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The study of chaos and complexity in non-Hermitian quantum systems poses significant challenges due
to the emergence of complex eigenvalues in their spectra. Recently, the singular value decomposition
(SVD) method was proposed to address these challenges. In this work, we identify two critical
shortcomings of the SVD approach when analyzing Krylov complexity and spectral statistics in non-
Hermitian settings. First, we show that SVD fails to reproduce conventional eigenvalue statistics in the
Hermitian limit for systems with nonpositive definite spectra, as exemplified by a variant of the Sachdev-
Ye-Kitaev (SYK) model. Second, and more fundamentally, Krylov complexity and spectral statistics
derived via SVD cannot distinguish chaotic from integrable non-Hermitian dynamics, leading to results
that conflict with complex spacing ratio analysis. Our findings reveal that SVD is inadequate for probing
quantum chaos in non-Hermitian systems, and we advocate employing more robust methods, such as the
bi-Lanczos algorithm, for future research in this direction.
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Introduction. In recent years, the study of open quantum
systems [1,2] has attracted considerable attention due to
the novel physical phenomena arising from interactions
with the environment. Such interactions inherently render
these systems non-Hermitian, complicating their theoreti-
cal description and necessitating methods beyond those
developed for closed systems. Unlike standard quantum
systems, non-Hermitian Hamiltonians, particularly those
with broken parity-time (PT) symmetry, feature complex
eigenvalues, posing the fundamental challenge of inter-
preting their physical significance [3].

Characterizing quantum chaos in closed systems fun-
damentally relies on analyzing their spectra. Due to the
emergence of complex eigenvalues in non-Hermitian open
systems, conventional diagnostics for quantum chaos
cannot be directly applied. In closed systems, for example,
spectral statistics distinguish integrability from chaos
using Poisson and Wigner distributions, respectively.
This distinction is formalized by the Bohigas-Giannoni-
Schmit conjecture [4], where level repulsion is governed
by the Dyson index. For non-Hermitian systems, several
extensions that incorporate complex eigenvalues have been
proposed [5–7]. Chaotic open quantum systems, in par-
ticular, are effectively described by Ginibre statistics [8],
exhibiting universal cubic level repulsion.
However, the analysis of complex eigenvalues presents

technical difficulties [9], particularly in the necessary
processes of unfolding spectra and defining meaningful
level statistics. To overcome these issues, alternative
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spectral observables that avoid unfolding, such as complex
spacing ratios (CSR) [7] and dissipative spectral form
factors [10–12], have been developed.
An alternative strategy to circumvent the problem of

directly analyzing complex eigenvalues is to use singular
values (σ) obtained through singular value decomposition
(SVD) [13–18]. Singular values, being real and non-
negative by construction, allow for a straightforward exten-
sion of Hermitian spectral diagnostics into non-Hermitian
settings via one-dimensional statistical descriptions. This
approach has been employed to study singular spacing
ratios hrσi [13], singular spectral form factors (SFFσ)
[14,17], and various measures of spectral and Krylov
complexity [17,18]. Crucially, it has been argued that both
singular value statistics and the associated Krylov complex-
ity serve as effective tools for probing quantum chaos and
capturing integrable-to-chaotic transitions in non-Hermitian
quantum models.
In this work, we investigate the prototypical non-

Hermitian q-body Sachdev-Ye-Kitaev (nHSYK) model
[19–26], which plays a central role in holographic studies.
We identify significant inconsistencies arising when
employing the SVD approach to compute spectral statistics
and Krylov complexity. Specifically, the SVD method fails
both to reliably probe quantum chaos and to correctly
reproduce the Hermitian limit. Our results thus call into
question the physical significance and general validity of
the SVD-based observables.

Non-Hermitian SYK model.We consider the non-Hermitian
SYK (nHSYK) model with N Majorana fermions and q-
body interactions, introduced in [24,25]

H ¼
XN

i1<i2<���<iq
ðJi1 i2���iq þ iMi1 i2���iqÞψ i1ψ i2 � � �ψ iq ; ð1Þ

where ψ i are Majorana fermions satisfying fψ i;ψ jg ¼ δij.
The couplings J and M are Gaussian-distributed random
variables with zero mean and variance hJ2i ¼ hM2i ¼
ðq − 1Þ!=Nq−1. A nonzero coupling M explicitly breaks
Hermiticity. In this manuscript, we consider N ¼ 26 for
q ¼ 4 and q ¼ 2, incorporating a parity-symmetry block
that reduces the effective dimension to d ¼ 2N=2−1.
In Hermitian quantum systems, spectral statistics dis-

tinguish between integrable and chaotic regimes. Integrable
models typically exhibit one-dimensional Poisson statis-
tics, with level-spacing distribution given by pðsÞ ¼ e−s

[27]. In contrast, chaotic systems follow Wigner statistics,
characterized by randommatrix theory (RMT) distributions
exhibiting level repulsion of the form pðsÞ ≈ sβ as s → 0.
Here, β ¼ 1, 2, 4 correspond to the Gaussian orthogonal
ensemble (GOE), Gaussian unitary ensemble (GUE), and
Gaussian symplectic ensemble (GSE) [4,28], respectively.

This classification can be generalized to non-Hermitian
open quantum systems [5]. Integrable cases in these
systems follow a two-dimensional Poisson distribution
for the nearest-neighbor spacing of complex eigenvalues

pðsÞ ¼ π

2
s e−

π
4
s2 : ð2Þ

Unlike the Hermitian case, the linear repulsion pðsÞ ≈ s as
s → 0 is not due to eigenvalue correlations but instead
simply reflects the finite area occupied by eigenvalues. In
contrast, chaotic non-Hermitian systems typically follow
Ginibre statistics [6,8], described by:

pðsÞ ¼
 Y∞

k¼1

Γð1þ k; s2Þ
k!

!X∞
j¼1

2s2jþ1e−s
2

Γð1þ j; s2Þ ; ð3Þ

where Γð1þ k; s2Þ ¼ R∞s2 tke−tdt is the incomplete gamma
function. Notably, unlike Hermitian RMT, all three Ginibre
ensembles (GinUE, GinOE, and GinSE) share the same
spacing distribution (3), exhibiting cubic repulsion, pðsÞ ≈
s3 as s → 0 [5,9,29]. More generally, Ginibre statistics
define one of three universality classes (class A) in non-
Hermitian RMT, whereas the other two classes, AI† and
AII†, are distinguished by their transposition symmetries.
With our chosen parameters, the nHSYK model belongs to
class A (GinUE). For a more in-depth analysis covering
various values of N and q, see [24].
We have analyzed the complex eigenvalue spacing

distributions for our nHSYK model, with the results
presented in Fig. 1. Upon performing a naive unfolding
of the complex spectra, we observe that for q ¼ 4, the
spacing distribution closely matches GinUE statistics (3),
signaling quantum chaotic behavior. In contrast, the dis-
tribution for q ¼ 2 aligns with the two-dimensional
Poisson statistics (2), indicative of integrability.
In addition, we examined the complex spacing ratio

(CSR) [7], a non-Hermitian extension of the conventional
hri-value [30], defined as
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FIG. 1. Complex eigenvalue spacing distributions for the
nHSYK model with q ¼ 4 (left) and q ¼ 2 (right). The q ¼ 4
case follows GinUE statistics (3), indicative of quantum chaos,
whereas the q ¼ 2 case exhibits two-dimensional Poisson sta-
tistics (2), consistent with integrable dynamics.
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λk ¼
ENN
k − Ek

ENNN
k − Ek

; ð4Þ

where Ek are complex eigenvalues, and ENN
k and ENNN

k
represent the nearest and next-to-nearest neighbors, respec-
tively. The CSR method eliminates the necessity of
unfolding and, by construction, satisfies jλkj ≤ 1, ensuring
all complex spacing ratios lie within the unit disk. In Fig. 2,
we present the distribution function of the CSR, Eq. (4), for
the nHSYK model with q ¼ 4 and q ¼ 2. For q ¼ 4, the
CSR shows strong suppression at small spacings, particu-
larly at small angles, indicating level repulsion character-
istic of quantum chaos. In contrast, for q ¼ 2, the
distribution is nearly uniform, consistent with integrability.
These findings align with non-Hermitian RMT predictions
[7]: specifically, in chaotic systems, the CSR follows a
radial distribution ρðrÞ ≈ r3 (cubic level repulsion) and
exhibits anisotropy in the angle distribution ρðθÞ, quanti-
fied by hcos θi ¼ R dθ cos θρðθÞ ≈ 0.24. In contrast, uncor-
related levels in integrable cases follow ρðrÞ ≈ r with
hcos θi ¼ 0. Our results confirm these predictions in the
nHSYK model, with q ¼ 4 yielding hcos θi ≈ 0.25 and
q ¼ 2 giving hcos θi ≈ 0.07.
Thus, well-established complex energy level statistics

confirm that our model is chaotic for q ¼ 4 and integrable
for q ¼ 2. Notably, at least in this model, non-Hermitian
deformations do not seem to affect the chaotic or integrable
nature of the corresponding Hermitian system.

Singular value decomposition. Singular value decomposi-
tion (SVD) expresses a generic non-Hermitian Hamiltonian
asH ¼ UΣV†, whereU and V† are unitary matrices formed
by the orthonormal eigenvectors of HH† and H†H, respec-
tively. The diagonal matrix Σ ¼ diagðσ1;…; σdÞ contains
the singular values σi, which are real and non-negative [31].
In Hermitian systems, singular values correspond to the
absolute values of the eigenvalues, whereas in non-
Hermitian systems the relationship between the two is more
intricate [32]. Singular values can alternatively be obtained
via the Hermitization method [33], by constructing the

effective Hamiltonian Heff ≡
ffiffiffiffiffiffiffiffiffiffi
H†H

p
or

ffiffiffiffiffiffiffiffiffiffi
HH†

p
so that its

eigenvalues represent directly the singular values of H.
Recently, Ref. [13] proposed using singular value sta-

tistics instead of complex eigenvalues in non-Hermitian
systems, allowing the application of standard quantum
chaos tools from Hermitian systems. Singular value spacing
distributions, pðsσÞ, are expected to follow Poisson statistics
in integrable systems and, for instance, GUE distributions in
chaotic ones, respectively

pðsσÞ ¼ e−sσ ; pðsσÞ ¼
32

π2
s2σe−

4
πs

2
σ : ð5Þ

Other key measures include the singular spacing ratio,

hrσi ¼ Mean

�
min ðsn; snþ1Þ
max ðsn; snþ1Þ

�
; sn ¼ σnþ1 − σn; ð6Þ

and the singular spectral form factor, defined as

SFFσ ¼
jZðtÞj2
jZð0Þj2 ; ZðtÞ ¼ Tr½eitHeff �: ð7Þ

Using these concepts, we have analyzed singular value
statistics in our non-Hermitian SYK model. The top panels
of Fig. 3 show the singular level spacing distribution,
revealing quantum chaos signatures in both the q ¼ 4
and q ¼ 2 cases, which follow the GUE distribution.
Additionally, both cases exhibit hrσi ≈ 0.6, consistent with
RMT predictions, and a linear ramp in SFFσ, as shown in
the bottom panels of Fig. 3. The plateau of SFFσ , 1=d,
agrees with the expected value in the Hermitian theory [34].
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FIG. 2. Distribution of complex spacing ratios for the nHSYK
model with q ¼ 4 (left) and q ¼ 2 (right). The q ¼ 4 case
exhibits level repulsion, characteristic of quantum chaos, while
the q ¼ 2 case shows a nearly uniform distribution, indicative of
integrable behavior.
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FIG. 3. The top panels show the singular level spacing
distribution for q ¼ 4 (red) and q ¼ 2 (blue), while the bottom
panels display the singular spectral form factor. The dashed lines
in SFFσ represent the plateau value 1=d. To smooth out short-time
fluctuations and extract the long-term trend, we applied a simple
moving average to SFFσ .

SINGULAR VALUE DECOMPOSITION AND ITS BLIND SPOT … PHYS. REV. D 111, L101904 (2025)

L101904-3



Our findings highlight a subtle relationship between
complex energy eigenvalues and singular values in non-
Hermitian systems [32]. In fact, complex eigenvalue spacing
distributions can distinguish the chaotic case, q ¼ 4
(GinUE), from the integrable case, q ¼ 2 (two-dimensional
Poisson). On the other hand, singular level spacing dis-
tributions, as well as the singular spectral form factor, fail in
this regard, as they cannot differentiate between the two
cases and, therefore, cannot effectively probe quantum
chaos. These results reveal critical limitations of the singular
value decomposition method for studying quantum chaos in
non-Hermitian quantum systems. As we will see below, the
Krylov state complexity built on singular values also suffers
from the same issue. Nevertheless, it is interesting to note
the internal consistency within singular statistics [17,18]:
when the level spacing distribution exhibits apparent
signatures of quantum chaos, hrσi and SFFσ do so as well.

Krylov complexity of states based on SVD. Krylov com-
plexity has emerged as a powerful tool for diagnosing
quantum chaos [35]. It has been extensively studied in
various quantum chaotic models, including RMT [35–39]
and different versions of the SYK model [40–43]. For
time-evolved thermofield double (TFD) states in chaotic
systems, Krylov complexity typically exhibits four distinct
phases: initial growth, a peak, a decline, and a plateau [35].
Notably, the peak is a hallmark of chaotic many-body
systems [42] and, although generally absent in integrable
models, can sometimes arise from certain types of insta-
bilities [44].
Our goal is to determine whether singular value-based

Krylov complexity can similarly distinguish between chaos
and integrability in nHSYK models, focusing on q ¼ 4 and
q ¼ 2. Preliminary work in this direction [18] has shown
that this complexity exhibits a peak for q ¼ 4 nHSYK,
suggesting it may retain sensitivity to chaotic dynamics. A
full characterization thus requires extending these results to
the nonchaotic case, q ¼ 2.
To define singular value-based Krylov complexity, we

construct the Krylov basis fjKnig using the Lanczos
algorithm [45,46], which generates the Lanczos coeffi-
cients fan; bng that encode the system’s dynamics. In the
Hermitian case, these coefficients define the tridiagonal
matrix representation of the Hamiltonian,

HHermitianjKni ¼ anjKni þ bnþ1jKnþ1i þ bnjKn−1i: ð8Þ

In the non-Hermitian case, we consider an effective
Hamiltonian Heff constructed from the non-Hermitian
Hamiltonian H:

Heff ¼
ffiffiffiffiffiffiffiffiffiffi
H†H

p
; ð9Þ

which plays the role of HHermitian. The Krylov wave
functions ΨnðtÞ then evolve via the Schrödinger equation,

i∂tΨnðtÞ ¼ anΨnðtÞ þ bnþ1Ψnþ1ðtÞ þ bnΨn−1ðtÞ; ð10Þ

yielding the time-evolved state jΨðtÞi ¼PnΨnðtÞjKni.
The SVD Krylov complexity is then defined as

CσðtÞ≡
X
n

njΨnðtÞj2; ð11Þ

and quantifies the spread of the wavefunction in Krylov
space. Following Ref. [35], we take the TFD state as the
initial state, defined in terms of singular values.
Figure 4 presents the SVD Krylov complexity for q ¼ 4

and q ¼ 2 in nHSYK models. In both cases, we observe a
characteristic peak, suggesting a misleading inference of
quantum chaos, yet consistent with singular value statistics.
This peak occurs at a timescale tpeak ≈ tH ≈OðdÞ, aligning
with Hermitian systems [47], where tH denotes the
Heisenberg time marking the onset of the SFF plateau.
Furthermore, the late-time saturation value of complexity
matches Hermitian model expectations [40,48,49], with
Cσðt ¼ ∞Þ ≈ d=2.
We note additional shortcomings of the SVD method.

Specifically, quantities constructed using this approach fail
to reproduce traditional eigenvalue-based results in the
Hermitian limit (M → 0 in our model) for chaotic systems.
For example, the q ¼ 4 model, known to be chaotic,
exhibits a GUE distribution and a distinct peak in
Krylov state complexity. However, as shown in Fig. 5,
the singular value spacing distribution does not recover the
expected GUE distribution. Instead, it appears neither
Poissonian nor GUE-like, aligning with the Wigner surmise
of singular value statistics [13]. Moreover, no clear peak in
Krylov complexity is observed.
The above behavior can be understood by noting that, in

the Hermitian limit, singular values correspond to the
absolute values of the eigenvalues. When the energy
spectrum is not positive definite, as in the Hermitian
SYK model, singular values may deviate from energy
eigenvalues, leading to entirely different and erroneous
conclusions. A similar argument applies to the hri values in
sparse non-Hermitian SYK models [17].

0 2 4 6 8 10
0.0

0.1

0.2

0.3

0.4

0.5

0.6

t � d

C
�
�t�
�d

0 2 4 6 8 10
0.0

0.1

0.2

0.3

0.4

0.5

0.6

t � d

C
�
�t�
�d

FIG. 4. SVD Krylov complexity for q ¼ 4 (left) and q ¼ 2
(right). Both figures exhibit a characteristic peak typical of
chaotic systems, highlighting that SVD Krylov complexity fails
to distinguish between integrability and chaos. The dashed lines
represent the saturation value, Cσðt ¼ ∞Þ ¼ d=2.
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In contrast, the Hermitian q ¼ 2 model is integrable, as
indicated by its one-dimensional Poisson distribution and
the absence of a peak in Krylov complexity [42]. Here, the
SVD method also yields a Poissonian distribution, seem-
ingly aligning with standard eigenvalue-based statistics.
While this suggests that singular value statistics may
diagnose integrability in Hermitian systems, its generality
for systems exhibiting level clustering remains unclear,
warranting further investigation.

Conclusions. By analyzing the prototypical non-Hermitian
q-body SYK model, we identified key limitations of
singular value decomposition methods in probing quantum
chaos. Specifically, the SVD approach (I) fails to distin-
guish between chaotic and integrable non-Hermitian sys-
tems and (II) does not, in general, recover conventional
eigenvalue statistics in the Hermitian limit when the
spectrum is not positive definite. These findings suggest
that the SVD methods are inadequate for characterizing
quantum chaos or its lack thereof in general non-Hermitian
systems. Our conclusion aligns with recent independent
results on non-Hermitian random matrices [50], which
appeared simultaneously with our work.
One might consider addressing the issue (II) above by

rigidly shifting the eigenvalue spectrum to make it positive
definite. In the Hermitian case, where the eigenvalues are
real, this approach is indeed effective: applying the SVD
method to the shifted spectrum yields the same Krylov
complexity as the traditional EVD method. However, in the
non-Hermitian case, this strategy fails, as the resulting

Krylov complexity becomes highly sensitive to the arbi-
trary choice of the shift in the complex plane.
Our observations underscore the need for more robust

and reliable methods to study quantum chaos in non-
Hermitian systems, such as the bi-Lanczos approach for
Krylov complexity. Recent studies in this context have
focused on operator growth [51], while others have
examined state complexity in certain non-Hermitian mod-
els [52,53]. Notably, Krylov state complexity, constructed
via the bi-Lanczos approach, is shown to effectively
diagnose quantum many-body chaos in a random non-
Hermitian XY model [54]. Applying this approach to
Krylov complexity in nHSYK could yield novel insights,
particularly in holographic contexts, advancing our under-
standing of quantum chaos in non-Hermitian systems. We
aim to explore this direction in the near future [55].
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FIG. 5. The top panels show the singular level spacing
distribution for q ¼ 4 (red) and q ¼ 2 (blue) in the Hermitian
limit of the model (M → 0), with dashed lines indicating the one-
dimensional Poisson distribution. The bottom panels present the
SVD Krylov complexity for both cases. Thus, while SVD
methods fail to reproduce the eigenvalue-based results of the
chaotic q ¼ 4 SYK model, they appear to correctly capture the
behavior of the integrable q ¼ 2 case.
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