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High-dimensional quantum entanglement is an important resource for fundamental research and quantum
technological application. Recently, the orbital angular momentum (OAM) of light has received much attention
to realize high-dimensional quantum systems, and generating and manipulating the OAM entanglement has
become an important topic. Here, we propose an inverse design technique to manipulate the OAM entanglement
of the photon pair generated through spontaneous parametric down-conversion. The proposed technique directly

tailors the OAM states of entangled photon pairs by shaping the incident pump beam. In particular, we construct
a physics-informed model by leveraging the backpropagation algorithm and adhering to the overlap integral
relation. Our model automatically optimizes diffractive masks, allowing the structured pump to quantitatively
modulate the OAM distribution. The generation of maximally entangled states in different dimensions is
demonstrated numerically and experimentally.

1. Introduction

High-dimensional entanglement of quantum systems, referred to as
qudits, can provide extended possibilities such as increased information
capacity, a higher noise resistance, enhanced security against eaves-
dropping, and stronger violation of Bell’s inequalities [1-4]. Various
photonic degrees of freedom, including photon number, path, and fre-
quency, have been utilized to implement high-dimensional encoding in
quantum information applications [4], and the spatial degree of
freedom, notably the orbital angular momentum (OAM), have emerged
as valuable photonic resources for quantum communication [5-7].
Indeed, the OAM has been actively studied by many researchers due to
its infinite dimensional space and ease of scalability [3,8]. Light OAM is
characterized by a helical phase of exp(ilp), where [ is a topological
charge that determines the OAM mode, and ¢ represents the azimuth
angle in the cylindrical coordinate system [9]. These OAM beams carry
an OAM of I per photon, and the value of [ is theoretically unbounded,
providing high-dimensional quantum states. One common method to
produce OAM entanglement in photonic systems is through a nonlinear
optical process called spontaneous parametric down-conversion (SPDC)
[101, where a higher-energy photon (pump) is converted into a pair of
lower-energy photons (signal and idler) inside a nonlinear crystal. The

OAM states of photon pairs generated in the nonlinear medium are
described as a coherent superposition of mode combinations permitted
by the conservation of OAM [10,11]. For example, if a pump photon has
zero OAM, the OAM states of entangled photon pairs should be anti-
correlated, which is expressed as |y) = > ;ci|l)s| — I);. Here, ¢; corre-
sponds to the probability amplitude of finding a signal photon with [ and
an idler photon with —I and is determined according to the overlap
integral [12,13].

Although the OAM degree of freedom is theoretically unlimited and
provides a high-dimensional space, the entangled states generated by
Gaussian pump beams are generally suboptimal. For example, the
generated states cannot be maximally entangled because the coefficients
c; decrease as | increases [14]. Thus, an additional procedure to
manipulate the OAM distribution is required. One can equalize these
weights using a postselection process known as Procrustean filtering
[15] for obtaining a maximally entangled state (MES) [3,16]. However,
the Procrustean method of entanglement concentration is performed
through spatial mode filtering, which leads to the inevitable loss of
photon flux. In addition, this cannot control the relative phase of the
generated photon pairs. Another method for creating high-dimensional
OAM entanglement is to use indistinguishability and path identity
[17,18]. The proposed framework, termed entanglement by path, offers
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a high degree of customizability. Kysela et al. demonstrated the gener-
ation of 3-dimensionally entangled states and proposed a concept to
incrementally increase the dimensionality of entanglement [18].

Meanwhile, some researchers have focused on the pre-processing
method, implemented through the modification of the input pump
structure [19-21]. Their methods are based on beam shaping techniques
and the superposition of Laguerre-Gaussian (LG) modes. In contrast to
the post-processing methods described above, these techniques directly
modulate the coefficient ¢; ; by appropriately preparing the relative
phase and amplitude of the LG modes being superposed [20,21]. Indeed,
using these techniques, they have successfully produced high-
dimensional MESs with the spatial degree of freedom. Additionally,
Lie et al. theoretically and experimentally demonstrated that an expo-
nential pump profile can provide a broader spiral bandwidth compared
to the conventional Gaussian pump [22]. Since these techniques do not
require post-processing, such as Procrustean filtering, one can use the
full photon flux produced by the SPDC process, making these methods
efficient tools for generating entangled states with high brightness
[19-21].

Despite the efficient control of OAM entanglement via pump beam
shaping, there are still some limitations in realizing user-defined
entanglement. In the case of using mode superposition [19-21], the
condition on the single-Schmidt mode regime is necessarily considered,
in advance. Moreover, the existing pre-processing methods require
obtaining an analytic solution to the overlap integral. Although it seems
simple, determining a proper pump structure is a challenging problem
because the pump function affects not only one mode but all combina-
tions. These factors make it difficult to improve the customizability of
the pre-processing techniques. In this paper, we present a programmable
photonics source for OAM entanglement. The proposed method is
similar to the aforementioned pre-processing techniques [19-22] in that
it uses a structured pump. However, the optimized pump structure is
automatically obtained through inverse design of diffractive elements.
Specifically, we developed a physics-informed model based on gradient
descent and the overlap integral relation. Through iterative process, our
model computes a diffractive mask that shapes the pump for a given
input beam and a target OAM distribution. To experimentally verify the
proposed scheme, we generated MESs in different dimensions and
investigated the generated quantum states by performing projective
measurements and quantum state tomography (QST).

2. Physical principle and method
2.1. Orbital angular momentum states of entangled photon pair

SPDC is a nonlinear optical process that converts a higher-energy
pump photon into a pair of lower-energy photons (signal and idler)
according to energy conservation and momentum conservation.
Assuming that the pump, signal, and idler photons are monochromatic,
the photon pairs generated through the SPDC are described by [14]

y) = / dq.dq,e,(q, + 4)®(,. 4)1a,) 1), )

where ¢, and gq; represents the transverse wave vectors of the signal and
idler photons, &,(q;+q;) is the pump field in the spatial frequency
domain, and |q;) is the photon state with transverse wave vector g.
Here, the function ®(g,, g;) results from the phase-matching condition
and takes the form of a sinc function [14].

Meanwhile, the OAM states originating from the SPDC can be
described using the LG mode set, which is expressed as [14,21]

[w) = chﬁfb, L, Ps)|li, Pi)- )

Ls.ps Lipi

Here, Czlasfin corresponds to the probability amplitude for finding a signal

photon in the (I;,ps) mode and an idler photon in the (I;, p;) mode, i.e.,
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Ps:Pi | “PsPi Ps Di
which in experiments is normalized by the maximum count. Assuming
the conditions of the paraxial approximation and perfect collinear phase
matching, the coefficient is calculated by the overlap integral:

2 2
Ll ol ‘ =1. |cbt ‘ represents the relative weight of each mode,

bty = (Lplepiy) = [[rdrdnty(r.0) 16 )| [1Ghr) | @

Here, (r, ¢) represents the transverse coordinates in the cylindrical co-
ordinate, E,(r, ¢) is the field distribution of the used pump beam, and

LG; (r, @) is the normalized LG mode function [9]:

V2r : r 2r2 )
LGi(r,p)=C (W—o> exp ( - W—%> L (w_g) exp(ilyp), &)

where C is the normalization constant, w, is the waist size of the

fundamental mode, and L},” represents the generalized Laguerre poly-
nomials. In other words, the OAM distribution of entangled photon pairs
can be controlled by pump beam parameters. In addition, considering
the experimental situation using single-mode fibers (SMFs) for detec-
tion, we used the integral relation including the Gaussian functions G(r;
wsmr) [12]:

ety [ rardoy r.) 165, )| L6 0) | 62w ®)

Here, wgyr is the size of the Gaussian function when imaged back onto
the crystal plane. Meanwhile, since we are interested in manipulating
OAM entanglement, we set the radial mode index p to 0 throughout the
work without loss of generality. Note that the proposed inverse design
scheme is independent of the mode selection. By considering non-zero
radial index in our model, radial and OAM degrees of freedom are
controlled simultaneously.

2.2. Inverse design based on gradient descent

Fig. 1 illustrates the concept of the inverse design-based entangle-
ment control method. Our method provides a structured pump at the
crystal plane by optimizing diffractive masks. An incident laser beam
serves as the input to the modulation layer, and the beam modulated by
the diffractive mask propagates [23,24]. At this time, the phase values of
each mask correspond to the weight parameters that are updated. As
shown in Fig. 1(b), given an input beam shape and a desired OAM
spectrum, the model automatically finds optimized phase masks ¢(m, n)
by training. Specifically, the output shape takes the form of N x N matrix

whose elements correspond to the values of |c;, % For example, if we
want to generate a 3-dimensional MES lw) =
(J1,1) 4+0,0) +| —1,-1) )/v/3, a 3 x 3 identity matrix is given as the
output answer. After propagation through all optical elements, the final
layer of our model numerically calculates the overlap integral according
to Eq. (5). The weight parameters are then updated with a gradient
descent algorithm, minimizing the difference between the desired
output and the calculated one [25].

Each optical element, such as modulation, propagation, and the
overlap integral operation, was realized using a custom layer class in the
Keras (2.10.0) framework in Python (3.7). The “OptModul” represents a
modulation layer which modulates the incoming field by multiplying a
phase mask ¢, i.e., u(x,y) = uo(x,y)explip(x,y)]. Free-space propaga-
tion is implemented in the “ASProp” layer using the angular spectrum
method, which is expressed as [24,26,27]

Y=F1 {F{u()qy) lexp {id1 (k2 — 4x2 (ff +f;> } } (6)

Here, F and F~! represent the Fourier transform operation, u(x,y, 2) is
the input field, d is the distance to the next layer, k = 2z/4 is the
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Fig. 1. Schematic diagram for tailoring OAM entanglement. (a) System configuration in the experiment and (b) the corresponding numerical model for optimization:
SLM, spatial light modulator, OptModul, diffractive layer ¢; modulating an incident field; ASProp, propagation layer implemented using the angular spectrum

method; OverlapLG, a layer for calculating the overlap integral.

wavenumber, and (fx, fy> correspond to the spatial frequency compo-

nents. Then, a pair of the “Lens” and “ASProp” layers focuses the
modulated pump beam into the nonlinear crystal, and the “OverlapLG”
layer calculates the overlap integral to provide the output. The size of
the calculation window was set to 2000 x 2000 with a resolution of 4
pm, and 2 x 2 binning was applied to the diffractive mask to match the
pixel size of the SLM (8 um). The size of the diffractive mask is same as
the size of the calculation window, and the number of diffractive neu-
rons is 4 million. 30 Gaussian beams were used as input data for training,
each with random displacements and variations in waist size. We trained
the model for 1200 epochs with a batch size of 5 using a desktop com-
puter (CPU: i5-13600 K; GPU: RTX 4090; RAM: 64 GB). We used
RMSprop [28] as an optimization algorithm and mean-squared error
(MSE) as the loss function. The learning rate was set to start at 0.1 and
decrease to 1/10 if the loss did not improve for 150 epochs. Finally, we
experimentally generated entangled photon pairs using the optimized
phase mask and performed projective measurements to verify the
results.

2.3. Experimental setup and details

Fig. 2 shows the experimental setup designed to verify the proposed
scheme. A laser beam emitting from a 405 nm single-frequency diode

SLM1

laser (TopMode 405, TOPTICA Photonics) is used as the pump source for
the SPDC process. With a pixel pitch of 8 ym, first SLM (PLUTO-2.1,
Holoeye) displays a phase mask obtained through model training. Then,
the pump beam is modulated by the SLM1 and focused into the
nonlinear crystal (15 mm length type-II PPKTP, Raicol Crystals) by a lens
of 150 mm focal length. When training the model, we applied a circular
mask with r = 0.5 mm to employ the central region of the pump field;
see the phase mask ¢ in Fig. 2. This is to reduce some artifacts resulting
from the imperfect beam quality. Note that in the experiment a phase
grating is included in the phase hologram to extract the modulated
beam. After the crystal, an 810 nm bandpass filter with a full width at
half maximum (FWHM) of 10 nm blocks the remaining pump photons.
Each down-converted photon (signal and idler) is directed along
different paths split by a Wollaston prism and a right angle prism. Then,
the projective measurement on signal and idler photons is performed
using the SLM2 followed by SMF-coupled single-photon detectors
[12,13,20,21]. Photon arrival times are recorded by a time-correlated
single photon counting (TCSPC) unit (MultiHarp 150, PicoQuant), and
coincidence events are measured with a coincidence window of 10 ns.
Here, each pair of lenses (L2-L3, and L4-L5 & L6-L7) is used to image
from the crystal plane onto the SLM2 and from the SLM2 onto the end of
each SMF. As a result, when imaged back onto the crystal plane, the
waist size of the LG mode is ~ 72 pm, and wgyr corresponds to ~ 100

L1 L2 F

o un—

Type-ll PPKTP

Fig. 2. Schematic diagram of the experimental setup: 405 nm pump source; SLM, spatial light modulator; L, lens; F, bandpass filter; WP, Wollaston prism; HWP, half
wave plate; PM, leg-coated right-angle prism mirror; SMF, single-mode fiber; SPD, single-photon detector. An additional lens pair, not illustrated here, is placed to
relay the image between two sections (a) and (b). The HWP after the L3 converts vertical polarization to horizontal polarization.
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pm. Additionally, to optically implement the product of a mode function
given in Eq. (5), we employed an amplitude-encoded phase function of
the following form [21]:

Pholo (X, y) = explisincz(M(x,y) — 1)6(x,y)]. @

Here, M(x,y) corresponds to the amplitude function of LG mode given in
the range [0, 1]. (x,y) is the total phase profile expressed as 6(x,y) =

D, +Arg<LG£:o> [29], where ®; = 27/A, is the phase grating with a

grating period Ag, and Arg (LGL:0> represents the phase distribution of
the LG mode.

3. Results and discussion
3.1. Manipulation of high-dimensional OAM entanglement

Fig. 3 displays the training result for generating a 5-dimensional MES
in our setup. The graph in Fig. 3(a) shows the MSE loss as a function of
training epochs. In the early stage, up to around 460 epochs, the loss
function exhibits a significant fluctuation, indicating a large initial de-
viation from the output answer. However, after around 460 and 740
epochs, the loss value drops rapidly, and the model starts to find
appropriate parameters. As training progresses, the loss function con-
verges to near-zero ( 5.34 x 10~°), demonstrating that our model has
effectively minimized the error and reached a stable solution. In other
words, the phase distribution, which initially follows a random pattern,
is iteratively updated, allowing the algorithm to find suitable weights
and generate a customized pump structure; see the insets in Fig. 3(a).

The red and blue bars in Fig. 3(b) represent

cO o calculated through

numerical simulation. It is evident that the OAM spectrum, which
initially peaks at the (0, 0) mode, becomes equalized through the
structured pump beam.

Then, to experimentally verify the proposed scheme, we loaded an
optimized mask into the SLM1 in our setup and conducted projective
measurements. Fig. 4 shows normalized OAM spectra obtained from
simulations and experiments. Provided equal weights 1/+/N in a desired
dimension, as the output answer, our model automatically finds an
optimized phase distribution, i.e., an optimal pump structure, gener-
ating the target state. As shown in Fig. 4(a) and 4(b), the phase masks
have no angular dependence, implying that total OAM is zero, and
entangled photon pairs are anti-correlated in OAM. Measured OAM
spectra are illustrated in Fig. 4(c) and 4(d). Here, we measured coinci-
dence counts per each combination and normalized them by dividing

(a)

0.12

0.08 -

0.06

MSE loss

0.04 |

0.02 -

0.00 -

1 1 1 1
600 800 1000 1200

Epochs

1 1
0 200 400
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the maximum value. There exist some discrepancies in the measured
spectra, but it can be seen that 3 (|1,-1), |0,0), and | —1,1)) and 5

-2), |1,-1), 10,0), |—1,1), and |—2,2)) mode combinations
approximate maximal, equal weights. Note that photon pairs generated
without the help of inverse design in our setup have a sharp peak at
|0,0); see Fig. 3(b). The deviations arise from three main issues:
misalignment and aberrations of optical elements, and imperfect mode
overlaps. Indeed, there are some distortions in the pump shape
compared to our numerical predictions. These problems would be alle-
viated by performing precise alignment and wavefront correction. For
the OAM state with 5 maximum equal weights, the coincidence count

rate of |0, 0) mode was measured to be 230s~'mW. Most of the losses
in our system occur from the modulation efficiency of the SLM2
(< 40 %) and the collection efficiency of the fiber coupled SPD (< 30 %).
Additionally, the conversion efficiency of the phase mask obtained from
our model was found to be ~ 67 % for 3-dimensional MES. An additional
loss function that calculates the power difference between the initial
pump and the generated structured pump can improve the efficiency of
diffractive masks. Using the hybrid loss function, the diffraction effi-
ciency is shown to increase by about 10 %.

Finally, to characterize and examine generated quantum states, we
performed QST and reconstructed density matrices for 2- and 3-dimen-
sional MESs. Here, mutually unbiased bases were set for QST. Addi-
tionally, maximum likelihood estimation (MLE) was used to ensure that
the reconstructed density matrices satisfy the physical -criteria
[21,30,31]. The optimization process is implemented minimizing the
likelihood function of the form [30]

i Wl Ipp \‘l/z l} 2

L(t N ONEITI & ——
b £ 2N(yilp,lwy)

(®

where m is the number of measurements for reconstructing density
matrices, N is the normalization constant, p, is the physical density
matrix, and n; corresponds to the measured coincidence counts. The real
and imaginary parts of the resulting density matrices are displayed in
Fig. 5, where transparent bars represent theoretical values for the target
MESs. Fig. 5(a)-5(c) correspond to the case of 2-dimensional MES |y) =
(J1,1) + e - 1,-1) )/V2, where a =-2.313 is the relative phase.
From the pump distribution, one can confirm that the entangled state
originates from a superposition of two OAM modes (I, = +2) [20,21].
Fig. 5(d)-5(f) shows the case of 3-dimensional MES |y) =
(€)1, 1) +]0,0) +e*2| —1,1) )/v/3, where a; = a2 = 0.062. The

measured fidelity F(p,pe,) = [Tr, /P Pexp/P ]2 of 2- and 3-

(b)

0 w/o Inverse design

0.8 |

Normalized weight

w/ Inverse design

2,-2 1,-1 0,0 -11
(ls: li)

Fig. 3. Optimization results to generate an anti-correlated 5-dimensional MES. (a) Loss curve as a function of the number of iterations. To improve readability and
highlight the overall trend, we plotted the loss function at every 10th epoch instead of showing the entire set of 1200 points. The insets show the optimized phase
mask and corresponding pump distribution. (b) Spiral spectrum obtained with and without inverse design. Normalization was performed by dividing the

maximum value.
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Fig. 4. Inverse design-based manipulation of OAM entanglement. (a), (b) Optimized phase masks and pump distributions for generating OAM states with 3 and 5
maximum equal weights. (c), (d) Corresponding normalized (divided by the maximum value) OAM spectra.
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Fig. 5. Characterization of MESs realized in 2- and 3-dimensional subspaces. (a), (d) used phase masks and simulated pump distributions for generating the target
states. (b), (e) real and (c), (f) imaginary parts of reconstructed density matrices. Here, overlaid bars depict corresponding theoretical values. The measurement time

was set to 5 s for each mode.

dimensional MESs was 0.944 + 0.007 and 0.889 + 0.003, respectively.
The uncertainty was estimated by statistical simulation assuming that
coincidence events follows a Poisson distribution [21,22]. In addition,
the linear entropy S, =1 —Tr (pezxp) of 2- and 3-dimensional cases was
measured to be 0.105 + 0.013 and 0.116 + 0.007, respectively. Mean-
while, our numerical simulation shows that the fidelity of the recon-
structed density matrices is close to 1, which indicates that some

experimental factors caused errors between the experiment and theo-
retical prediction. The reliability of the proposed method will be
improved by introducing additional adaptive techniques. Furthermore,
optimizing the masks with experimentally measured outputs could be
one option to mitigate the errors.

We have demonstrated the controllability of the relative weights of
entangled states. However, for practical applications, the ability to
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manipulate relative phases is also necessary. To achieve this, one can
apply a multi-layered and multi-output model that accounts for both the
relative phase and amplitude in the output. Specifically, the output
matrices Oups and Opp, represent the absolute values and phases of the
complex coefficients ¢ ;, respectively. For instance, to generate a 5-
dimensional MES with no phase difference, i.e., the output desired
state of [y) = (|2,2) +[1,1) +10,0) + | - 1,-1) + | — 2, -2) )//5, we
select a 5 x 5 identity matrix for O,ps and a 5 x 5 zero matrix for Opp,.
Meanwhile, increasing the number of layers, i.e., increased weight pa-
rameters, enables the model to learn more abstract representations,
enhancing performance over complex problems [25]. Additionally, for
entangled states generated by a pump beam in a superposition of several
pure LG modes, relative phases can be controlled easily by global rota-
tion of the pump beam [20,21,32]. Note that the 2-dimensional MES
given in Fig. 5 corresponds to such case, and the relative phase a of that
state can be adjusted by rotating the phase hologram displayed on the
SLM1.

3.2. Effects of experimental factors

Because there are some practical issues affecting the performance in
real experiments, we need to know the robustness of the designed sys-
tems. We first analyzed performance degradation under two types of
misalignment: lateral displacement of the diffractive mask and axial
mispositioning of the nonlinear crystal. Fig. 6 illustrates the changes in
pump distribution and the resulting OAM spectrum in the presence of
misalignment. Both types of offsets distort pump structure and cause
deviations in the OAM spectrum. As the displacement from the ideal
position increases, the initial OAM spectrum exhibiting equal weights
for the three states |1, —1), |0,0), and | — 1, 1) gradually transforms into
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a distribution with a noticeable peak at |0, 0). In addition, we explored
the influence of input beam size w,,; see Fig. 7. As the beam size increases
(Aw, > 0), we observe an increase in the population of higher-order
modes, particularly |1,—1) and |—1,1). In contrast, for Aw, <0,
where the pump beam size is smaller than the intended size, the |0, 0)
becomes dominant. As shown in Fig. 7(b), these changes in the OAM
spectrum correspond to increasing MSE values, indicating that any de-
viation from the optimal pump beam size leads to increased spectral
distortion.

In other words, matching the input parameters to the intended values
is crucial, and enhancing system stability in response to such problems is
necessary. To increase the robustness of the system, the concept of data
augmentation may be adopted [26,33,34]. Data augmentation is a
technique of artificially generating new data from existing datasets by
applying various transformations. This approach aims to increase the
dataset size and prevent overfitting, thereby improving generalization
ability of the model. For instance, input beams with slight variations in
parameters, such as beam size and displacement from the beam center,
can be used as augmented data for the training process [35].

4. Conclusion

In conclusion, we proposed a novel scheme exploiting inverse design
to manipulate high-dimensional OAM entanglement. The proposed
method is implemented using a physic-informed model combined with
the overlap integral, allowing us to effectively find optimal solutions for
generating target entangled states. Although we have considered the
special case of MESs, the inverse design approach is a universal tool to
control quantitatively and arbitrarily the distributions of coincidence
probability. While there are still challenges in improving experimental
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Fig. 6. Performance degradation by optical misalignment. Influence of (a) lateral displacement of the beam center from the diffractive mask and (b) axial
displacement of the nonlinear crystal from the lens focal plane. Each inset displays pump intensity profiles being formed at the crystal plane. (c), (d) Changes in MSE
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performance, our approach has key advantages. Since the underlying
physical principles remain consistent, it is easily extended to higher-
dimensional qudit states, and one can handle two independent spatial
degrees of freedom, e.g., radial and azimuthal modes, simultaneously.
Furthermore, the current single-layer architecture can be extended to a
diffractive deep neural network (DDNN) with multiple layers to solve
complex problems. Once the DDNN system is completely developed, it is
integrated with other optical units, establishing a unified device for
advanced tasks. Indeed, a recent study has reported high-dimensional
quantum gates implemented by DDNNs [36]. Integrating such gate op-
erations with our DDNN-based quantum state generation scheme pre-
sents a promising path toward fully optical quantum circuits. This
unified architecture can reduce system errors, enhance stability, and
support dynamic reconfiguration for diverse quantum algorithms. The
proposed inverse design technique, with its high customizability for
spatial degrees of freedom, thus offers a versatile and programmable
photonic platform for high-dimensional quantum information
processing.
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