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ABSTRACT: We compute the time-dependent complexity of the thermofield double states by
four different proposals: two holographic proposals based on the “complexity-action” (CA)
conjecture and “complexity-volume” (CV) conjecture, and two quantum field theoretic
proposals based on the Fubini-Study metric (FS) and Finsler geometry (FG). We find
that four different proposals yield both similarities and differences, which will be useful to
deepen our understanding on the complexity and sharpen its definition. In particular, at
early time the complexity linearly increase in the CV and FG proposals, linearly decreases
in the FS proposal, and does not change in the CA proposal. In the late time limit, the
CA, CV and FG proposals all show that the growth rate is 2F/(7h) saturating the Lloyd’s
bound, while the F'S proposal shows the growth rate is zero. It seems that the holographic
CV conjecture and the field theoretic FG method are more correlated.
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1 Introduction

The applications of the holographic principle on the study of black holes have lead to many
new surprising discoveries. In particular, it has been shown that the quantum information
may play important roles in the quantum gravity. One important discovery is the connec-
tion between entanglement and geometry [1-4]. It inspired a viewpoint that a black hole
might be highly entangled with a system that was effectively infinitely far away. This view-
point lead Juan Maldacena and Leonard Susskind to propose a very interesting conjecture
named “ER=EPR” [3] when they considered the wormhole created by an Einstein-Rosen
(ER) bridge [5] and a pair of maximally entangled black holes. Here EPR refers to quan-
tum entanglement (Einstein-Podolsky-Rosen paradox). To understand how much difficult
sending a signal through the ERB from one side to the other, a new information-theoretic
quantity named “complexity” was imported into the holographic duality and quantum



gravity [6, 7]. Basically, the complexity describes how many fundamental gates or opera-
tors are required when we try to obtain a target state from a reference state.

In order to construct holographic models to describe the complexity, let us consider
the following thermofield double (TFD) state

ITFD) := Z~ /2 " exp[—Eqo/(2T)]| Ea) 1| Ea) R - (1.1)

The states |Ey), and |E,)g are defined in the two copy CFTs and T is the temperature
of these two CFTs. This state is conjectured to be approximately dual to an eternal AdS
black hole with the Hawking temperature which is the same as T' of CFTs [8]. With the
Hamiltonians H;, and Hg at the left and right dual CF'Ts, respectively, the time evolution
of a TFD state

[ (tr, tR)) i= e HEt R R TED), (1.2)

can be characterized by the codimension-two surface of t = ¢; and t = tr at the two
boundaries of the AdS black hole [8, 9]. Hy and Hp are short for Hy, ® 1 and 11, ® Hp
respectively. Even though we introduced two times ¢;, and tg, our system will depend only
on the combination ¢ := t; + tg and t plays a role of field theory time. For a symmetric
configuration we may identify ¢, = tg = t/2 so that ¢ = t. Equivalently, we may consider
a total Hamiltonian Hioa = 17 @ Hg with a field theory time tg.

Two different conjectures were proposed to compute the complexity of |¢(tr,tr)) holo-
graphically:! the CV(complexity=volume) conjecture [6, 10, 13] and the CA (complexity=
action) conjecture [9, 14].

The CV conjecture states that the complexity of |¢(t1,tr)) is proportional to the
maximal volume of the space-like codimension-one surface which connects the codimension-
two time slices denoted by t7, and tg at two AdS boundaries, i.e.

[V(E)] , (1.3)

Cv = Gl

= ax

%=ty Ut
where Gy is the Newton’s constant. 3 is a possible space-like codimension-one surface
which connects t;, and tg. £ is a length scale associated with the bulk geometry such as
the horizon radius or AdS radius and so on. However, there is an ambiguity coming from
the choice of a length scale ¢. This unsatisfactory feature motivated the second conjecture:
the CA conjecture [9, 14], which says the complexity of |1)(tr,tr)) is dual to the action in
the Wheeler-DeWitt (WDW) patch associated with ¢;, and tg, i.e.

_ Iwpw

Ca mh

(1.4)
The WDW patch associated with ¢, and tg is the collection of all space-like surface con-
necting t;, and tg with the null sheets coming from t; and tr. More precisely it is the
domain of dependence of any space-like surface connecting ¢;, and tg.

!There are also other holographic proposals for complexity, see refs. [10-12] for examples.



Recently, two different methods were proposed by refs. [15, 16] to define the complexity
in quantum field theory.? The method in ref. [15], which we will call the FS method in
this paper, is based on the Fubini-Study metric and defined the complexity of two states
to be the length of the geodesic under the Fubini-Study metric. The method in ref. [16],
which we will call the FG method in this paper, first defined the complexity for operators
by the Finsler geometry® and then used this complexity to define the complexity between
states. As what we will present later, these two methods are very suitable to compute the
complexity between two different TFD states.

Taking the egs. (1.3), (1.4) and two quantum field theory proposals in refs. [15, 16] into
account, we have at least four different methods to compute the complexity between two
TFD states. The goal of this paper is to compute the complexity in four different methods
and see their similarities and differences. It may give us some information to judge which
are appropriate methods to compute the complexity among four methods. It may also shed
light on a possible connection between two holographic conjectures and two quantum field
theory proposals.

The paper is organized as follows. In section 2 we introduce several concepts for
complexity in literature and clarify some subtle issues in defining the complexity regarding
the reference state and divergence in holographic complexity. In section 3 we use the
modified CA and CV conjectures introduce in section 2 to compute complexity between
the time dependent TFD state and their corresponding zero temperature vacuum state.
In section 4, after presenting how to construct a time-dependent TFD state for free field
theory explicitly, we use two different quantum field theoretic proposals to compute the
complexity between the time-dependent TFD state and the vacuum. Our computations by
four different methods are summarized and compared in section 5.

Note added. While this work was being finished, ref. [23] appeared which also studied
the complexity growth rate. Our results in section 3 have some overlap with ref. [23].

2 Holographic complexity potential

Before we compute the holographic time-dependent complexity, let us first make some
comments on the CV and CA conjectures and present our modified versions of them.
Although these two conjectures satisfy important requirements on the complexity such
as the Lloyd’s bound [24-27], it seems that there are a few subtle issues to be clarified.
First, the complexity computed by eq. (1.3) or eq. (1.4) is infinite.* Second, a possibly
related issue is an ambiguity for the reference state. The complexity should be defined
between any two states, say the target state and the reference state. However, for both
original holographic complexities (CV and CA) it is not clear what the reference state is. An

2Refs. [17, 18] also give a definition for the complexity in conformal field theory by the Liouville action.
It is also interesting to see what the results are if this method is applied to the time-dependent TFD states.

3The Finsler geometry was first introduced to investigate the computational complexity by refs. [19-21]
and recently drew attention again in ref. [22].

4The divergence of the complexity computed by the CV and CA conjectures show some intrinsic prop-
erties of CFT similarly to the case of the entanglement entropy [28].



unknown privileged reference state seems assumed. By proposing “modified complexity”
we want to define the complexity between any two arbitrary states without a privileged
reference state.

Even if we accept this unknown privileged reference state® exists, it seems that the
original CA conjecture has two more issues. First, in principle, the complexity between
two states should be non-negative but the value computed by eq. (1.4) can be negative.
Second, the dynamics will be invariant if we add a constant term into the action so the
complexity should also be invariant after adding a constant term into the gravity action.
However, the original CA conjecture does not satisfy this property.

To resolve this issue a “modified” complexity was proposed in ref. [16]. It suggests that
the original CV and CA conjectures (1.3) and (1.4) give a kind of “complexity potential”
rather than the complexity between any two states. When we restrict our considerations
to the TFD states, the leading order of complexity between two TFD states |TFD;) and
ITFD,) is given by the following formulas in the CV or CA conjectures®

Cy(|TFDy), |TFD,)) = [P — ¢,

(2.1)
Ca(|TFD,), |TFDy)) = |c}) — 7]
Here {C‘(}),C‘(,z)} and {CS),CS)} are computed by egs. (1.3) or (1.4). Two TFD states have
different properties such as temperatures, charges or other thermodynamic quantities. In
holographic perspective, a TFD state is determined by the two time slices (tg,t7) at the
two boundaries in a black hole.

This modification does not lose any important physical properties of the original version
and seems simpler because it does not need to refer to an unknown reference state.” This
modified version has the following basic properties:

e Triangle inequality: C(|TFD3),|TFDy)) + C(|TFDy), |TFD;)) > C(|TFDz2), |TFD;)
for any state |[TFDy)

e Reversibility: C(|TFDs), |TFD;)) = C(|TFD;), |[TFD2))

In particular, when eq. (2.1) is applied to the TFD states, the results in eq. (2.1) agree
to the results obtained in a quantum field theory approach in ref. [16] and also agree

5Because the complexity from any state to itself is zero, if this reference state is any state dual to an
asymptotic AdS black hole then we can find eq. (1.3) or (1.4) should be zero at this black hole. However,
ref. [28] has proven that egs. (1.3) or (1.4) are divergent for all asymptotically AdS black holes, so this
reference state is not dual to any AdS black hole.

SFormally, eq. (2.1) is similar to the “complexity of formation” proposed by ref. [29]. However, they are
not always the same. A detailed discussion about it can be found in ref. [16].

"In principle, a well-defined complexity should satisfy that C(|TFD2),|TFD;)) = 0 if and only if
|TFD2) = |[TFD+). However, it may be possible that the modified version in eq. (2.1) vanish even with two
different states. This can appear if the system has multiple different solutions for given physical conditions,
for example, in the cases which contain phase transitions. Another possibility stems from the the fact that
the TFD states is only approximately dual to the eternal AdS black holes so we can expect the original CA
and CV conjectures in eq. (1.3) and (1.4) may lose some subleading contributions.



to the results computed by the method proposed in ref. [15] (which will be presented in
subsection 4.2).

The formula (2.1) can be understood more geometrically. Let us assume a space where
all states can be parameterized by =%, which may be the temperature, total charge, mass or
any other quantity describing different time slices at two boundaries. Suppose that there is a
curve [ : 2% = x*(\) which satisfies [TFD(2%(A1))) = |TFD;) and |[TFD(2%(A2))) = |TFDg)
with A\; < Ag. For any given curve [, we can use egs. (1.3) or (1.4) to compute the Cy ()
and C4(A), which are the functions of A and depend on the choice of the curve . Then the
complexity between |[TFD;) and |TFDs) is given by®

A2
cv<\TFD2>,|TFD1>):mm{ A ) ax Vl::b“:a:a()\)}, (2.2)
and
A2
CA(\TFD2>,|TFD1>)=mm{ A 4Gt Vl:m“:x“()\)}. (2.3)

These two equations in fact give the Finsler structures such that for any tangent vector
= (9/ON)* = dz®/dA
F(z®,T*) :=|(dCx).T?| , (2.4)

where X = V or A and d is the exterior differential operator in the parameter space
spanned by z® The integrations in egs. (2.2) and (2.3) give a holographic version of
“complexity geometry”, which is similar to the FG and FS methods in refs. [15, 16, 29].
Since the absolute value appearing in these two formulas is not convenient, we introduce
a positive infinitesimal value ¢ and arbitrary functions w,, so that egs. (2.2) and (2.3) can
be written as the following form

Cx(|TFDy), |TFD;)) = lim min

OCx dxa ,  dae dab
e—0+ \/ 5:6“ d)\ + CCm A (29)

It is assumed that the limit is well defined and independent of the choices of auxiliary
functions wgp. This means that we have the following “holographic complexity metric”
defined in a parameter space spanned by z¢,

ds% = [‘Z(;f ‘ZC—X + e%ab} da?da?, (2.6)

Since the metric defined in eq. (2.6) is a tensor the complexity is diffeomorphism invariant
under the reparameterizations on 2% The minimal values of eq. (2.2) then is the lengths
of geodesics given by metric (2.6) if Cy(2%) and C4(z%) are C? functions of 2.

To show that egs. (2.2) and (2.3) are equivalent to eq. (2.1) note that

[0} - ot
l

8We assume that the curve is regular, which means that 0 < |9z /0| < oco.

ch' =1 -c?). (2.7)
l




The equality can be achieved if there is a curve with its tangent 1% satisfying,
(dCX)aTa <0, Ve ()\1, )\2), or (dCX)aTa >0, Ve ()\1, )\2) . (28)

For the case that parameter space has trivial topology and its dimensional is larger than
1, such a curve always can be found, so eq. (2.7) shows,

Cx(|TFDy), |TFDy)) = [c§) — ], (2.9)

which is eq. (2.1). However, for the cases that parameter space is one dimensional or has
non-trivial topology, the condition (2.8) may not be achieved. The complexity modified
definitions (2.2) and (2.3) may different from ones in eq. (2.9). In these cases, one have to
use definitions (2.2) and (2.3) to compute the complexity in holography.

Let us make a summary regarding several concepts for the complexity introduced in
literature and this paper. If we can compute the “complexity potential” Cy (z®) and C4(z%)
by egs. (1.3) and (1.4), which is the original proposals, then we can obtain the “modified
complexity” which is the complexity between two states through eq. (2.9). The holographic
complexity potential has an additional freedom: if we add any term independent of z?,
the modified complexity will be invariant. This freedom gives us a possibility to introduce
suitable subtraction terms to renormalize the divergent holographic complexity potential
defined by egs. (1.3) and (1.4). This is the foundation of the “regularized holographic
complexity” proposed by ref. [30], which we will call “renormalized complexity potential”
in this paper.

3 Time dependent complexity of the TFD states: holographic approach

In this section, we will use the modified CV and CA conjectures to compute the complexity
between the time-dependent TFD states and their corresponding vacuum states. There are
three parameters in the holographic duals: the temperature of the bulk black hole, the time
of the left boundary and the time of the right boundary slice i.e. {T,tr,tr}. We first have
to compute the complexity potential Cy (T, tr,tr) and Co(T,tr,tr) which are divergent.
To deal with this divergence, ref. [30] proposed a method to renormalize them by adding
some counterterms. In the planner symmetry AdS black holes, the general counterterms
have been found and are independent of the values of T',t;, and tg. Therefore, we can use
the renormalized complexity potential for the holographic complexity potential and finally
find the modified complexity between two TFD states. In the following subsections, we
will perform these procedures in both the CA and CV conjectures.

Since we focus on the TFD states which are dual to the planar symmetric Schwarzschild
AdS black holes, the problems can be simplified. Thanks to the time translation symmetry,
the systems only depend on t;, + tr so we are left with only two independent parameters
{T, tr, +1t R}-

3.1 CA conjecture

3.1.1 Total action with the boundary and joint terms

The central issue in the CA conjecture is the computation of the on-shell action. Because
the null boundary and joint terms are involved in this computation, it was a subtle problem



at the time when this conjecture was proposed. However, after several careful analysis
on the action with null boundaries [31-34], the action in general relativity with suitable
boundary and joint terms turned out to be the following form,

I= % dd+1xF[R+ 62 ]+ZIB+ZIN+ZIJ+ZIJI. (3.1)
Q AdS

Here R is the scalar curvature in the bulk, ¢aqs is the AdS radius, Ip, is the Gibbons-
Hawking-York (GHY) boundary term for the non-null boundary fragments B;, Iy; is the
boundary term for the null boundary fragments Nj, I 7 is the joint term defined on the
joint of two non-null boundaries and I 7 is the joint term defined on the joint intersected
by the null boundaries and others.

The first result for the null boundary term was proposed by ref. [31] and then repre-
sented by refs. [32-34]. Refs. [31, 34] showed that the suitable null boundary term should be

Iy, =1y = —Slgn(Nj)/ dAd?2z\/[o|(k + ©) (3.2)
87 N;

where A is the integral curve of the normal vector k#* (future directed) for the null boundary,
ie., k* = (0/ONH. k is the “surface gravity” of the null surface corresponding to k* and
satisfies k#V k" = kk”. sign(Nj) is +1 only when it lies on the future boundary of M,
otherwise, 51gn(./\/ ) is —1. o is the determinant of the induced metric at the transverse co-
dimensional 2 surface orthogonal to k*. © is the expansion of the null boundary measured
by A and satisfies © = (y/|o|)"1k#0,/|o|. Considering the fact that © itself vanishes
during the variation, refs. [32, 33] proposed the “minimal null boundary term” by dropping
the expansion term in eq. (3.2), which reads

2 sign(N;) _
Iy; = /(\G) = _TJ /N dAd®2z+/|o|k . (3.3)
J

However, the boundary terms (3.2) and (3.3) are both dependent on the choice of A so
the re-parameterization of A can lead different values for the null boundary term. To
overcome this problem, refs. [32, 35] proposed that we should add an additional term into
the boundary term (3.3)

Iy, =1y = —Slgg(Nj)/ dAd?2z\/[o|(k + L), (3.4)
T Nj

where Ly = O1In(|0|/laqgs) if N lies to the future boundary of M. Otherwise, Ly =

—O1n(|0]/laqgs). In this paper, we will use this total boundary term.

The joint term I 7 was first found by ref. [36] and then confirmed by refs. [32, 34] again
recently by different methods. As the CA conjecture will not have such kind of joints, we
will not give the detailed form for this kind of joint terms. The joint term for the case
that there is at least one null boundary was first found by ref. [32], which is in general
expressed as

Iy = Siggij)/ldd_lmﬁa. (3.5)



Here o is the determinant of the induced metric on the joint J’. According to the properties
of the intersectional surface, the term a can be computed as

{ In(|n'kl)

(3.6)

In(|%"kz]/2),

where n! is the unit normal vector (outward/future directed) for the non-null intersecting
boundary, and k' is the other null normal vector (future directed) for the null intersecting
boundary. The value of sign(JJ’) = +1, which can be assigned as follows: “+1” appears
only when the WDW patch appears in the future/past of the null boundary component
and the joint is at the past/future end of the null boundary fragments.

3.1.2 Complexity potential
The metric for the general AdSgy1(d > 2) black hole is

dr?

r2f(r)

ds? = —r2f(r)dt* + +r2d¥? (3.7)

where d¥2 | = 6;38 Z‘ij:_ll dz? is the (d — 1) dimensional line element and £, 1 is the
volume of the conformal boundary of the AdS black hole. The function f(r) reads

Fr) = - (1 - Ti) . (3.8)

rd
The physical total mass (ADM mass) and temperature of this system are

d(d - 1Ty d
M — M . T=—M (3.9)
1671'€AdS 47r€AdS

The Penrose diagram and the WDW patch are shown in figure 1. The time direction
of the right boundary is the same as the coordinate time ¢ but the time of the left boundary
is opposite to the coordinate time t. As the space-time has time translation symmetry the
on-shell action only depends on the value of ¢;, + tp. By this property we can fix tf = 0
and only study how the complexity depends on the value of tz. In addition, thanks to the
time reversal symmetry of the black hole we only consdier the case of tp > 0.

In figure 1 we see that there is a critical time At. distinguishing the left and right panel.
Depending on the relationship between tr and At., there are two different types for the
WDW patches. One is the case that |[tgr| < At. shown in the left panel of figure 1, where
the two future and past null sheets all meet the singularities. The other one is the case
that |[tg| > At. shown in the right panel of figure 1, where the future directed null sheets
coming from the boundaries will first meet the singularity » = 0 but the past directed null
sheets coming from the boundaries will meet each other in the inner region of black hole.

Let us introduce the infalling coordinate v and outgoing coordinate u as

v=t+r", u=t-—r*, (3.10)



Figure 1. Penrose diagrams and WDW patches for AdS;41 black hole (d > 3) when [tg| < At,
(left panel) and |tg| > At. (right panel). In the left panel, the past null sheets will meet the
singularity at By and Bs respectively. In the right panel, the past null sheets will meet each other
at B with r = rg € (0,71,). In both panels, Ins and I denote the null boundary terms and the
spacelike boundary terms in (3.1) respectively. The joints A, By, B2, B,C, D and E are the joints
which involve at least one null boundary, so Iz, in (3.1) are associated with those joints. There is
no contribution of I7 in (3.1).

where

w7 dx
r*(r) —/ 2f@) (3.11)

The null dual normal vector field for the null boundaries AB and CD is k, = —[(dt), +
r~2f~1(dr),] and the null normal vector field for the null boundaries BC' and AFE is

k, = —[(dt),, — r=2f71(dr),]). These two null vector are affinely parameterized. The
integration in eq. (3.11) can be expressed in terms of the hypergeometrical function

* £2Ads 1 1 Td
r(r) = T [QFl (17_d;]~_ d;rg> - 1] ; < Th, (3.12)
and
2 s T Th 11 o
r*(r) T cot — (rd—rﬁ)l/‘ﬂ Tt +d’rg—rd ; r>rp. (3.13)

The value of At, is given by,

%QAdS T T

At = 2[r*(c0) — 1*(0)]
To regularize the WDW patch, we assume the AdS boundaries are located at r = r,,, >
fags. Ome can see from figure 1 that when tg < At., the WDW patch is the same as
the one of tg = 0. This means that the corresponding TFD state is the same one for



tr € (0, At.). So we have’
ITED(T, tp)) = |TED(T,0)), if |tgp| < At., (3.15)
and

CA,ren(tR) = CA,ren,O s (3'16)

where CA ren(tr) is the renormalized complexity potential for given tg and Ca reno is its
value when tr = 0. The value of Ca ren 0 has been given by refs. [29, 30],

d—2 T M
CA,ren,O = ﬁ cot (E) ﬁ . (317)

The TFD state begins to evolve after |tg + tr| > At.. In this case, the two past
null sheets will meet each other at the joint B with r = rg € (0,7,). We can obtain the
equations for all the null boundaries, which are

AB: T =t +1(r)
CD: tgp+r,=t+1r"(r),
BC: tgp—r,=t—1r%r),
AE : —rr =t—7r%(r)

(3.18)

By the equations for AB and BC, we find that the past null sheets will meet each other
at r = rg, where rg is defined by the following equation

t

r*(ro) :r:n_?R7 ro < Th . (3.19)
T 2F1 17—a,1—g,a -1 —Tgcotg—? (320)

For the case d > 2, this equation can be solved only numerically.
Now let us first compute the bulk contribution from the Einstein-Hilbert action. By
using the Einstein’s equation, we can write this term as

1 d(d -1 Sa1d
Ik = —— [ d™ay/—g [R+ ()] =21 //rd_ldrdt. (3.21)

167 2 s 812 g

According to the right panel of figure 1, the bulk term can be splited into four parts. In
the region I, for fixed r, the upper and inferior limits for ¢ in the integration (3.21) are
given by the line equations AB; and AF, respectively. Thus we find

Ed—ld /Tm i1 /T;‘nr* (r)
Toukr = — d dt . 3.22
bulk,I o gQA s I r r g ( )

90ur result can be interpreted as the complexity of formation if we use the original CA conjecture with
an unknown privileged reference state. In this case, the state can be changed even though the complexity
of formation is zero. However, the original CA complexity also changes abruptly at the time At. [23]. For
better understanding of this abrupt change, it will be important to understand the boundary field theory
interpretation of At..

~10 -



At the region II, the coordinate r can run from rqg to 7. For every given r, the upper and
inferior limits for ¢ in the integration (3.21) are given by the line equations AB and BC),
respectively. Then we have,

Yo ad Th rh —r*(r)
Touen = — d; / rd=tdr / dt. (3.23)
8mlaas Jro tR+r* (1) =1,

For the region III and region IV, we have

Soid [ [teEreTe)
Il = — ot / rd 1017“/ dt = Thui1 (3.24)
t

877£3de Th rAr*(r)—rk,
and e )
E - d Th R T‘me' T
Iy = — o / rdldr/ dt. (3.25)
87T€Ads 0 r*(r)—rk,

Combining egs. (3.22), (3.23), (3.24) and (3.25) we find that

Iyak(tr) = Tou,1 + Toulie, 1 + Toulie 1 + Lbulk,1v

Yo.d ) r —r*(r)
= Ihuk,o + 1 / ’r’dldT/ dt
0 t

8776%@15 RrAT*(r)—ri,
Zd—l d tR T0o /7‘0 de? sl (326)
=1 == = d
bulk,0+4ﬂ_£2AdS [r (rm r 2 )], + ; r e (r)dr
Yg—1 / "0 a2 1
= I d .
bulk,0 + 47Te2AdS ; ¢ T (r)dr

Here Iy, is the bulk on-shell action in the case that ¢z = 0.

Let us turn to the boundary terms. There are four null boundaries and a space-
like boundary. As the normal vector fields are affinely parameterized, the only possible
boundary terms for the null boundaries are the integration of Ly. Based on the results in
the ref. [30], we see that

_ 0 _
(i) = Iy + 4= V¥ / rd=2 {1 +1n [(d MAdS] } dr
’ 47 o T

Ed,1 (d — 1)€AdS 1 d—1
= I — 1 .
NOT T {n[ o A=

Here Ix is the value of Inr(tgr) at tg = 0. The other boundary term comes from the space-

(3.27)

like boundary DFE. This boundary term is given by the GHY boundary term which reads

Ed,ﬂ‘id

t 2ry —2r*(0 3.28

Icny(tr) =

based on ref. [32].
Comparing with the case of tg = 0, we only have one new additional null-null joint
term at rg which is

Tioints (tR) = Ijoints,0 — In[—73 f(ro)] , (3.29)

where jgints,0 is the value of Tigints(tr) at tgp = 0.
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Because of the time translation symmetry, the surface counterterms are the same as
the cases of tg = 0. Thus the renormalized holographic complexity potential is

Y1 |, /TO d—2 p—1 ri(tp — Ate)d
Caren(T,tR) = CA ren — Y d s
A, ( R) Aren,0 T An2h { AdS 0 r f (T) T+ 4€2AdS

_TS;I [ln(—rgf(ro)) +21In <(d - 1)€Ads> . 2 ] } | (3.30)

To —1

where rg is the function of ¢tz and defined by the eq. (3.19) with r,, — oo. The value of
CA ren,0 s given by eq. (3.17).

3.1.3 Time dependnent complexity

For convenience we choose y = ro/r, and x = (r3/laqs)? " as two free parameters of

complexity potential. In this new coordinate, the state |TFD(T,tg)) is |TFD(z,y)). Let
us define a dimensionless renormalized complexity potential G(z,y) such that,

Chren(2,y) = @G( ) 3.31
Aren\T,Y) = Ar2h z,Y)- ( : )
Comparing with eq. (3.30) we find
G(x,y) =2 " |:7T — cot% + h(y)] , (3.32)
with
v d y! 2
h(y) :/ s42 f 1 (s)ds + f2(2y) - yT [ln(—fl(y)) +2In(d — 1) + dJ ., (3.33)
0 _
and
g Tt ™1 a1 1)d ) —

When d > 3, the vacuum state is given by the parameter x — 0,y = 0. Suppose that x = xg
and y = yp stand for an arbitrary TFD state. According to eq. (2.9), the minimal length
connecting (0,0) and (zo,yo) is given by |Ca ren(0,0) — Ca ren(Z0,%0)| = [CA ren(Z0,Y0)]-
However, when d = 2, as ref. [29] suggested, the corresponding vacuum state is not the one
of r, = 0. Instead, the vacuum state is given by f(r) = 1/¢3,5 + 1/r*. The renormalized
holographic complexity potential for this vacuum state is

ThCABTZvac _  TlAds

(3.35)

> 2

Finally, we obtain the following complexity between the TFD state and its vacuum state

Tz_lzd,1 2

———[G(z0,y0) + 2702 4]

47; h o (3.36)
- 27289 4] —

C(ITFD(T',tr)),10)) =
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1.5+
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2t
0.5 3l —d=3
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d=5
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tr/At, tr/At,

Figure 2. The complexity C(|TFD(0,tr)), |0)) and its growth rate when d > 2. Cy is the complexity
when tgp = At, and Cy = 2M/wh. Higher dimensional cases give the similar results.

with the relationships T = :L‘(l)/(d_l)d/(élwﬁAds) and tp = 20xq5z /@ f5(39). The abso-

lute symbol has been dropped because the right side of eq. (3.36) is always positive when
d > 2 (we confirmed it numerically from d = 2 to d = 10.). The growth rate can be
obtained directly from this expression, which reads'®
d
dtr
2M d
_ {1+ Y6.f1(v0)

C(ITFD(T,tr)), [0))
(3.37)

o B2 ) 4200 1)

The time evolution of the complexity C(|TFD(T,tr)),|0)) and its growth rate are
shown in figure 2 and figure 3. We find that the relationship between the complexity and
tr is not monotonic. When tg runs from At. to infinite, the value of complexity will first
decrease and then increase, so there is a minimal value. For the case that tp — At,., we
have yo — 07. Thus eq. (3.37) shows that

a%mwmﬂmmm%_m as tp — At (3.38)
R

In the late limit tg — oo, it saturates to the Lloyd’s bound,

. d . ; L 2M
Jim S CTFDO0.15)).[0)) = lim Casen = lim Cagen = - (3:39)
From figure 3 it is clear that the Lloyd’s bound is violated in the intermediate and large
time for the BTZ black hole (d = 2), but it is not so clear if this is the case also for d > 2

from figure 2. To check it we consider the the subleading term from eq. (3.37) in the late

time limit:
d 2M  2M yd
S C(TED(T, ) 0) - 2 = BRI gy ) 0 -1y (a40)

10WWhen this paper was finished, ref. [23] appeared which also studied the complexity growth rate. Our
result eq. (3.37) is the same as eq. (E.9) in ref. [23].
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117 1 1

0 2 4 6 0 2 4 6
trrn/Paas trrn/Cigs

Figure 3. The complexity C(|TFD(0,tgr)), |0)) and their growth rates for the BTZ black hole. Cy
is the complexity when tg = 0 and (ff = 2M/mh.

As yo € (0,1), fi(yo) = 1 — 1/yd < 0. In the late time limit, yo — 1~ and the first term
in the right-side of eq. (3.40) dominant, which means that the subleading term is positive.
Thus the CA conjecture violates the Lloyd’s bound slightly in the large time.

3.2 CV conjecture

In this subsection, we compute the time-dependent complexity of the AdS;41 Schwarzschild
planar black holes in the CV conjecture. Let us rewrite the metric (3.7) in the following form

d—1
ds® = s (—g(p)dP* + dp® + h*(p) > di7), (3.41)
i=1
where 2/d
d d
h(p) = <cosh 29) . g(p) = h(p) tanh Ep. (3.42)
Here we introduced dimensionless variables ¢ = ggr—ht, T; = Z;—"xi, 7 = = and performed
Ads Ads Th

a coordinate transformation dp = \/%' The Penrose diagram is shown in figure 4.
T —1/7r

Similarly to the CA case, the renormalized complexity potential only depends on 7, + tg.

We can continue (3.41) into the interior region of figure 4 by setting p = ix and
tr=t+ i. For the case tp = tp = tr, the maximal volume surface is given by the blue
line in figure 4. The upper red dotted line is for {5 = oo and the middle red dotted line is
for tg = 0. The corresponding volume of this codimension-one surface is described by the

following integration

V=it [ 1) =g20) + @p/00dk (3.43)

where 41 = i d?17% is the volume of the spatial geometry. The volume can be maximized
following [37-39].

In principle, we should solve the Euler-Lagrangian equation of (3.43) to find p(#). Al-
ternatively, following [37] we may find the first integral of the equation of motion of (3.43).

— 14 —



Figure 4. Extremal surfaces in the AdS black hole. For given time slices at the left and right
boundary, the volume of extremal surface connecting these two time slices (blue curve) gives the
holographic complexity potential. The upper red dotted line is for g = oo and the middle red
dotted line is for iz = 0.

In other words, because the integrand of (3.43) is time independent the Hamiltonian is

conserved:
oL
=——— — L = const., (3.44)
9p'(t)
which yields
th—l
J —igohd™, (3.45)

V=2 + (9p/01)>

where ho := h(ikg) and go := g(iko) with ro (0 < Ko < 5) satisfying %L{:HO = 0.
From (3.45), we can write the time #p in terms of kg

; /"‘0 dk / dp
B = 2 2
d d d 2d 5 )
¢ (cos §)? tan 7’“ s cosh d tanh 9 /1 + Sopde
/”0 (cos d;) Cot %” (cosh 7”) ~ coth d—; d (3.46)
_ - K .
0 V1—csc?drgsin?dr /1 + csc? drg sinh? dk

v

00 (cosh %) ~? coth %
dp
V1 + csc? drg sinh? dp

Substituting (3.45) into (3.43), the maximum volume can be expressed in terms of the
parameter kg,

2(d—1)

~ Ko (cos dn) 2(d71) Poo (cosh d—Qp) ¢
V =25 104 49 / = dk + / ———dp | . (3.47)
d sin“ dk
0 Sslir;2 d’? -1 0 1+ sinh? df)
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Here we have introduced the UV cut off po, IR cut off € and the factor 2 comes from the
symmetry of figure 4.

To evaluate the renormalized holographic complexity potantial, we will subtract the
surface counterterms which were obtained for d > 2 in ref. [30]:

= 2(d—1)/d
(1) _ faas i1~ ~_ Zd-1034s dpoo
Vi _d—l/Bd Tyo = 71 <cosh 5 :

Vc(tn) =0, n>1,

(3.48)

where ¢ is the induced metric of the time slice on the boundary. Hence the renormalized
holographic complexity potential can be written as

1
CV ren — hm(v - 2‘/(;(1;1)) (349)
’ £ 60
2(d—1) 2(d—1)
~ 2(d—1) d d
2Zd,1€j§ds Ko (cos %’“) d o0 (COSh 7/)) cosh %
- l nZd dre in?d B o |4
Sin K Y
* Ve 1 ° 1+ Gz ap (sinh %) =

As in the CA conjecture, the renormalized holographic complexity potential of
Schwarzschild AdS black holes at the zero temperature limit are all zeros, the complexity
between |TFD(T,t; +tg)) and [TFD(0,0)) then is'!

C(ITFD(TtL + tr)),10)) = CV ren - (3.50)

However, for the BTZ black hole, the vacuum state is not the one of zero horizon. We have
to choose the solution f(r) = 1//3 5 + 1/r? for the vacuum state. Then the renormalized
holographic complexity potential of this vacuum state is given by Cy,BT7z vac = —4W€ids /L.
Thus we have the following complexity for the BTZ black hole

C(ITFD(T, tr, + tg)), |0)) = Cv ren + 47345/ - (3.51)
Combining egs. (3.50) and (3.51) we have an expression
C(|TFD(T, tr, + tg)), |0)) = Cv ren + 4762 al3 45/ - (3.52)

The time evolution of the complexity C(|TFD(T,t; + tr)),|0)) and its growth rate are
shown in figure 5 where the relationship between the complexity and ¢;, + tr is monotonic
contrary to the CA case.

In the early time limit (fg — 0 or kg — 0 ), we have

~ ind poo d
ip= _Sm2 o / ’ , (3.53)
0 (cosh %) ¢ sinh? %

'We have substituted ¢z, + tr for 2tg for comparison with the results obtained by other methods.
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Figure 5. The values of C(|TFD(T,t; + tg)),|0)) and its growth rate when d = 2,3,4,5. The
higher dimensions give similar results. Cy is the complexity when t;, 4+t = 0 and Cy is the Lioyd’s
bound of growth rate, which is given by eq. (3.58).

so the complexity C(|TFD(T,tr, + tr)), |0)) can be written as

C(ITFD(T,t1, +tg)),|0)) = Cv ren + 4702 4l as (3.54)
Sa by (VEd -2+ 1) r2d?T(d + 1) ) )
= (tL—f-tR) + ... —1-471'527(16 /f
@Gy s/ s
At tp +tgr =0,
dym(d—2)L(1+23) M (d—1)lpgs
C(|TFD(T,0)),]0)) = — 62d, 3.55
(1 (T,0)),10)) 7TQ(d_l)F(%ﬁ)}.lTJr — 2,d (3.55)

where we use eq. (3.9) and take the length scale £/xqs = 472h/(d — 1).
In the late time limit ({3 — 00 or kg — K = 55), the renormalized complexity (3.49)
becomes

C(|TFD(T, tr, + tR)), |O>) = CV,ren

idflgids Th (tL + tr) /;d cosdk dk /"00 coth % dp 2
R o) S (o) T
Bg-144
= Z4-1 AdS Tzh (tr +tr) + finite term | . (3.56)
L 204 4
Thus the complexity growth rate in the late time limit is given by
. d 8mlagsM
1 —— C(|TFD(T, t + t 0) = —F—"+, 3.57
tL+tlgl—>oo d(tr + tr) ( (Tt +tr)),10) od—1) ( )

where we use eq. (3.9). If we take the length scale £/fq5 = 47%h/(d — 1) we find that the
Lloyd’s bound is satisfied in the CV conjecture:

d 2M
mC(‘TFD(T, iy + tR)>a |O>) < ﬁ . (3.58)
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Figure 6. The values of C for d = 2,3, 4, 5. C"f is the Lloyd’s bound of growth rate, which is given
by eq. (3.58). We can see that C > 0 and so Cy is the maximum value of C.

Numerical results show that this is the maximum value of the growth rate at all time (see
figure 6), which is different from the CA conjecture.

Let us make a comparison for the complexity growth rates between the CA and CV
conjectures. From figures 2, 3 and 5 we see that at early time, two conjectures give different
results. In the CA conjecture, we see that the complexity between the TFD state and the
vacuum state does not change until tg + t; = At. for d > 2. When t > At,., the CA
conjecture predicts the complexity will decrease first and then increase. The growth rate
at t = At. is negative infinite. In the CV conjecture, we see that the complexity between
the TFD state and the vacuum state always increase with the order of t? when ¢ is small.
In the late time limit, two conjectures predict the complexity will increase linearly in ¢
and the slope is proportional to total mass M. However, in the large time region, the CA
conjecture will approach to 2M from a larger value, so it violates the Lloyd’s bound. If
we choose the length scale £ = 472hlaqs/(d — 1), the CV conjecture satisfies the Lloyd’s
bound at all time and saturates to the Lloyd’s bound in the late time limit.

4 Time dependent complexity of the TFD states: field theory approach

In this section we compute the complexity by the field theoretic methods proposed by
refs. [15, 16]. One is the FS method [15] based on the Fubini-Study metric and the other
is the FG method [16] based on the Finsler geometry. As a common basis of two methods
we start with constructing a time-dependent TFD state for free field theory explicitly.

4.1 Time evolution of the TFD states

Both in the FS and FG methods, a crucial step is to find the transformation from vacuum
state to a TFD state. We will follow the method proposed by ref. [16]. Let us consider a

bosonic Hilbert space H and the occupation number representation. Suppose that a; and

d% are the annihilation and creation operators, which can annihilate or create a particle

k3

of momentum l_c; The particle number density operator at momentum ]_ﬁ; is defined as

Ny, =l oz (4.1)
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As the particle number density operators for different momentum commute each other,
their common eigenstates form a complete basis in the Hilbert space H. Let us assume the
momentum is discrete and introduce the notation,

LT 17, ki) == Ino, Bo)lna, ki) Ina, Ba) - - (42)

(2

to stand for one common eigenstate for all the particle number operators. Here the product
includes all the possible momentum values. Then any state |1)) € H can be written in the

following form

) = Z Crony |10, o) 1, k) -+ . (4.3)

ng,ni, =0
Following a standard procedure of the thermofield double formalism we double the
degrees of freedom (the subscript L for one and R for the other) and consider the product

space of the two systems as
In, ki) pln, kj) R (4.4)

The thermal vacuum TFD state for the free bosons can be expanded as

1 N nwp 2T, -
ITFD) = NG Hze "2, )l R g (4.5)
k; n=0
It can be confirmed by computing the reduced density matrix of the total density matrix
(Ptotal = |[TFD)(TFD|) in the projected Hilbert space Hy or Hg.

X R 1 1w L.
PLiR = VR LProtal = - 11D  exp(—nwp /T)n, ki) (n, ki, (4.6)
k, n=0
where the factor 1/Z insures that Trpy = Trpr = 1. This is the density matrix for the

system of free bosons with temperature 7'
The time dependent TFD state is given by eq. (1.2) so we have

ITED(ty,tR)) = exp[—i(Hpts + Hrtr)]|TFD) o exp[—i(Hptr, + Hgtr)UL0),  (4.7)
where
U =[] exp (e“%/ QTaf‘TagT) — exp { / A ke /2T R (K)al (k)| | (4.8)
Ei T 1

which can convert the vacuum state |0) = |0)1|0)r into the |TFD), i.e., |TFD) U}]O)
This transformation can be understood as a Bogoliubov transformation which is explained
in appendix A. In the second equality, the discrete form has been converted into a continu-
ous form."? The Hamiltonian Hr and Hy, depend on the dynamic of dual boundary fields.

12Ref. [16] proves that f]} has a unitary partner,
Gr = exp { / arctanhe ~“F/2T a1 (B)a"T (k) — aR(E)aL(E)]d“k} , (4.9)

which can also realize |TFD) o G'r|0).
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For the free bosons, the Hamiltonian can be expressed by the creation and annihilation
operators in the following way'?

Hits + Hatn — / A0 (Nt + Nhty) (4.10)

Although in general we cannot find a function f(T', k) such that exp|—i(Hptr+Hptg)] A:TF =
exp [f Atk f(T, E)&RT(E)&LT(E)}, we can find a function f(T, k) satisfying

ITFD(t1,tR)) o exp [ / A4k (T, R)a™ (K)a (k)| |0) . (4.11)

To see this, let us plug egs. (4.10) and (4.5) into eq. (4.7) in the discrete form. Thus
we have

0
_ - /9T oA N - -
|TFD(tL7tR)> X H § e nwki/ exp[_Z(N,?tR + ngtL)”nv ki>L|n7 kl>R
L. n=0

N (4.12)
—nwy [1/2T+i(tr+tL)]| 7 7
o [[D e I, ki) Ln, ki) R -
L. n=0
Now converting it into the continuous form, we obtain that
[TFD(t1,R)) o< Uf (¢4, t2)[0). (4.13)
with the time dependent non-unitary operator'*
Ul(ty,tg) := exp [ / A4 e wrll 2T R R (Yol (k) | (4.15)
This shows that the function in eq. (4.11) is
F(T,F) = e-wslt/2T+iltrrtn)] (4.16)

We see that the time dependent TFD state only depends on t;, + tr. For later use we also
define

i = arctanh[f (T, k)] = arctanhe @rll/2T+iltrtt)] (4.17)

Egs. (4.16) and (4.17) will play crucial roles when we compute the complexity growth rate
in the next subsections.

13The zero point energy has been neglected, as it only contribute a constant factor on the state.
“Note that exp[—i(Hrtr + Hrtr)|U} # Ul(tr,tr). The non-unitary operator Ul (tr,tr) has a unitary
partner:

Gr(te,tr) := exp { / [rea™ (k)a" (k) — r;aR(E)aL(E)]dd—lk} , (4.14)

Thus the time evolution of the TFD state can be generated by two ways: |TFD(tz,tr)) o< Uk (t1,tr)|0) o
Gr(tr,tr)|0).
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4.2 Fubini-Study (FS) metric

Let us first use the method proposed by ref. [15] to compute the complexity between
|ITED(t1,tr)) and the zero temperature limit vacuum state |0). This method is based
on the Fubini-Study metric (see the appendix B for some basic introduction and refer to
ref. [40] for details) and unitary transformations. For a generator set E = {M?' M? ...},
the tangent anti-Hermitian operator T can be decomposed as

T(s) =Y _ Yi(s)M". (4.18)
I
This tangent operator can generate a unitary operator by a time order exponential map

O(s) = P exp [ /0 ST(E)dé] , (4.19)

F
where P denotes a time ordering such that the tangent operator at earlier times is applied
to the state first. This s-dependent operator can induce a curve ¢ : [0, 1] — H such that

c(s) == O(s)|R),  c(0)=|R), ¢(1)=|T). (4.20)

This curve is determined by the generator set (E) and the coefficients (Y7) of tangent
operator which are shown in eq. (4.18). Let us assume the image of the curve is | (s)).
We can compute the length of this curve by the Fubini-Study metric
1
Llc] 12/0 [110s[¢ ()7 = (2 (5)[Ds () [P /Pdls . (4.21)

This paper will focus on the L' normal, i.e., p = 1 because it was shown that p = 1
case leads that the complexity density resembles the divergence structure of holographic
complexity [15].

The complexity between the states |T') and |R) is given by the following optimization
problem,

C(|T),|R)) :=min {E[c] Ve :[0,1] — H, ¢(0) = |R), ¢(1) =1|T),
, d , (4.22)
and 3{Y "} such that gc(s) = ZI:YI(S)M c(s)} .
By this definition, the choice of generator set E may affect the complexity between two
states. So far the generator set E is arbitrary and there may be many possible choices.
Finding the complexity in a very general generator set seems to be a too mathematical
and technical problem. However, in this subsection, we want to compute the complexity
between |TFD(tr,tr)) and |0) which are related by the operators UaT(tL, tr). Because the
TFD states can be generated by some generators which form a su(1,1) Lie algebra, as will
be shown in (4.30), we choose, as a minimal nontrivial generator set,

-,

B, =L, LW, 1Py, (4.23)
i
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with

PP = Pt (Fyakt (%),
1® = aR(i)al k), (424
PP = %[aR@)aRT(E) +a* (k)att (k) - 1]

L L =+i2® LW LD =20, (4.25)

In general, the tangent operator T (s) has the form

Ts) = / A Efas ()2 + a(5)L® + ag(s)LP], (4.26)
and we have .
O(s) = %exp [/o T(s)ds} . (4.27)

In order to compute the complexity between |TFD(¢1,tr)) and |0), we need an s-dependent
operator O(s) satisfying

0(0) =1, O(1)|0) = |TFD(ty,tg)). (4.28)

Since, for different s; and sy, the generators T'(s;) and T'(s2) do not commute, we cannot
drop the time order operator P in (4.27). However, as the generator set (4.23) forms
a complete Lie-algebra, there are three functions b(E, S),C(E, s) and d(E, s) so that the
operator O(s) can have a “normal decomposition” by using the decomposition formula of
the su(1,1) Lie-algebra [15, 41]

O(s) =exp [/ A4 kb(E, s)l:(;)} exp [/ A4 ke(k, s)j}(()];)@ X
exp [/ A4 kd(k, S)I:(_ﬂ)} .

The requirement O(0) = I shows that b(k,0) = ¢(k,0) = d(k,0) = 0. One important
point of the decomposed form (4.29) is that

(4.29)

6069 = 0(6)10) = s exp | [ a2 P| 0} (430)

where N (s) is a normalization constant factor. The constraint eq. (4.28) with eqs. (4.15)
and (4.16) yield
by (K, 1) = e~ wll/2THER+0] = tanhyr, (4.31)

where 7 is defined by eq. (4.17). Following ref. [15], we can find the complexity between
|ITFD(tr,tr)) and |0)

C(|TFD(t1,tg)),|0)) :min{zd_l /O1 ds/ddlk‘a‘gb(;s)'} (4.32)

2 1—[b(k, s)[?
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with the constraint eq. (4.31). The solution for this optimization problem has been
shown [15]:
bk, s) = tanh(rzs) = tanh{s - arctanhe@ll/2THiltrtt)]y (4.33)

and the complexity is given by,

arctanhe~@ell/2T+i(tr+tL)]

(4.34)

For the full conformal symmetry case, we have wy = k, then eq. (4.34) becomes

51 C(ITFD(tz, tR)), |0) = Sa—2 / dkkd=2 ]arctanhe*kﬂ/ﬂﬂ(fﬁ%)1
0

= Qd_lsd_gTd_IEd(f) ,

(4.35)

where Sy_o is the area of (d — 2)-dimensional sphere and t := 2(ty, + tg)T. Z4(f) is a
function defined as (z := k/2T)

o0 ~
Zq() ::/ z42 ’arctanhe*(lﬂt)x dz, (4.36)
0
which is finite only when d > 2. It is more convenient to write the result in terms of the

total energy of the system. For the free scalar field with conformal symmetry, the total
energy F is expressed by

E o0
- / dkT ek 1) = 52074 / e e % dr = Sy_9290(d +1)T, (4.37)
h3g1q 0
so we have 0
=q(t E
TED(tr,t == 4.

The growth rate of the complexity between |TFD(tz,tr)) and |0) can be expressed as

d E -

g 5 o) CUTED (L, R)), [0) = Gy =alt) (4.39)

For small time ¢ we have the following expansion

2q(0) =30 — Z3W2 + oY, (4.40)

N | =

where TJEIO) = T'(d)(2% — 1)¢(d)/[2%(d — 1)] and 3&1) > 0. It is not easy to write down the
analytic formula for J4(1) so the numerical computations shows that

3 ~0.07565, 3 ~0.1639. (4.41)

For large t limit, i.e., in the late time limit, we can see that the phase factor ikt makes a
rapidly oscillation so the complexity becomes constant

lim Z4(0) = 300, (4.42)

t—o00
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Figure 7. The numerical values of C and C at d = 2, 3,4, 5. Here Cy is the complexity when ¢ = 0
and Cy = —Cupin. They show that C will first decease linearly with respective to time t and then
increase later. Finally, the C goes to zero.

with a positive constant ¥ ~ 0.986. Thus we conclude

£~z 7
— gy Jg t for t| < 1,
C(ITFD(tr, tr)), [0)) = { @D ~ (4.43)
0 for [t| — oo.

a0
d(tL+tR)

In figure 7, the values of C(|TFD(tr,tg) and its growth rates for different # are shown. We
see that in the Fubini-Study metric method, the complexity growth rate between a TFD
state and its corresponding vacuum state is negative for small time and increases later,
finally goes to zero in the large time limit. This is very different from the CV and CA
conjectures and also the FS method, which will be considered in the following subsection.

4.3 Finsler geometry (FG)

In this subsection, we will use another field theoretic method proposed by ref. [16] to
compute the time dependence of the complexity in the TFD state. Ref. [16] first try to
define the complexity for an operator and then define the complexity between two states.
Let us first make a brief review on this method.

For a given generator set E = {M?!, M?, ...}, all the operators generated by (eqs. (4.19)
and (4.18))

O(s) == P exp VO T(E)dé] ;o T(s) =) Yi(s)M', (4.44)
I

form an operator set O where the identity operator [ is also included. Eq. (4.44) defines a
curve, c(s), in O, c¢: [0,1] — U. The length of the curve may be defined as

1
L[] :—/ dsF[e(s),T(s)], (4.45)
0
where the Finsler structure F[c(s),T(s)] is always positive and some functional of Y (s),

which depends on the choice of the generators T'(s) of the curve ¢(s). The explicit form of
the Finsler structure will be explained later on.
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Once the length is defined, the complexity of any operator O belonging to O is given
by the minimal length from the identity:

C(O) :=min{L[c] | Yc:[0,1] = O, s.t., ¢(0) =TI and IA #0, ¢(1) = AO}. (4.46)

After defining the complexity of an operator, we may define the complexity from one state
to another state as

C(w2),[¥1)) == min{C(O) | VO € O,s.L.,Olp1) ~ 12)}, (4.47)

where the notation ~ means that two state can be different by a nonzero complex constant.
Thus, there are three steps to find the complexity between two states. Firstly, we have to
find the complexity of all operators in @. Then, we have to find all the operators which
can change the reference state to the target state. Finally, we need to find the minimal
complexity of these operators. For some cases where we only care about the complexity
between states it is not necessary to compute the complexity of all the operators. Instead,
we can directly solve the following optimization problem

C(|a), [1)) := min{L[c] | Ye: [0,1] = O, s.t.,0(s) = ¢(s), O0)=1I and O(1)[th1) ~ [th2)} .

(4.48)
In some cases, this optimization problem is easier to handle than finding complexity of
operators.

In ref. [16], a very general generator set formed by creation and annihilation operators
is considered. Although this makes the generator set big enough, it makes the optimization
problems (4.46) and (4.47) hard to solve exactly. We want to choose a smaller generator
set for the TFD states so that we can compute the complexity analytically. (If we choose a
larger generator set, the complexity tends to decrease because there may be a “shorter path”
in the enlarged generator space.) Also, in order to make a comparison with the results in
the Fubini-Study metric, we will use a generator set, which is defined by (4.23). In this case,
the operator set O is just the infinite direct product of SU(1, 1) group. Any operator in O

-, -

can be parameterized uniquely by three complex-valued functions v4 (k), v (k) and ~o (k).

A ~

O (B), 1 (), 70(B)] = exp [ / dd—lmmﬂ exp [ [atteman @] «
exp [/ ddlk'y_(/;)ﬁ_)] .

We find from (4.16) that |TFD(tz,tg)) ~ Ulye(k),7—(k),70(k)]|0) if and only if v, =
e~ wWpll/2T+itr+tL)] et us take

(4.49)

L

Ur(tr,tg) := exp {/ dd_lke‘wE[l/QT+i(tR+tL)]ﬁf)] . (4.50)

Thus the set of all the operators which can change from |0) to |[TFD(¢z,tR)) is

A

D= {U[%(E),%(E),%(E)] } Yy, € Coyy = 6_”’5[1/2T+i(tR+tL”} ‘ (4.51)
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The complexity between |0) to |TFD(t1,tr)) is given by
C(ITFD(tz,tr)),|0)) = min {C(ﬁ)\ VU € D} (4.52)

In order to proceed, we need to obtain the explicit form of the Finsler structure in the
generator set £'7. Relegating technical details to appendix C we here present a final result.
For any generator T(s) expanded in the basis Ey,

T(s) = / 4 ey (5, LD + ap(s, HEF + a_ (s, D). (4.53)
the Finsler structure is given by
Flg, = fogdl/dd_lkw ai(s,k) || + 1| a—(s, k) || + || aols, k) |I], (4.54)

where £ is a free parameter to be chosen later. Here we chose the L; norm, which is a
natural generalization of the gate complexity to a continuous system. Suppose O (4.44)
is constructed by the sequence of the discrete fundamental operators (logic gates) which
are generated by 1,69, -+ at the time ¢1,%9,---. We can express a generator in terms of
d-functions

N

T(t) = 6(t —t1)o1 +0(t —ta)oa+ -+ = Y _ 6t —ty)on. (4.55)
n=0

L1 norm yields the total number of fundamental operators, so the curve of minimal length
just corresponds to the design of minimal required gates. In this sense, L is a natural
generalization of the gate complexity to a continuous system. For more technical argument
we refer to section E of ref. [20]

Based on the detailed computation in appendix D, it turns out that

C(TFD(ts,ta). 10) = foZams [ a1k 22 | (4.56)
Therefore, we have
C(ITFD(tr,tr)),10)) = 50&11/ 2| em el AT OL | (4.57)
0

Using the definition || - || in eq. (C.9), we finally obtain the complexity between |0) to
’TFD(tL,tR»:

rdel 7 Q) E
C(ITFD(t1,tR)).[0)) = loSa—1S4—22" "' T 1Qu(f) = by e — 4.58
(ITFD(t1,tR)),|0)) = oS 12 i) = togpi e 459)
where Sy 5 is the area of (d — 2)-dimensional sphere, t := 2(t1, + tg)7T,
Qq(t) == / 24267 (| cos wt| + |2t - | sin xt|)dz (4.59)
0

and the total energy E is given by eq. (4.37).
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Figure 8. The numerical values of complexity and its growth rate at d = 2,3,4,5. Cp is the
complexity at £ = 0 and C ¢ is the growth rate at the late time limit. From the left panel, we see
that C will monotonously increase with respective to time ¢. For small £, C will linearly depends on
t. For large t, C will tend to increase linearly with respective to ¢ and C tends to a constant. For
large d, we obtain similar behaviours.

For small ¢
I'(d+1)

Qu(f) =D(d—1) + ==

2+ 0o, (4.60)

and for large ¢

Qq(t) =

SERS

[D(d—1) +T(d)¢] [1+ O(1/1)] . (4.61)
Thus we see that

lwEt/h for |t < 1,
C(|TFD(tL,tr)),10)) = { - (4.62)

bE for [t| > 1.

_d
d(tL —I—tR)

For the intermediate time, we can compute €4(#) analytically but it is not so illuminating.
Therefore, we show a numerical plot for Q4 (f) and Q4(%) in the figure 8. For lager d > 4,
the behavior is similar.

Note that the linear ¢ dependence of the complexity in the late time limit comes from
|zt| in eq. (4.59), which is due to our definition of || - || in eq. (C.9). If we use the definition
| - || in eq. (C.8) then the complexity will be constant independent of time, which is the
same as the FS case. Therefore, our result here is not so robust. It should be understood
as one example to define the field theory complexity showing the linear-time complexity.

The complexity growth rate is positive and linearly dependent of ¢ at the early time
((ty +tr)T < 1), which is the same as the prediction of the CV conjecture. In the late
time limit ((tz 4 tg)T > 1), eq. (4.62) is constant and proportional to 7. In the planar
symmetry asymptotic AdS black hole, the total ADM mass M is also proportional to T
Thus we see that the complexity growth rate is similar to the predictions of both the CV
and CA conjectures in the late time limit. The free parameter ¢y in eq. (4.57) can be
determined if we require that the complexity growth rate saturate to the Lloyd’s bound at
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tr, +tr — oco. We see that if we take

the complexity growth rate at the late time limit saturates to the Lloyd’s bound. However,
it turned out that the subleading term in eq. (4.61) is positive so the complexity growth
rate will approach to the limiting value from the larger value. Thus, like the CA conjec-
ture, at large time region, the complexity growth rate violate the Lloyd’s bound with this
choice of ¢.

5 Summary

In this paper, we have computed the complexity of the time dependent TFD states and
their growth rates by four different methods, two holographic and two field theory meth-
ods. Two holographic methods are based on the “complexity-action” (CA) conjecture or
“complexity-volume” (CV) conjecture. Two quantum field theoretic methods are based on
the Fubini-Study metric (FS) or the Finsler geometry (FG). In particular, for holographic
computation, we have proposed a modified CA and CV conjectures between two TFD
states, [TFD2) and |TFD;)(2.1)

Cv(|ITFDy), |TFDy)) = eV — ¢,

(5.1)
CA(ITFDy), |[TFDy)) = ¢! — ¢,
where C‘(,i) and CX) are the original CV and CA conjectures for the |TFD;) state. It is
similar to the ‘complexity of formation’ proposed in [29] but there is a subtle difference
in that here we do not assume any reference state [16]. These modified versions yield
finite values agreeing to the field theory computation for a static case [16]. For a concrete
example in this paper we consider the complexity between the time-dependent TFD state
and its corresponding vacuum state. We call it ‘complexity’ for simplicity. In the table 1,
we list some main differences between the original and modified CV and CA conjectures.

Our main results for the time dependent complexity for the TFD states are summarized
in table 2. As a companion to table 2, for readers’ convenience, we show a schematic plot,
figure 9 of which precise information can be found in figures 2, 3, 5, 7, and 8. We define a
common time t = ty, + tg for all cases.

If ¢ = 0, four different methods give similar results but give different predictions on
the time evolution of the complexity. At early time, both the CV conjecture and FG
method predict that the complexity will increase as 2 while the FS method predicts that
the complexity will decrease as —t2. The CA conjecture says that for d > 2 the complexity
does not change until a critical time and after then it will decrease. For d = 2, it decreases
first and increases as time goes on.

In the late time limit, the CA conjecture, CV conjecture and FG method predict that
the complexity will increase linearly in ¢ and the growth rate will be proportional to the
total energy of the system. On the contrary, the FS method shows that the complexity
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Original conjectures Modified versions
Non-negativeness CV: Yes, CA: No Yes

A particular but unknown
Reference state P No need

reference state (|R*)) is assumed

Finite between

Is complexity finite? Always infinite
rpiexity fi ways i two TFD states

Can compute complexity

between two TFD states? No Yes
Can be computed Can be computed
Complexity of formation only with a given particular with an arbitrary
reference state |R*) reference state ¢

Table 1. The differences between the original CV and CA conjectures and our modified versions.
The complexity of formation is defined in ref. [29]. For a given reference state |¢), the complexity
of formation of state |¢2) from [¢1) is defined by AgC(|v2), 1)) := C(|¢2), |9)) — C(|¢1),|8))-

CA Cv FS FG
tr, +tr =0 Coc% Coc% Coc% Coc%
, C=0ifd>2 . . .
early time . Cxt Cox —t Cxt
C=—-0ifd=2
late time C:% C:% C=0 C:%
sign(C) indefinite + indefinite +
Lloyd’s bound broken satisfied | saisfied | broken

Table 2. The summary of the complexity between the time-dependent TFD state and its corre-
sponding vacuum state in four different methods. ¢t = t; + tr and E is the total energy of the
system. We have set £/fpqs = 472h/(d — 1) for the CV conjecture, ¢y = 2d/m for the FG method,
and the speed of light ¢ = 1.

in the late time limit will keep constant rather than increasing. The CV conjecture and
FG method show that the complexity will monotonically increase for ¢ > 0 while the CA
conjecture and FS method show that the complexity first decreases and then increases.
The Lloyd’s bound is satisfied only for the CV conjecture and FS method. The Lloyd’s
bound is also satisfied for the CA conjecture and FG method in the late time limit, but it
is weakly violated in the intermediate time. We have set £/faqs = 472h/(d — 1) for the CV
conjecture, ¢y = 2d/m for the FG method. With other choices, the growth rate saturate to
some value which is not the Lloyd’s bound.

The results summarized in table 2 seem to give us some pieces of information to
judge which are appropriate methods to compute the complexity among two holographic
conjectures and two quantum field theory proposals. For examples, if we expect that the
complexity should increase with time then it seems that the CV conjecture and FG method
are favored. The similarity between the CV conjecture and the FG method in the early and
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C/Co

Figure 9. Schematic plots for the complexity by four methods: the holographic CV and CA
conjecture and the field theoretic FS and FG methods. It is obtained from figures 2, 3, 5, 7, and 8.
t =tr +tg. Left: C/Cy, where Cy is the complexity at ¢ = 0. Right: C/Cf, where Cf is the growth
rate at t — oo in CA,CV and FG methods, and Cf = —Cpin in the FS method.

late time limit seems to show these two proposal are more correlated while they are different
in the intermediate time regime. Note that the FS method is quite different from all the
other methods. In particular, the FS method shows the complexity will keep constant in
the late time limit. Because the linear growth of the complexity in the late time limit has
much evidence both in quantum information theory and holography [6, 7, 9, 13, 42-44] it
seems to be a challenge to the F'S method.

However, there is also a caveat in the FG method. The results of the FG method
depend on the definition of the Finsler structure. Our result here should be understood as
just one example to define the Finsler structure displaying the linear-time complexity in the
late time limit and showing similar behaviors to holographic complexity. For both the FS
and FG method, the complexity also depend on the generator set. We have chosen a small
generator set to make the TFD states so that we can compute the complexity analytically.
If we choose another generator set the complexity may or may not change. Therefore, it
will be interesting to investigate how much our results are robust under different choices
of generator sets and/or different choices of the Finsler structures.
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A Bogoliubov transformation and TFD states

To construct a TFD state, we may use a bogoliubov transformation from the vacuum state
defined by any chosen annihilation operators [16]. Let us first decompose the Hilbert space

H = Hr X Hp and define two groups of annihilation and creation operators {d%w&g } and

{dg, dgT}, which define a vacuum state |0):
az|0) = af|0) =0, Vki. (A.1)

However, the decomposition H = Hjy X Hpg is not unique. One can choose another
decomposition such that H = Hp x Hy with the annihilation and creation operators
{bg ) bg} and {b?T, bgT}. The annihilation operators {b;?. , bg} also define a vacuum state

| B) such that Bg |B) = ISED |B) = 0 for V k;. In general, two kinds of decompositions can have
no special relatilonship. ﬁowever, if we demand that they satisfy the following relationship

bD 1 _emw/a] [l
] s -

for a normalization factor ¢;; which makes the operators {l;’? , Bg} and {IB?, I;kgT} to satisfy

the canonical commutation relation, ref. [16] and ref. [45] have proven that the vacuum
state |B) can be expressed by

|B> 0.8 H Z e—ﬂnw,;i/a|n7 Eﬁﬂn, E’L>R . (A?))
k. n=0

i

There is a non-unitary operator

Ul .= Hexp (eiﬂw’;i/a&?&?) = exp {/ A% e ™R/ 20 (B)alt ()| | (A.4)
k;
which can convert the vacuum state |0) into the |B), i.e., |B) f]i|0> In the second
equality, the discrete form has been converted into a continuous form.
In order to prove the state |B) is a TFD state, the easiest way is to find the reduced
density matrix in the projected Hilbert space Hr, or Hpr. Ref. [45] has shown that the state
in eq. (A.3) has the following reduced density matrix

U e R o
pr=pr=~ H Zexp(—Qﬂ'nwa/a)m, ki) (n, ki, (A.5)
k. n=0

where the factor 1/Z insures that Trpr, = Trpr = 1. We see that this is the density matrix
for the system of free bosons with temperature T = a/2xr. Thus, the projected states of
|B) in Hilbert space Hy, and Hp are two thermofield state. This shows that |B) is a TFD
state with temperature T' = a /2.
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B Fubini-Study metric

Let us consider an n-dimensional Hilbert space H. Any two vector |¢1) and |¢)2) describe
the same state if there is a nonzero complex number ¢ such that |¢)1) = ¢|i2). This means
that the different states of the Hilbert space ‘H form a complex projective space CP". As
CP" = §?7+1 /81 we can use the length of geodesic curve in S27*!/S! to build the distance
of two states. It turns out that this distance is the Fubini-Study distance, which is

Drs([), |¢)) := arccos(|(¢|#)]) € [0,7/2]. (B.1)

In this equation, the state vectors should satisfy (i|1)) = (¢|¢) = 1. This expression can
be generalized to the infinite dimensional cases. To obtain the line element in a local form,
let us assume

|6) = N (1) +dly)) (B.2)

and expand to second order in the vector d|¢)). N is the normalization factor for (¢|¢) = 1.
The result is the Fubini-Study metric

dstg(|1h)) = (dup|dep)® — [(dep[w)]*. (B.3)

For any curve [ : [s;, s¢] — H such that I(t) = [¢(t)), its length is defined by

Hm:/Wmmmwmz/wwwwwmwww@@www (B.4)

@ @

If there is no restriction for the curve, the length of the geodesic connecting any two states
is given by eq. (B.1). We can define the complexity for two states

C([¥),19)) := Drs(|4),[¢)) = arccos(|($|¢)]) € [0,7/2]. (B.5)

However, in the case that the curve can only be generated by some appointed generator
set E, the minimal length of the curves may be different from the eq. (B.1) and we have
to solve the following optimization problem

C(lv), @), B) = min{L*[I] | I(s:) = |¢), 1(sy) = )} - (B.6)

As noted by ref. [15], it is not necessary to restrict the line element in L? normal. Then for
more general case, we can define the general Fubini-Study metric by LP normal, which reads

ds 1= [[10u[(s))” = | ()| ufi(s) P17 (B.7)

C Finsler structure in the generator set Ep,

In this appendix, we explain how to obtain the explicit functional form of the Finsler
structure. We start with the proposal for a more general case in ref. [16] and we restrict
ourselves to the generator set E.
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In ref. [16], the generator set is chosen as the general enveloping algebra of Heisenberg-
Weyl Lie algebra. Let us first define the fundamental generator set E° to be the collection
of all the creation and annihilation operators

0. U{aj,ai,ﬁ}. (C.1)

Here index i stands for different creation and annihilation operators (in our context, 4
may stand for k and the superscript R and L.). [ satisfies [&i,&;] = ﬁéij and Ié = é for
Vé € EY. This fundamental operator set forms a Heisenberg-Weyl Lie algebra. Because
this generator set is not big enough ref. [16] extends it to a larger set E by

b= U(Eo)nv with (EO)" := {M%27n =1 ¢ &, -+ &, : V&, éiy, -+, &, € E°}. (C.2)

! = ala; for Vi,j. In the defi
nition (C.2), é;,,é;,, - ,€;, do not need to be different from each others. This extended

Here the “: :” stands for the normal ordering, e.g., : didT

operator set forms the general enveloping algebra of Heisenberg-Weyl Lie algebra. Any
generator T(s) can be expand it by basis E as follows:

o) =0T SV SV 3 Vo (2 (0
ij

0192 +in

Here Ty(s), Yi(s), Yij(s), - - - are complex numbers, M, M- are the elements in E except
for I. Then the Finsler structure expressed in the basis (C.2) is given by [16]

Flp=1¢| Y | Yi(t) ||+QZHYU I+ D Yiigein @) - |- (C4)
)

1192+ +0n

Here /5 is a dimensionless positive constant. The meaning of || - || will clarified later on. For
the continuous index case, the summation in the right-hand of eq. (C.4) should be replaced
by integration. Here the index F is added into F' to explicitly show that the right-hand of
eq. (C.4) is valid only when we use the set E to expand T'(s).

In this paper, the generator set Ey, is neither E nor its subsect, we cannot directly use
formula (C.4) to obtain the functional form of the Finsler structure in the basis Ey, as the
functional form of a Finsler structure depends on the basis. However, the generator set Ep,

is just the linear combinations of some elements in F,

. [aftt (k)alt (k)]
A 1,0,0,0,0 | a®(k)ak(k)
i®1 =10,1,0,00]| | af(k)aR (k) (C.5)
ﬁolz) 0,0,3,4,3 aLT(E%aL(E)

Let us consider a generator T(s) expanded it in the basis Ef,

T(s) = / 4 ko (s, B)EP + ao(s, L + a (s, F)EP]. (C.6)
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Using the basis transformation formula in eq. (A.5) of ref. [16], we find that the functional
form of the Finsler structure is

265211—1
(27.‘.)d—1

=502d1/dd1k[H o (s, k) || + || a—(s. k) || + || ao(s, k) II], (C.7)

_ - | L1 -
Fli, = [l s B+ a8 |+ L an(s,B) 1+ 1L aos. ) )

where we define that ¢y = 2¢,/(2m)41L

The notation || - || was introduced in ref. [16]. Let’s explain again why it is used
in the Finsler structure (C.4). For a complex number Y/ = pf e one may want to use
| Y ||= p! but this will lead to an inconsistent: the “rotation” caused by 6 will change
the operator O(s) but it does not change the complexity. One simple modification will be

| YZ(s) |= p'(| cos 0| + |sin6!]) = [ReY!(s)| + [ImY(s)|. (C.8)
Another possibility is [16]
1Y (s) [l:= ReY(s)| + 16" (s)| - [ImY ! (s)] - (C.9)

where 6(0) € [—m, ) and 6(s) is continuous for s € [0, 1]. In this paper, we choose the (C.9)
as we can see that it can give the linear growth rate of the complexity at the late time limit.

D Complexity of operator generated by Ej,

In this appendix, we will give the method to compute the complexity for any element
in operators set U which is generated by generator set (4.23). Any operator in U can
be parameterized uniquely by three complex-valued functions 7+(E),7_(E) and ’yo(E) by
eq. (4.49). In order to find its complexity, we have to compute the lengths of all curves
connecting U and identity in U, and then find the minimal value of them. In U, any curve
starting from identity can be given by an s-dependent operator O(s) as

)(s) = P exp [/0 T(g)dg} , (D.1)

where

T(é):/dd_lk[a+(.§, RLP 4 a3 REP +a_(3,K) LW, (D.2)

As [T'(31),T(32)] # 0 in general when s1 # so, the time-order operator cannot be neglected.
Different choices of functions {ai(s k) ao(3,k)} give different curves. We need thls curve
to end at U when s = 1, i.e., O(1 ) U. Let us find the relationship between {’yi( 0(k)}
defined in eq. (4.49) and {o (s, k), ag(s, k)} when we require that O(1) = U.

It is more convenient to consider the problem in the discrete momentum system. As
the elements with different momentum in (D.1) are commutative to each others, we can
see that

= H O (s), (D.3)
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where

O (s) :z%exp [/ A~,(§)d§] , (D.4)
1 0 1

T (s) = ar (3, ) EF) 4 ao (3, K)EF) + (5, F) L5 (D.5)
S s vg )Ly 0\o, hvg )i s g ) Lo

The operator OE(S) has also a normal decomposition by three functions b; (s),cz ()
and dy. (s)

—

Oy, (5) = explby () L] expley () L8] expldy (s)L4). (D.6)

Differentiating both (D.4) and (D.6) with respective to s, we have

2] (D.7)

+ di explo L expleg L 1L expldy, L&)

There is a very useful formula when we compute the right hand of (D.7). For any two
operators A, B, let us define [V A, B] := B and [tV A, B] := [A, [ A, B]]. Then we

can find -

N 1 NP
eBe ! = 2‘6 H[( JA, B). (D.8)
With this formula and the commutation relation (4.25), eq. (D.7) becomes

7 A > (ki : (ki ~ (ki e 17 (K

T ()05, = {br LS + ¢ [E6) — b L)+ e[ L5) — 20 :

= {1, — by, + B2 FILE 4 [~ 2a
= [ (s, EZ)I:S]_%) + ao(s, Ez)f/(()kl) +a_(s, k)L ki)]OAﬂ .
Thus we obtain the following differential equations

—

b;%}(s) = o (s, k) + ao(s, ki)by (s) + b%i(s)a_(s, k;),
¢ (8) = an(s, ki) + 2bg: (s)o—(s, k2), (D.9)
d;‘g.(s) =a_(ski)e i

They should satisfy the following boundary conditions:
.(0)
(1)

The first line comes from the requirement OE(O) = I and the second line comes from
0(1) =T or OE(I) = UE-’ where 0}2 is the discrete form of eq. (4.49):

¢, (0) = di (0) = 0,
ye(ki), g (1) =In(y(k)), dg (1) =7-(k).

L

’ D.10
) (D-10)

L

U=1[0z. (D.11)
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with
(7,;1_ = exp[7+(Ei)f)$i)] exp[ln’yo(lgi)f)éki)] exp[v_(Ei)ﬁfi)] . (D.12)
Based on the function form in eq. (C.4), the complexity for a particular operator U
defined in eq. (4.49) can be obtained by following optimization problem

S CO 4 (B), - (F), vo ()

. L 3 3 3 (D.13)
= min {fo/d k/ ds[l| o (s, k) | + | ao(s, k) || + || a—(s, k) ||]}

0
with the restrictions given by eq. (D.9) and eq. (D.10). As these restrictions are independent
for different k, we can further write eq. (D.13) as

24 C U (R), 1= (R) 70 (F)

L B B B D.14
= ﬁo/ddlk [min/o ds{[l ey (s, k) [| + | ao(s, k) || + [} a—(s, k) H}] .

As the differential equations (D.9) is highly nonlinear, for general values of v, (k), y— (k)
and fyo(lg), the optimization problem (D.14) is not easy to solve. However, it is possible to
find the complexity presented in eqgs. (4.52) and (4.51). As the eq. (4.52) finds the minimal
length in all the possible values of v_(k) and ~o(k), the two of three functions a. (s, k) and
(s, k) will be free. We can choose that a_(s, k) and aq(s, k) are free. Then egs. (D.14)

becomes,

2221C(ITFD(tL, tR)), |0)) =€o/dd_1k [min/o ds{ll ao(s. k) || + I a—(s, k) | (D.15)

+ [ B — (s, B)bg + b2a—(s,7) [1}] |

-,

for arbitrary functions a®, aék) and by with bz (0) = 0 and b (1) = v (K). When ¢t = 0

—.

in eq. (4.51), the solution of (D.15) can be obtain by the following method. As v4 (k) € R

-,

and 0 < 74+ (k) < 1, we can naturally expect that the solution of eq. (D.15) is given in the
case bz(s) € R and |bg(s)| < 1. Then one can see that

1 -, o

/0 ds{|l i (s) || + | a®(s) || + || b(s) — aa(s, B)b(s) — b2(s)a—(s. k) |1}
1 o -

> /0 ds{|| b(s)ab” () | + || B2(s)a™ (s) | + | bi(s) — (s, K)b(s) — bE(s)a—(s, ) [}
1 o o

> /0 ds{]| bp(s)af” (s) + b2(s)a ™ (5) + b (s) — an(s, K)bg(s) — bE(s)a— (s, k) ||}
1 , 1 .

= [ st =1 [ s = ().

The final equality can be satisfied only when ag(s,k) = a_(s, k) = 0 and b;;(s) < 0 or

b’E(s) > 0 for Vs € (0,1). When t +tg # 0, we see Imy, (k) # 0. In this case, we have
to separate every variable into the real part and the imaginary part firstly. Then we use
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the definition in eq. (C.9) to convert || - || into the usual absolute symbol. After that, we
can use the Euler-Lagrange equation to find the minimal value in eq. (D.15). The result
still shows that the minimal value can be reached if ag(s, k) = a_(s,k) = 0. Hence, we
find that,

51 C(ITFD 11, t)),[0)) = 4o / A1k || v (B) | (D.16)

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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