 3i, m? =0, -2, -6;

W = 4i, m? =0,-2,-6,—12;

w = 5i, m? =0,-2,-6,—12, -20;

(20)

These special points have physical meaning only for the
points with mass equal to 0. Although the other points with
negative mass squared are nonphysical, their correspondence
with the pole skipping in the later DSSYK model is quite
interesting. The operator dimension of scalar field in dS,
spacetime is A; = 1 + 1 V1 —4m*L* [9,11-13]. Pole-skip-
ping points (20) can be rewritten in terms of operator
dimensions:

=1, A =1;

w = 2i, A =12

w = 3i, A =1,23;

w = 4i, A =1,2,3,4;
w = 5i, A =1,2,3,4,5;

(21)

|
This result agrees with the formula w5 = 27T 45(1 — ) for
s = 0. We plot (21) in Fig. 1.

In dS spacetime, the relationship between a scalar field
and the conformal dimension of the dual CFT operator is
governed by the equation A(A —d) = -m*L?. When
m?L? > 1, the conformal dimension A becomes complex,
which implies that the corresponding CFT violates unitarity
if there exist stable scalars with masses above this bound.
However, for the pole-skipping points we obtained, the
squared masses are negative, ensuring that the conformal
dimension remains real and, thus, preserving unitarity in
the CFT. This also provides a reasonable explanation for
the correspondence with the DSSYK model that satisfies
the unitarity in the following steps.

B. Fermionic field

As a way to confirm the validity of our holographic
computational method, we consider the Dirac field in the
same background (5). The Dirac equation is given as

(P Dy = m)yrs = 0. (22)
Im (w) Im (w)
2nT 2nT
5| . 5|
4 . 4
3 3]
2 2
1 1
0 1 2 3 4 54 1 2 3 ) 5 4
(2) (b)
FIG. 1. (a) The blue points are the positions of pole-skipping

points for the scalar field of the dS, spacetime by using near-
horizon analysis. (b) The red points are the positions of pole-
skipping points for the scalar field of the dS, spacetime by bulk
retarded Green’s function.
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The capital letter M denotes the indices of bulk spacetime
coordinates and small letters @ and b denote tangent space
indices. The covariant derivative of bulk spacetime acting
on fermions is defined by Dy, = 0y + 1 (@), T, where
Iy, =3[,.T,). I, are Gamma matrices which satisfy
Grassmann algebra {I'“, T’} = 2" [41,85]. The spinors
are two dimensional
w(r) >

w_(r)

and we use the following gamma matrices representa-
tion [86]:

wa(r.1) = e_iwt(

I = io?, It =¢’ (23)
We choose the orthonormal frame to be
1 1-
Eﬂz%(r)dv—dr, Ef:#dv—kdr, (24)
for which
ds® = 3, E“E", Nap = diag(—1,1). (25)
The spin connections for this frame are given by
!
w, =0, Wy = —%. (26)

Using these spin connections (26) and the EF coordinate
|

. .
i (o mme Rl ey 2 (3412
secon <47zT m—znT—ziw>”’ + <+

third: (14mnT +2imw—-367*T*—m?)

ds* = —f(r)dv* + 2dvdr, (27)
one can calculate the Dirac equation to be
(f'(r) = 4(m + iw))y (r) + (f(r) = )l// (r)
+2(f(r) = Dwl(r) +2(f(r) + Dy (r) (28)
(4iw = f'(r))y . (r) = (4m + f'(r) — 4iw)y (r)
=2(f(r) + Dyl (r) +2(1 = f(r)w'i(r) =

We combine the two equations of (28) and expand them
near the horizon r,. The first-order equation near the
horizon is

=0.
(29)

first: (22T + 2iw + m)y . + (22T + 2iw — m)y _

We take the value of coefficients (227 + 2iw + m) and
(27T 4 2iw — m) to be 0, and, thus, there are two inde-
pendent free parameters y, and y_ to this equation. The
first-order pole-skipping point is obtained as

(30)

where the operator dimension of Dirac field in dS, is
A, = % + im which is positive like scalar operator dimen-
sion [87,88]. We expand the Dirac equation in higher order:

2 m(m-n=T)

m(20m*z*T? + 647 T +m*)

" (32T +iw) (52T + i) (22T + 2iw—m)" *

1

2

3 iw

| 74+= 3:0.
32T 2< T >"’+ ’

fourth: m(56n.14ﬂ2T2 +2.3047[6T6+’.784m27[4T4_.1_m6) " (m2+64-;z-2T2—18m71'T—2ima))+2 9+i£ vi—0. (31)
(3aT+iw)(5zT +iw) (12T +iw) (2T +2iw —m) 1922T T
For the choice of positive square root m in higher-order equations, the higher-order pole-skipping points are
3i 13
= — = 1 A = -, =
m 2 ’ m 0’ la 2 2 ’ 2 >
S5i A 135
mzza mzovl52l9 Az:i,z’i;
7i 1357
_ N —0.7.2i 3 Ay —r 22
m 5 m =0,1,2i,3i, 2T 505°505°
9i 13579
_ 7t 072 3 4i A, L3579
m 5 m =0,1,2i,3i,4i, 27552575075
(32)
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Im (w) Im (w)
2nT 2nT
9 9
. A A A A A . A A A A A
2 2
7 7
4. A s . 4o N s N
2 2
5 5
=N s N = N s A
3 3
; A A ; A A
1 1
Al o[ %
[ 3 b2 [ 3 5 b2
T g g 7 R g 7 ¢
2 2 2 2 2 2 2 2 2
@ ()
FIG. 2. (a) The blue triangles are the positions of pole-skipping

points for the fermionic field of the dS, spacetime by using near-
horizon analysis. (b) The red triangles are the positions of pole-
skipping points for the fermionic field of the dS, spacetime by
bulk retarded Green’s function.

This result agrees with the formula w,g = 22T ;5(1 — s)
for s = 1/2. We plot (32) in Fig. 2. At the position of the
pole-skipping points, we cannot distinguish between
incoming and outgoing waves at the horizon, which
reflects the nonuniqueness of the pole-skipping phenome-
non. In the next section, we will see the nonuniqueness of
the retarded Green’s function at these special points.
Similar to the case of the scalar field in the previous
section, the points in (32) will correspond to the pole
skipping in the later DSSYK model. Therefore, we will
still list these points that have the mathematical form of
the pole-skipping structure.

III. POLE SKIPPING IN dS, SPACETIME: BULK
RETARDED GREEN’S FUNCTION

In this section, we draw a direct analogy to the AdS/CFT
correspondence by using a similar prescription to derive the
bulk retarded Green’s function in dS spacetime. The bulk
fields ¢ and y are dual to operators in the CFT on the
boundary of the static patch with dimensions A; and A,,
respectively. Then we could obtain the pole-skipping points
from the retarded Green’s function.

A. Scalar field

We return to the wave equation

1

——0,(v/=g¢"0,¢p) — m*¢p =0 (33
\/_—g ﬂ( ) )

in the two-dimensional dS spacetime
ds?> = —f(r)dv* + 2dvdr (34)

considered in the previous subsection. The general solution
to the wave equation has the form

¢ = By + Apna
~ TR (1) 4 gl TR (1),

(35)

where PJ(x) is the associated Legendre polynomial and
05 (x) is the associated Legendre function of the second
kind. The functions Py (x) and Q%(x) can be expressed in
the form of hypergeometric functions [89,90]

1 1\ #/2 1-—
Pff(x)i(x—i_) F,(—l/,v+l;1—u; x>

CT(l=-p)\x-1)/, 2
and
04(x) (=1 /al(v +p+ 1)(x> = 1)1/2
viX) =
2”“1"(1/—5—3/2))(””“
vtpu+2 v+pu+1 3,
2F1< ) ,l/+2,x . (36)

We call ¢, normalizable and ¢,, non-normalizable. The
specific forms of the two solutions are

(1 +L)\/]—4r;21‘2—l(r_22_ 1)1—\/114m—2L2 | . .
= —F L F (—iwl iwl +1:— .~ "
! F(M) 201 ’ ’F(M) 2 2L)°
Vi-4m212-1 .
(=1 A (A L 2ioly T 4?1 4 2iwL 3+
P = : 3\nioL+1 F ,
['(iwL +35)2 4 4

, 1=V 1-4m? 12 2ol 2 Vi-am?12-1
2 7
X | = o 1 .
L L

1 —4m?L? + 2iwL . 3 L2
sl e
272

(37)

We could expect to treat the non-normalized mode as the source and the normalized mode as the response. Consequently,
we can anticipate that the retarded Green’s function will be proportional to the ratio B/A. We expand the hypergeometric
functions in the solutions (37) near the horizon, as r — L, the retarded Green’s function becoming [for the hypergeometric
function ,F,(a,b;a+ b+ N;z) around z = 1, the details are presented in Appendix B]
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Vi-am?L2- J1_am2r2
(—l) l42L] 1_,(%_ lgmL)

R —
G(a),m)chOC oVi-4m?[? F(%_@—l—iwl)

>(F<1 V1 —4m*L?

= iwL .
2+ 5 +la)) (38)

Since I'(—n) diverges for non-negative integer n, the lines
of pole and zero of the Green’s function (38) are

Ly VA=AnlL? 4 o], —0,—1,-2,... (lines of pole),
2 2 _ (39)
3yl 4wl =0,-1,-2,... (linesof zero).
The pole-skipping points for (39) are
= i, A] = 1,
w = 2i, A =1,2;
o = 3i, A =1,2,3;
m:4l, A1:1727374;
W = 5i, A =1,2,3,4,5;
: (40)

where A; =14 1v1 —4m?L? is the operator dimension
of scalar field mentioned in Sec. II A. The results (40) agree
with the pole-skipping points obtained from near-horizon
behavior (21), as shown in Fig. 1.

B. Fermionic field

To solve the fluctuation equation analytically, it is
convenient to introduce coordinate u, which is defined
as r = Lcos(u). In the u coordinate, metric (3) takes
following form:

ds* = —sin(u)dt®> + L*du®. (41)
We substitute the metric (41) into the Dirac equation (25):

2wLCsc(u)y_(u) + (Coth(u) — 2mL)y , (u)
+2y' (u) =0,

—2iwLCsc(u)y . (u) + (Coth(u) + 2mL)w_(u)
+2y" (u) = 0.

(42)

Combining the two equations of (42), we obtain

(4(0?L*Csc?(u) — m*L* — mLCoth(u)) — 2Csch?(u)
+Coth?(u) + 2Coth(u)Cot(u) )y, (u) + 4w’} (u)
+4(Coth(u) 4+ Cot(u))y’, (u) =0,

(4(w?L*Csc?(u) — m*L* + mLCoth(u)) — 2Csch?(u)
+Coth?(u) + 2Coth(u)Cot(u)+)y_(u) + 4yp” (u)
+4(Coth(u) 4 Cot(u))y’(u) = 0.

(43)

We solve these two second-order differential equations (43).
The two spinor components behave as

1 1 .
w, ~C,F| |—ioL, 5 i(m+ a))L,E —imL; ez”‘]

% (1 _ eZiu)%—ia)L + Czl(l _ eZiu)%—iaJLeiu—(Zquﬂ)mL

[ 1 3 .
X 2F1 1-— la)L,§+ l(m — a))L’§+ 2l'mL;e2m:|;

(44)

1 1 .
w_ ~C,F| |-ioL, 5+ i(m— oo)L,5 +imL; ez”‘}

% (1 _ eZiu)%—i(uL + Czl(l _ eZiu)%—iwLeiu-&-(Zu-#—ﬂ)mL

[ 1 3 .
X, Fi|1 - ia)L,E —i(w+ m)L,E - imL;ez’“} .

(45)

Expanding the hypergeometric functions in the solutions
(37) near the horizon, as u — 0, one finds the two linearly
independent solutions given by 1y, ~ (1 — eu)riok
(bll/’n + all//nn) and Y~ (1 - EZIM)%_iwL(bZWn + aZWnn)-
Because of the ingoing boundary condition near the
horizon, w, and w_ have no term proportional to the
positive imaginary frequency index. Then the retarded
spinor Green’s functions have two sets given as (the details
of the hypergeometric function around u =0 are also
presented in Appendix B)

(3= imL)I'(1 4+ ioL)[(5 + imL + iwL)

I+ imL)[(ioL)T'( — imL + iwL)
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(34 imL)I(1 + ioL)['(3 — imL + iwL)

ré-

In (43), the equation for y . is related to that of w_ by
m — —m, so we could see that the retarded spinor Green’s
functions GX(w,m) and G¥(w,m) are invariant under
m — —m from (46). Although the poles and zeros of the
two Green’s functions are different:

1+ Lm+iwL =0,-1,-2,-3, ...

[poles of GR(w, m) and zeros of G¥(w, m)],

! . (47)
5—Lm+ioL =0,-1,-2,-3,...
[zeros of GR(w, m) and poles of G&(w, m)],
the pole-skipping points are the same:
m—i A _L
T2 2T
3i 13
= — A = - =
3 29 2 2727
S5i 135
3 29 2 272729
7i 1357
- A A - _a_a_;
R 272727272
9i 13579
m:_? A i il
2 27272727272
) (48)

where A, = % + im is the operator dimension of Dirac field
mentioned in Sec. II B. (48) agree with the pole-skipping
points obtained from near-horizon behavior (32), as shown
in Fig. 2. We use the method of solving with the bulk
retarded Green’s function, which produces the same values
for the pole-skipping points as those obtained through near-
horizon analysis in Sec. II. The leading-order imaginary
frequency of w,g = i2xT45(1 — s) at these special points
depends on the s spinor of the bulk field. These locations
cause the Green’s function to become an indeterminate
form of type 0/0, and this nonuniqueness corresponds to
the nonuniqueness of the incoming solution of the bulk
equation at the pole-skipping positions near the horizon.
There is no clear understanding of the Green’s function in
dS spacetime; however, we have tried a similar prescription
as in AdS spacetime. The whole precise Green’s functions
may be different from the results in this paper, but the
positions of the pole-skipping points of the Green’s
function in dS spacetime will be the same because the

imL)T (ioL)I'(5 + imL + iwL)

(46)

near-horizon analysis is still valid regardless of the defi-
nition of the Green’s function in dS spacetime.

IV. POLE SKIPPING IN DSSYK MODEL AND
dS,/DSSYK,, CORRESPONDENCE

In this section, we will compute the numerical values of the
pole-skipping points in DSSYK in the infinite-temperature
limit and compare the results with those obtained in the dS,
spacetime. We start with a brief review of the DSSYK model.
The N fermions y,(x = 1,...,N) obeying {w ..y, } = 26,,
interact all to all in p-body groups, and this coupling is
random. The Hamiltonian is given as [65—68]

H=ir? >

lgx]<--<<xp§N

()
A
p
with the Jaix, being random couplings. The y, (x =
1, ..., N) are Majorana fermions satisfying {y,, y, } = 26,,.

This is a large N theory, where N and p are going to be large.
In the double-scaling limit, the SYK model satisfies

Jar o, Wy Wi,

(49)

2
A= 2 _ fixed. (50)
N
Operators in DSSYK at classical 4 — 0 limit are essen-
tially characterized by the number of fermions the operator
contains. The normalized two-point function of the same
operator is given as [81,91]

N,p — oo,

v
COS 5

Ercies G

p

G(1) =

and a new parameter 4 will be defined. The symbol § = 1/4
represents the size of the operator, and it can be seen that it
is positive. The relationship between parameter » and
parameter 7 is as follows:

v

PT = cosZ’ (52)

From relation (52), it can be concluded that, in the high-
temperature limit as f — 0, the ratio % approaches 7. In
infinite-temperature limit 57 — 0, (51) becomes a simple
expression:
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o) = (o777 (53)

The retarded Green’s function in frequency space is defined
as [92-94]

GR(w) = —i / (1) e G(1). (54)

The retarded Green’s function becomes

G finite (@) = _i/dtg(t)eithinﬁnitc(t)

- —ie”‘”(l 4 ezj’)(sec(jt))%
N 2J8 + iw
x,F (a,b;a+b+N;z), (55)

wherea =1,b =1 —5—!—2%,./\/: 26 —1,and 7 = —e?7".
We now calculate the pole-skipping points of Green’s
function (55). The function ,F,(a,b;a + b + N z) could
be expanded into three expressions based on three cases of
parameter A/ [95]. However, the pole-skipping positions
for these three expressions are the same. We simplify the
forms into

iw iw
— 1+ 6+-—;—e?!
27 + +2j e )

CT(1+6+3%) r(1+6+4)
(6 +5%) [(1-6+42)

2F1<1,1—5—|—

AWN) + B(N). (56)

The values of coefficients A(N') and B(\V) are determined
by three different cases of A, and only zeros exist in these
two coefficients. (The details of these coefficients are
presented in Appendix C.) Equation (55) becomes

G inire (@) = €™'(1 + 27" (sec(T1))*
(1 46+ 42)

% ((2j5 + )06+ 12)
L1 +6+42)

- 276+ io)T(1 — 5 +42)

AWN)

B(N)). (57)

For the term in front of coefficient A(N'), the only pole
(2J6+ iw) is reduced by the zero obtained from

C(1+o+4%) i .
Forl (6 +2%). So we focus on the term in front of

coefficient B(N'), the pole-skipping positions obtained

from the intersections of zeros and poles in term
I(1+5+42)

(2T6+i)(6+22)

. We could obtain these special points

1
=1 s 5:—,
w=1i7J 5
w =27, o=1;
13
:3 5 5:_’_,
@ =3iJ 22
w=4i7, 6=12;
135
= 1 5:—__
w =57, 253"
w=06i7, 6=1,2,3;

(58)

In the DSSYK, model [78] defines the “tomperature” 7 =
27 which remains finite as f — 0. Tomperature 7, as an
“effective temperature,” reflects the finiteness of energy and
timescale for this system. In the dS metric, the horizon
radius L is a single-dimensional parameter. Similarly, the
tomperature 7 is also a single-dimensional parameter in the
DSSYK,,. To build the duality between two theories, the
relation between the two parameters is 7 = 1/L [78].
Then, (58) could be expressed in a dimensionless form of
frequency w = 2 and is divided into

=1 o6=1;
= 2i, 6=1,2;
= 3i, 6=1,2,3;
TD=4L, 5:1725354;
w = 51, 6=1,2,3,4,5;
(59)
and half-integers
i 1
=, 0==;
2 2
3i 13
= — 5:_ -
m 27 2’2’
5i 135
m*57 6*555557
wo i 5_1357
27 S 2'2°272
w2 52133579
27 S 2°2°272°2°
(60)

Equations (59) and (60) are similar to the pole-skipping
points in dS, spacetime. We depict those special points in
Fig. 3. From the perspective of the dS,/DSSYK,, corre-
spondence, the horizon as the boundary of the static patch
of de Sitter spacetime and the pole-skipping structure at this
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FIG.3. The blue lines are poles and zeros of Green’s function in
the DSSYK,, model, and the red points where they intersect
indicate the positions of pole skipping. (d is positive from the
definition.)

area is consistent with that of DSSYK in the infinite-
temperature limit. We could see that (59) corresponds one
to one with (21) and (40), while (60) corresponds one to
one with (32) and (48). There are only the scalar field and
fermionic field in dS, spacetime, and they correspond to the
integer part and the half-integer part of the pole-skipping
points, respectively. We could see that the pole-skipping
points in DSSYK, in the classical limit include the sum of
the pole-skipping points of these two types of bulk fields in
the dS, spacetime.

We will discuss the relationship between the DSSYK
model and the geometry of dS spacetime. Reference [91]
provides insight into the DSSYK and the curvature of two-
dimensional spacetime. It presents a Liouville form
DSSYK model

N 1 1
[ =—— [ dedr|—=(0,9)* + = (0,9)* = 2J%e%") |
16p2/ T }"|: 2(19) +2( rg) je

(61)

Liouville theory describes the quantum mechanics of the
Weyl factor with respect to the naive metric appearing in
the kinetic term, so when the Liouville equations of motion
are imposed on g, it could take the form of a two-dimen-
sional de Sitter spacetime [91]

cos(%)?
ds* = ———22___(di* + dr?). (62)
cos(% (1 -2))?

In the case of infinite-temperature v — 0, the metric (62)
becomes

ds? (df* + dr). (63)

" cosh(J1)2

We could obtain Ricci scalar form from (63):

R=272 (64)

which is a constant positive curvature. The DSSYK
model could provide two-dimensional dS geometry; there-
fore, it preserves the same pole-skipping structure in the
static patch of dS, spacetime. We consider that this
consistency in the numerical values of these uncertain
points could provide a conjecture for the dS,/DSSYK_,
correspondence.

Reference [91] also demonstrates that the Liouville form
of the double-scaled SYK model naturally gives rise to a
two-dimensional AdS spacetime structure. A feature of the
DS/dS correspondence is that both dS,,; and AdS,.,
spacetimes can be foliated into dS; slices. This correspon-
dence establishes a duality between d -+ 1-dimensional
quantum gravity and the field theory defined on these
dS, slices. If we regard the DSSYK model as a field theory
on the dS; slice, it can render both AdS, spacetime forms
and dS, spacetime forms, which could be considered as a
signature of the DS/dS correspondence.

V. CONCLUSION

In summary, we develop the pole-skipping structure at
the cosmic horizon r =L in the static patch of dS
spacetime. For fields with spin s, their leading pole-
skipping frequencies satisfy w g = 27T 45(1 — s), which
is exactly opposite to the frequencies in AdS spacetime.

We also obtain a numerical consistent relationship
between the static patch of dS, spacetime and the
DSSYK,, model. The pole-skipping points are regarded
as a series of uncertain positions within the system. These
uncertain points directly correspond to the integer pole
skipping for the scalar field and the half-integer pole
skipping for the fermionic field in dS, gravity, respectively.
From Egs. (20) and (32), we can see that, in dS, spacetime,
each order of pole-skipping points for the scalar field and
fermionic field has a position with mass equal to 0, while
the mass squared of the subsequent pole-skipping points is
negative. These massless pole-skipping points have physi-
cal meaning. Although the other pole-skipping points with
negative mass squared are nonphysical, they correspond
one to one with the pole-skipping points in the DSSYK
model. We list these special points that have the math-
ematical form of the pole-skipping structure to provide a
reference for the dS,/DSSYK,, correspondence.

The correspondence between dS, and DSSYK, can be
viewed as a correspondence between the quantum gravity
of static patch in dS, and the field theory which is unitary
on the dS; slice. We demonstrate the pole-skipping
phenomenon in the application of the DS/dS correspon-
dence. We believe our results highlight the universal role of
pole skipping as a diagnostic tool for holographic duality
and could provide a new perspective for the AdS/CFT and
the DS/dS correspondence.
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APPENDIX A: DETAILS OF NEAR-HORIZON
EXPANSIONS

In this appendix, we show the details of the near-horizon
expansions of the equations of motion. We can calculate a
Taylor series solution to the scalar mode ¥(r) equation of
motion when the matrix equation (18) is satisfied. The first
few elements of this matrix are shown below:

m
My =—;
=5
m2 _f// r
M, =0, My = 1 ( >,
fO(ra) m? —3f"(ry)
M3, = =- M
31 =0, ) T 33 5 ;
FA(r FO(r m? —6f"(r
M, =0, My = - 4;h), My = - 6(h) My = 2 (h)
fO(ra) SO ()
Ms, = Ms, = — S
51 07 52 240 ’ 53 24 s
3 (r) m? —10f"(r;)
Ms, = — Mss = .
54 2 55 10 ;
(A1)
APPENDIX B: EXPRESSIONS FOR THE (iii) N is zero:
HYPERGEOMETRIC FUNCTION w1~ T(a+b)
5 5 F ) b; b; = = a b )
ZFl(a’b’a+b+N’ 1) 2 1(a a-+ Z) F(a)F(b) [W(a) + W( )]
In this appendix, we consider four cases depending on (B3)
whether A/ is a noninteger, a positive integer, zero, or a _ ) o
negative integer. As z — 1~, the hypergeometric function (iv) N is a negative integer (V" — —N):
2F1(a,ﬁ;q+b+N;z) be'x/(zmes [95] JF,(a.b;a+b—N;z)
1 1S a noninteger - n):
! e crr_(=D)Y_ T(a+b-N)
-1~ T(a+b+n)l - N! T(a=N)I'(b-N
F(abiatb ) (a+b+n)(n). ( )T( )
I'(a+ n)T'(b + n) x [w(a) +w(b)], (B4)
(B1)  where w(a) =1"(a)/T'(a) = dInT'(a)/da.

(i) N is a positive integer (V' — N):

F,(a,bia+b+N;z) = -
2 1(a7 aa+ + ,Z) F(a+N)F(b+N)’
(B2)

APPENDIX C: EXPRESSIONS FOR THE
HYPERGEOMETRIC FUNCTION
,F (a,b; a+b+N;z)

In this appendix, we list the details of Eq. (55). The
hypergeometric ~ function ,F,(1,1 -6+ 3731 +6+
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3% —e*J") can be written in the form of , F, (@, b;a + b + N;z),wherea = 1,b = 1 =6+ 4%, N =26 — 1,andz = —e

27
There are four outcomes when N is a noninteger, positive integer, zero, or a negative integer [95]:
(i) N is a noninteger (N" — n):

C(a+b+n(n) = (a)(b), ,Tla+Db+n)I'(-n)
T(a+ (b + n) & (l—n)kk!(l_z) +(1-2) T(a)0(b)

Fi(a,bya+b+n;z) =

Xi a—i—n)k b+n)k(1—z)k,

2Jt

(C1)
— 1+ n)k!
where (a), =T'(a+k)/T(a) =ala+1)---(a+k—1);
(i) N is a positive integer (N — N):
Ta+b+N) 32 N k—1)! [(a+b+N)
b; b+ N; D=z =N’
Fila.bia+b+N:2) = mr mr b+Nkz=; ! =1 = = D = )
>\ (a+ N)(b+ N),
1—2) log(l—z)—wk+1)—wk+N+1
Z s (=9 os(l =) (k4 1) —w(k+ N 1)
+w(a+k+N)+w(b+k+N); (C2)
(iii) \V is zero:
F (a —|— b) &
F,(a,b;a+b;z) = Z (1= 2)*log(1 = 2) = 2w (k + 1) +yw(a+ k) +w(b+k)]; (C3)
) = !
(iv) NV is a negative integer (' — —N):
T(a+b—-N)2(a=N)(b—N)(N—-k—1)!
F,(a,b;a+b—N;z) = (1=2)N(z=1)*
2%
C(a)T(b) = k!
INa+b-N = (a),(b
_ (_1)N ( ) Z ( )k( )k (1 _Z)k
I'(a=N)['(b—N)4k!(k+N)!
x [log(1=z2)—w(k+1)=w(k+N+1)+w(a+k)+w(b+k). (C4)
|
APPENDIX D: SYK MODEL IN THE The retarded Green’s function is
LOW-TEMPERATURE LIMIT
In this appendix, we consider the pole-skipping points in
the low-temperature limit of the SYK model, which low —i / dio(t elor G.(
exhibits a correspondence with the results from JT gravity
in two-dimensional AdS. The conclusions obtained are the i bﬂ( imesch() el 24 pion (] — e—%)
same as those we previously obtained in Ref. [64].
The SYK model develops an emergent conformal 2” A —ifw
symmetry as 7 — co, and the two-point function is given x,F (a.b;a+b+N;z), (D2)
as [55-58]
N wherea = 1,b=1-5-22 N =25—1,and z = —¢7".
G.(1) = b( - h’”) (D1) Using our method in the infinite-temperature limit, we can
psin B obtain the pole-skipping points at low temperature:
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1 2 3 4 5 A

FIG. 4. The blue lines are poles and zeros of Green’s function in
the low-temperature SYK model, and the red points where they
intersect indicate the positions of pole skipping. (A is positive
from the definition.)

in 1
= —-—, A:—,
2
w=-"C A=1
p
i3x 13
= - Aziai;
P=T 22
P N
p
o= DT y_135
I 2'2°2
a):—l6—ﬂ, A=1,2,3;
p

(D3)

After rescaling the frequency w = g—f: it is evident that the
integer points

w = —i, A=1;
= —2i, A=12;
= —3i, A=1,273;
w = —4i, A=1,234
w = —5i, A=1,2,3,4,5;
(D4)
and the half-integer points
w=—L  a=l
Y 2
3i 13
m:_iz Azisi;
2 2°2
S5i 135
m:__z A:_s_y_;
2 222
Ti 1357
w=To AT
9i 1
:__19 A:_’§7§’z’2;
2 222272
(D5)

We depict those in Fig. 4. In the low-temperature limit, the
correlation functions of SYK are consistent with the
correlators obtained in the Schwarzian theory, which
describes the dynamics of JT gravity in two-dimensional
AdS spacetime. The numerical results (D4) and (D5) of the
pole skipping that we obtained in the low-temperature SYK
model correspond well to the results of the scalar field and
the fermionic field in two-dimensional AdS spacetime,
respectively. We hope it can help study the duality
mechanism between quantum gravity in two-dimensional
AdS and dS spacetimes and one-dimensional gauge theory.
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