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Abstract Based on general and minimal properties of the
discrete circuit complexity, we define the complexity in con-
tinuous systems in a geometrical way. We first show that
the Finsler metric naturally emerges in the geometry of the
complexity in continuous systems. Due to fundamental sym-
metries of quantum field theories, the Finsler metric is more
constrained and consequently, the complexity of SU(n) oper-
ators is uniquely determined as a length of a geodesic in the
Finsler geometry. Our Finsler metric is bi-invariant contrary
to the right-invariance of discrete qubit systems. We clarify
why the bi-invariance is relevant in quantum field theoretic
systems. After comparing our results with discrete qubit sys-
tems we show most results in k-local right-invariant metric
can also appear in our framework. Based on the bi-invariance
of our formalism, we propose a new interpretation for the
Schrodinger’s equation in isolated systems — the quantum
state evolves by the process of minimizing “computational
cost”.
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1 Introduction

Based on the intuition that the classical spacetime geometry
encodes information theoretic properties of the dual quan-
tum field theory (QFT) in the context of gauge/gravity dual-
ity, many quantum information concepts have been applied
to investigations of gravity theories. A notable example is
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the holographic entanglement entropy (EE) of a subregion
in a QFT [1]. Even though EE has played a crucial role
in understanding the dual gravity, it turned out that EE is
not enough [2], in particular, when it comes to the inte-
rior of the black hole. In the eternal AdS black hole, an
Einstein—Rosen bridge (ERB) connecting two boundaries
continues to grow for longer time scale even after thermal-
ization. Because EE quickly saturates at the equilibrium, it
cannot explain the growth of the ERB and another quantum
information concept, complexity, was introduced as a dual
to the growth of ERB [3,4]. To ‘geometrize’ the complex-
ity of quantum states in the dual gravity theory, two conjec-
tures were proposed: complexity-volume (CV) conjecture [4]
and complexity-action (CA) conjecture [5], which are called
holographic complexity." See also Refs. [15-17].

However, note that the complexity in information theory
is well-defined in discrete systems such as quantum circuits
[18]. For example, the so-called circuit complexity is the min-
imal number of simple elementary gates required to approx-
imate a target operator in quantum circuit. On the contrary,
holographic complexity is supposed to be dual to complex-
ity in a QFT, a continuous system. Thus, there may be a
mismatch in duality if we try to compare the holographic
complexity with the results purely based on the intuition from
circuit complexity and it is important to develop the theory of
complexity in QFT. Compared with much progress in holo-
graphic complexity, the precise meaning of the complexity
in QFT is still not complete. In order to define complex-
ity in QFT systematically, we start with the complexity of
operator. The complexity between states will be obtained
based on the complexity of operator. For the complexity
of states we make a brief comment in Sect. 8 and refer to
[19] for more detail. Our strategy to define the complexity
of operator is: (i) extract minimal and essential axioms for
the complexity of operator from the circuit complexity and
(i1) define the complexity in continuous QFT systems based
on that minimal axioms and smoothness (from continuity)
(iii) consider general symmetries of QFT to give constrain
on the structure of complexity. It will turn out that these steps
enable us to determine the complexity of the SU(n) operators
uniquely.

We want to emphasize that not all properties of circuit
complexity survive in the complexity in QFT. The difference
between discreteness and continuity makes some essential
differences in properties of the complexity. For example, a
few basic concepts in “circuit complexity” (computational
complexity), such as “gates”, are not well defined in gen-
eral quantum QFT so they should be modified or abandoned.
Thus, we will keep only the most essential properties of the
circuits complexity (which will be abstracted into the axioms

1" Along these lines, there have been a lot of developments and we refer
to some of them, [6—14], for examples.
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G1-G3 in the following section). As another essential ingre-
dient from QFT side, we will take advantages of basic sym-
metries of QFT, which may not be necessary in the case of
quantum circuits or computer science. Because of the effect
of this new inputs from QFT, some properties of the complex-
ity in QFT we obtained may be incompatible with quantum
circuits or qubit systems but they are more appropriate for
QFT.

Our work is also inspired by a geometric approach by
Nielsen et al. [20-22], where the discrete circuit complexity
for a target operator is identified with the minimal geodesic
distance connecting the target operator and the identity in a
certain Finsler geometry [23-26], which is just Riemannian
geometry without the quadratic restriction. Recently, inspired
by this geometric method, Refs. [13,27-30] also investigated
the complexity in QFT. However, in these studies, because
the Finsler metric can be chosen arbitrarily, there is a short-
coming that the complexity depends on the choice of the
metric. In this paper, we show that, for SU(n) operators, the
Finsler metric and complexity are uniquely determined based
on four general axioms (denoted by G1-G4) and the basic
symmetries of quantum QFT.

In order to make our logic and claims clear we show a
schematic map for the logic structure of this paper in Fig. 1.
We want to answer the following questions: (1) for what oper-
ators can we define complexity? (2) what are basic properties
that complexity should satisfy? (3) for quantum field theory,
what symmetries should appear in the complexity? (4) what
can we obtain for complexity by the answers of above three
questions? (5) what are the similarities and differences com-
pared with previous works?

Form the section perspective, this paper is organized as
follows. In Sect. 2, we introduce minimal and basic con-
cepts of the complexity and propose three axioms G1-G3
for the complexity of operators, which are inspired by the
circuit complexity. In Sect. 3, we show how the Finsler met-
ric arises from G1-G2 and the smoothness of the com-
plexity (G4). In Sect. 4, by using fundamental symme-
try properties of QFT, we investigate constraints on the
Finsler metric and the complexity. In particular we show
that the Finsler metric is bi-invariant by several different
approaches and is determined uniquely if we take the axiom
G3 into account. We also compare our results with previ-
ous researches regarding bi-invariance. In Sect. 5 we derive
the explicit form of the Finsler metric of the SU(n) group.
Thanks to the bi-invariance, the geodesic in the Finsler space
of SU(n) group (so the complexity) is easily computed.
In Sect. 6, as one application of the geodesic in the bi-
invariance Finsler metric, we propose a “minimal cost prin-
ciple” as a new interpretation of the Schrodinger’s equation.
In Sect. 7 we make a comparison between our complexity
and the complexity for K-qubit systems. In Sect. 8 we con-
clude.
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Fig. 1 The logical flows of this paper. By answering three basic ques-
tions at the far left side we show that the complexity geometry is deter-
mined by a unique bi-invariant Finsler geometry. As an application of
our formalism, we show that the Schrodinger’s equation for isolated

2 Axioms for the complexity of operators
2.1 Why unitary operators?

In order to make a good definition of the “complexity of
operator” we first need to clarify what kind of “operator” we
intend to deal with in this paper.

Intuitively, the complexity of operator measures how
“complex” a physical process is. Thus, the operator should
corresponds to a “realizable” physical process. This concept
can be formulated as follows. An operator O is called &-
realizable if there is at least one experimental quantum pro-
cess ¢ (for example, a quantum circuit) so that the following
inequality holds for arbitrary two states |i1) and |y)

~ 2
(2] OlYn) = (Wl (W1))| =<e, 2.1)

with ¢ > 0. Here |¢ (1)) is the output state of the quan-
tum process ¢ for an input state |y1). The ¢ is the toler-
ance when we use a ¢ to approximate (simulate) the target

systems can be obtained from a “minimal cost principle”. Although the
bi-invariant geometry looks very different from the right-invariant k-
local Riemannian geometry proposed by Ref. [27], we will show that
for all k-local operators two theory will give equivalent results

operator 0. Any physical system ¢ satisfying the inequal-
ity (2.1) is called an e-realization of operator O and denoted
by ¢. 0. All e-realizable operators form a set O;. If an oper-
ator is e-realizable for arbitrary positive ¢, then we call it a
realizable operator. For example, the identity I, which just
keeps the input as the output, is one realizable operator. All
the realizable operators form the set O. Quantum system
¢o = lim,_, o+ ¢, o is called a realization of operator 0.
With the set of input states (Si,), the set of output states
(Sout») by realizable operators (é € ) can be expressed as

Sout = OSin := {OY)IVO € O, V|Y) € Sin). 2.2)
We assume
Sout € Sin, (2.3)

which makes it possible that the elements of output set can be
used as new inputs. With the assumption (2.3), we can define
the products of operators. The product between elements in
O can be defined as

@ Springer



109 Page 4 of 20

Eur. Phys. J. C (2019) 79:109

(0102)1Y) := O1(0a2lY)). VIY). (2.4)
By the definition of realizable operators, it can be shown that
01 52 isrealizable if 61 and 02 are both realizable operators.
Thus, O forms a monoid (semigroup with identity).

If we restrict physical processes to quantum mechanical
processes, Eq. (2.1) implies that realizable operators are all
unitary rather than Hermitian. In other words, our target is a
property of the physical process rather than a direct observ-
able. As quantum circuits are quantum mechanical processes
and Solovay—Kitaev theorem [31] says that all the unitary
operators can be approximated by some quantum circuits
with any nonzero tolerance, we can conclude that the realiz-
able operators set is the set of unitary operators. As unitary
operators are invertible, the realizable operators set O forms
a (finite dimensional or infinite dimensional) unitary group.?

2.2 Definitions and axioms

Intuitively speaking, the circuit complexity (or computa-
tional complexity) of a target operator ( or computational
task) is defined by the minimal number of required funda-
mental gates ( or fundamental steps) to simulate the target
operator ( or finish the computational task). Based on this
intuitive concept of the complexity in quantum circuits and
computations, we propose that the complexity defined in
an arbitrary monoid O should satisfy the following three
axioms. We denote a complexity of an operator x in an oper-
ators set O by C(x).

G1 [Nonnegativity]
Vx € O, C(x) > 0 and the equality holds iff x is the
identity.
G2 [Series decomposition rule (triangle inequality)]
VX,y € O,C(xy) < C[X)+CH).
G3 [Parallel decomposition rule]
V(X1,%) e N = O x Oy € O, C((xAl,xAz)) =

C(G1. 1) +¢((y, £2)).

Here, in G2, it is possible that the operator Xy is decom-
posed in different ways, say x’3’. In this case, G2 can
read also as C(X9) = C(X'y) < C@E) + C(H). In G3,
we consider the case that there is a sub-monoid NV € O
which can be decomposed into the Cartesian product of two
monoids, i.e., N = Oy x O,. 1; and 1, are the identi-
ties of O and O,. The Cartesian product of two monoids
implies that (X1, x2)(J1, y2) = (X1y1, X2y2) for arbitrary
(X1, %2), U1, 92) € N.

2 Hermit operators, which correspond to observable quantities and are
not unitary in general, cannot be approximated by quantum circuits if
the tolerance is small enough.

@ Springer
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Fig. 2 Schematic diagram for the complexity of the Cartesian prod-
uct and parallel decomposition rule. As two operators X; and X are
simulated independently, the minimally required gates for (X, X2) is
the sum of the minimally required gates for X and X,. Thus, we have

C((G1, #2) = C((G1, o)) + e, %)

The axiom G1 is obvious by definition. We call the axiom
G2 “series decomposition rule” because the decomposition
of the operator O = £3 to £ and 3 is similar to the decompo-
sition of a big circuit into a series of small circuits. Reversely,
the ‘product’ of two operators corresponds to a serial con-
nection of two circuits. The axiom G2 answers a basic ques-
tion: what is the relationship between the complexities of two
operators and the complexity of their products? Because the
complexity is a kind of “minimal”, we require the inequality
in G2.3 This G2 will lead to the familiar “triangle inequality”
in the concept of distance (see F3 in the Sect. 3) so it is also
called “triangle inequality”.

In contrast to G2 (series decomposition rule), we call the
axiom G3 “parallel decomposition rule”, which is chosen
as one of the most basic axioms in defining complexity for
the first time in this paper.* It comes from the following
fundamental question: if an operator (task) O contains two
totally independent sub-operators (sub-tasks) X1 and X, what
should be the relationship between the total complexity and
the complexities of two sub-operators (sub-tasks)? Here, the
totally independent means that: (a) 0] accepts two inputs and
yields two outputs through x; and x5, and (b) the inputs for
X1 (or xp) will never affect the outputs of X, (or x;). See Fig. 2
for this explanation.

Mathematically, the construction of a bigger operator 0]
by X1 and X, under two requirements (a) and (b) corresponds
to the Cartesian product denoted by O = (%1, %2). Note that

3 The reason for axiom G2 has been explained clearly also in the Niel-
son” works [20-22].

4 In some cases, the parallel decomposition may be impossible. How-
ever, in local computations/gates, the parallel decomposition is permit-
ted, for example see Ref. [32]. Our axiom G3 does not talk about the
possibility of the parallel decomposition, but says what will happen to
the complexity if the parallel decomposition is permitted.
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the Cartesian product of two monoids does not correspond
to the tensor product in a linear representation (i.e., a matrix
representation). Instead, it corresponds to the direct sum. For
example, if matrixes M and M, are two representations of
operators X1 and Xy, then the representation of their Cartesian
product Ois M| @& M,, which is neither M| ® M, nor M| M.

In the language of computer science, this “fotally inde-
pendent” just means that one task contains two independent
parallel tasks. Thus, the axiom G3 tries to answer the follow-
ing question: if a task contains two parallel sub-tasks, what
should be the relationship between the total complexity and
the complexities of such sub-tasks? In term of mathematical
language, it amounts to asking: what should be the relation-
ship between C((%1, £2)), C((%1, 1)) and C((T1, £2))?

G3 answers this question by requiring that the complexity
of two parallel tasks is the sum of their complexities, which is
very natural. See Fig. 2 for a schematic explanation. In matrix
representation, G3 says, for an operator M = M| & My,
C(M; & M) =C(My)+C(M>). It can be generalized to the
direct sum of many operators: for a finite number of matrixes
My, M, ..., My, we have

k k
Parallel decomposition rule G3: C (@ Mi) = Z C(M;).
i=1 i
2.5)

One may worry about the self-consistency between G2
and G3 and | argue that we can only require C ((01, 02)) <
C(01)+C(02) as theremaybeotheroperators{Oa, O Os,
Oh} to satisfy (05,, Oa)(Ob, 0,) = (01, 02) but the total
gates is less than C (01) +C (éz). However, this is impos-
sible. One can see that the sum of the minimal gates of
{04, 0L, Op, 0;}is C(O,) +C(OL) +C(0p) +C(0}). But
according to the fact that 0, OA; = Oy and O, OAZ’7 = 0y, we
find that

C(04) +C(0)) +C(0p) +C(0}) = C(O1) +C(Oy).

Thus, C(él ) +C((52) is the minimal gates to obtain ((51 , 02).

The axioms G1-G3 are satisfied by both circuit complex-
ity and computational complexity. We have expressed the
abstract concepts extracted from circuit complexity and com-
putational complexity in terms of mathematical language and
will take them as three basic requirements to define complex-
ity also in other systems. The axiom G1 and G2 can be sat-
isfied by Nielson’s original works Refs. [20-22] and recent
other approaches to complexity such as Refs. [13,27-30].
However, these works did not take into account the question
related to G3 and broke the requirement in axiom G3 in gen-
eral. From the viewpoint of quantum circuits (or computer
science), series circuits (or tasks ) and parallel circuits (or
tasks) are two fundamental manners to decompose a bigger
circuits (or tasks) into smaller ones. Thus, the axioms G3

should be as important as G2. In this paper, we propose the
concept of G3 for the first time and show that it plays a cru-
cial role in determining the form of the complexity of SU(n)
operators. We may be able to modify G3 in somewhat unnat-
ural way, which will lead us to another form of the Finsler
metric similar to (7.7). This point will be clarified in more
detail in Ref. [33].

3 Emergence of the Finsler structure from the axioms
for the complexity

In this section, we show that the Finsler metric arises from
the minimal and general axioms for the complexity G1-G3
and the smoothness of the complexity. From here, the group
element may represent either an abstract object or a faithful
representation, which will be understood by context.

In Sect. 2 we have shown that the realizable operators
are unitary operators, so the question now becomes how to
define the complex1ty for unitary operators. As the unitary
operators U and €U (with 0 € (0, 271)) produce equivalent
quantum states, the complexity of U and ¢ U should be the
same. Thus it is enough to study the complexity for special
unitary groups, SU(n) groups. Ultimately, our aim is to inves-
tigate the complexity for operators in quantum field theory,
of which Hilbert space is infinite dimensional, so we have
to deal with the infinite dimensional special unitary groups.
However, they involve infinite dimensional manifolds and
have not been well-studied even in mathematics so far. As
an intermediate step, in this paper, we will first present our
whole theory for finite dimensional cases and assume that
the results can be generalized into infinite dimensional cases
by some suitable limiting procedures. The subtle aspects
between finite and infinite dimensional Lie groups are now
under investigation [19].

For a given operator 0 e SU(n), as SU(n) is connected,
there is a curve c(s) connecting O and identity . The curve
may be parameterized by s with ¢(0) = [ and c(1) = 0. See
Fig. 3. The tangent of the curve, ¢(s), is assumed to be given
by a right generator H, (s) or a left generator H;(s):

¢(s) = Hy(s)c(s) or ¢(s) = c(s)H(s). 3.1

This curve can be approximated by discrete forms:

On = c(sn) (3.2)
=500y (3.3)
= 0,180, (3.4)

where s, =n/N,n=1,2,3,..., N, éo = ﬁandSé,ga) =
exp[Hy (s,)8s] witha =rorland ds = 1/N. In general, the
two generators H, (s) and H;(s) at the same point of the same
curve can be different, i.e., H,(s) # H;(s). In fact, from Eq.
(3.1), we see H,(s) is one adjoint transformation of H;(s),

@ Springer
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=

90,

Fig. 3 A curve c(s) connects the identity and a particular operator
O with the endpoints c(0) = i and c(l) = O. This curve can be
approximated by a discrete form. Every endpoint is also an operator,
which is labeled by O,

Output Input

OAz‘ ¢1’

OAz D 4 ¢ 4,

Fig. 4 Schematic diagram for two different generators in quantum cir-
cuits. To obtain the some target operator O from the quantum circuit
¢o, we have two different ways to add new circuits

Hy(s) = c(s)Hi(s)e(s)™". 3.5)

The availability of two different generators can be under-
stood also by a quantum circuit approximation to an operator,
say O. As shown in Fig. 4, if a quantum circuit ¢y is given,
the operator O can be constructed in two ways: (i) by adding
a new quantum circuit ¢ after the output of ¢y (correspond-
ing to Eq. (3.3)) or (ii) by adding a new quantum circuit ¢,
before the input of ¢ (corresponding to Eq. (3.4)). The pre-
vious works such as Refs. [20-22,27] assumed that the new
operators/circuits could appear only after the output side of
original operators/circuits, which corresponds to Eq. (3.3).
This is one mathematically allowed choice but there is no a
priori or a physical reason for that particular choice. Eq. (3.4)
should be equally acceptable.

The axioms G1-G3 are suitable for arbitrary monoid, both
discrete and continuous ones. Now SU(n) group is a man-
ifold, it is natural to expect that the complexity on it is a
smooth function. In fact, it turns out to be enough to assume
a weaker form

G4 [Smoothness] The complexity of any infinitesimal oper-
atorinSU(n), 0@ = exp(Hyds),1s asmooth function

of only H, # 0 and és > 0, i.e.,
CE0W) =) + F(Hy)ds + O(3s%), (3.6)

@ Springer

where F(Hy) := 35,C(80@)|s,—0 and C(I) = 0 by
Gl.

which is our forth axiom. Notice that C(§ o )y =C(8 0] Dy if
80" =500 which implies that an infinitesimal operator
will give the same contribution to the total complexity when
it is added to the left-side or right-side.5 Thus, the index « is
in fact not necessary in this case, but we keep it for notational
consistency.

Let us define the cost (Ly[c]) of a particular curve ¢, con-
structed by only § OA,(,V) or only § OA,(ll), as

N—o0

N
Lolc] ==Y C(60) ===

i=1

1
F(Hy(s))ds. (3.7)
0

Geometrically, it is the length of the particular curve and
Fds looks like a line element in some geometry. Thus, the
natural question will be what kind of geometry is allowed for
complexity? We will show that it is Finsler geometry, which
emerges naturally from our axioms for the complexity.
First, we can prove that F satisfies three properties:

F1 (Nonnegativity) F(Hy) > Oand F (Hy) = 0iff Hy =0

F2 (Positive homogeneity) VA € RY, F(AH,) = AF (Hy)

F3 (Triangle inequality) F(Hy1) + F(Hy2) > F(H) +
H»)

only by using G1, G2 and G4! (see Appendix B for a proof.)
Note that F1-F3 may describe some suitable properties that
the concept of the ‘norm’ of vectors in a vector space should
satisfy. In our case, the vector space is the Lie algebra (the
tangent space at the identity) and the generators (Hy) of the
algebra are vectors. Indeed, the ‘norm’ satisfying the prop-
erties F1-F3 is called a Minkowski norm in mathematical
jargon. Once we know H, (s) we can compute the length of
the line element by a Minkowski norm F'. (At this stage, we
don’t know the explicit form of the Minkowski norm, but we
will determine it later.)

Fora given F, we have two different natural ways to extend
the Minkowski norm F at the identity to every point on the
base manifold via arbitrary curves.

F,(c,¢) := F(H,) = F(¢c™b), or Fi(c,¢)

= F(H)) = F(c"'¢). (3.8)

where we introduce a new notation ‘Fy(c, ¢)’, a standard
notation for Finsler metric in mathematics. The introduction
of ‘Fy(c, ¢)’ is justified because the Finsler metric is nothing

5 This condition will be relaxed in our upcoming work [33], where we
will allow different contributions to the total complexity when 5O is
added to the left-side or right-side.
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but a Minkowskia norm defined at all points on the base man-
ifold and Eq. (3.8) explains how to assign the Minkowskia
norm to all the other points. We refer to Refs. [23-26] for an
introduction to Minkowski norm and the Finsler geometry.®
A brief introduction to the Finsler geometry can be found in
Appendix A.

There is an invariant property in the Finsler metrics.
Fy(c, ¢) is right-invariant because H, is invariant under
the right-translation ¢ — c¢x for VX € SU(n). Similarly
Fi(c, ¢) is left-invariant because Hj is invariant under the
left-translation ¢ — Xc for Vx € SU(n). If there is no fur-
ther restriction on Fy, there are at least two natural Finsler
geometries, F}. or F;, which may give different cost or length.

Finally, the left or right complexity of an operator (Cg ( 0))

is identified with the minimal length (or minimal cost) of the
curves connecting [ and O:
Co(0) :=min{Lg[c]| Ve(s), c(0) =1, c(1) = 0}. (3.9
We see that, even if we know the complexity of every
infinitesimal operator (Eq. (3.6)), we have at least two dif-
ferent ways (left or right-way) to define the complexity of an
operator and there is no a priori preferred choice among them.
In order for the complexity of an operator to be a well-defined
physical observable, this mathematical ambiguity should dis-
appear naturally by some suitable physical considerations.
In the following section we will show how this ambiguity is
removed.

4 Symmetries of the complexity inherited from QFT
symmetries

In the previous section, we have shown that the complexity
can be computed by the minimal length of curves in Finsler
geometry. We want to emphasize again that in our work the
Finsler structure is not assumed, but it has been derived based
on G1, G2 and G4. This is a novel feature of our work com-
pared to other works dealing with the Finsler geometry.

However, apart from the defining properties of the Finsler
metric F1-F3, we don’t know anything on F(Hy) so far. In
this section, we will show there are constraints on F (Hy)
if we take into account some symmetries of QFT. This is
another important novel feature of our work compared to
others. From here, we do not rely on properties of discrete
systems or circuit models, which may be incompatible with
QFT so may mislead us. We will directly deal with QFT and
its symmetry properties and see what kind of constraints we
can impose on F(Hy).

6 Strictly speaking, F and F, are the Minkowski norm and the Finsler
metric respectively if we make a further requirement that, in F3, the
equality holds only when H; and H are linearly dependent. However,
this subtle mismatch is not important physically.

Note that such symmetry considerations are not neces-
sary if we use “complexity” as a purely mathematical tool,
for example, to study the “NP-completeness’ and to analyze
how complex an algorithm or a quantum circuit is. However,
when we use the complexity to study real physical processes
and try to treat the complexity as a basic physical variable
hiding in physical phenomena, symmetries relevant to phys-
ical phenomena will be a necessary requirement.

In Sect. 4.1, by requiring unitary invariance for complexity
we find

[Independence of left/right generators] F(H)) = F(H,).
4.1

It means that the complexity does not depend on our choice of
H, or H;. Therefore, we call this property ‘Independence of
left/right generators’ of F. Recall that for a given curve, we
may have two metrics, either F (¢, ¢) = F(Hr) or Fi(c, ¢) =
F(Hy). It is an inherent ambiguity mathematically but this
ambiguity can be removed by imposing physical condition,
unitary invariance. To support our result (4.1) we will present
three more arguments in Sect. 4.2 and Appendix D. Note that
the constraint (4.1) also implies the Finsler geometry is bi-
invariant, meaning both right and left invariant.

In Sect. 4.3, by requiring the CPT symmetry,’” we obtain

[reversibility] F(Hy) = F(—Hy). (4.2)

We call this property ‘reversibility’ of F following the math-
ematical literature, for example, [25]. In Appendix D, we will
provide two more methods to support Eq. (4.2). Geometri-
cally speaking, for a given path connecting A and B, it is the
constraint Eq. (4.2) that gives the same length when we go
from A to B and from B to A.

4.1 Independence of left/right generators from unitary
invariance

In this subsection we consider the effect of the unitary invari-
ance of the quantum field theory on the Finsler metric, cost,
and complexity. Let us consider an arbitrary quantum field
® with a Hilbert space H and a vacuum |S2), which are
collectively denoted by {®, H, [£2)}. Its unitary partner is
O, 1) = UG, 00T, H = {Uly)|V|¥) € H} and
1€2) := U|Q), which are denoted by {®, H, |Q)}.

7 The CPT symmetry is a theorem for local relativistic quantum field
theories in Minkowski space-time. Here, C means ‘charge conjugation’,
P ‘parity transformation’ (‘space inversion’), and T ‘time reversal’. This
theorem states that the local Lorentz quantum field theories are invariant
under the combined transformations of C, P, and T.
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In the Heisenberg picture, the dynamic of the quantum
field @ is governed by a time evolution operator c(¢):

DX, 1) = c(t) (X, 0)c(r). (4.3)
The time evolutions of its unitary partner ® is
O, ) =Uct)' UT00E, 000 0ct)UT

=) dE, 0, @9
where
&) :=Uc()UF, 4.5)

so the evolution of the unitary partner ® is given by &(r).
On the other hand, we cannot distinguish {®, H, |2)} and
its unitary partner {®, H, |2)} in the sense that any phys-
ical experiment will be invariant under the transformation
{®,H, |RQ)} — {D,H,|2)}. We will call this invariance
“unitary-invariance”. Thus, it is natural to expect that the
cost cannot distinguish them either, i.e.®
Lolel = La[Uc(t)UT], VU € SUn). (4.6)

To extract a constraint on F imposed by Eq. (4.6), it is
enough to consider a special curve generated by an arbitrary
constant generator Hy
c(t) = exp(Hqt), 4.7
with ¢ € [0, 1]. By the definition of the cost, Eq. (3.7), we
have

1 1
/ F(Hy)dt = / F(UH,U"dt, (4.8)
0 0
which implies
[adjoint invariance] F(Hy) = F(UH,U"), VYU e SU®),
4.9

As H, is just one adjoint transformation of H; (see Eq. (3.5)),
it follows that

F(Hy) = F(H) or Fy(c,é) = Fi(c, ), (4.10)
where Eq. (3.8) is used. It means that the left generator and

the right generator give the same complexity. Although we
have the freedom to choose the left or right generator, the

8 It seems that the complexity is invariant under the unitary transfor-
mation is weaker than the requirement that the cost function is invariant
under the unitary transformation. However, it can be shown that they
are equivalent as shown in Appendix E.
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F.(c,¢c)=F,(c,c)

LJel=L,e] 4—»{ . S
F(H)=F@OHU")

Axiom

c(0)=cUouU™) G4

Fig. 5 Equivalences between (i) the unitary-invariance of QFT, (ii) the
independence of the Finsler metric on the left/right generators, and (iii)
the adjoint invariance of the complexity

complexity will be independent of our choice. In other words,
if we know the complexity for every infinitesimal operator
(Eq. (3.6)), then we have a unique value of the complexity
in spite of the inherent ambiguity due to the availability of
the left and right generators. In Fig. 5, we summarize the
relation between the constraints on the Finsler metric, cost,
and complexity. One important consequence of Eq. (4.10) is
that the Finsler geometry is bi-invariant, which means both
right and left invariant. This property will be very useful when
we determine the geodesic in the geometry in Sect. 5.2.

One may argue that the complexity may not be directly
observable and it is possible that c¢(s) and ¢(s) give different
complexity. If that happens in some framework of computing
the complexity, in our opinion, there must be some gauge
freedom in the definition of the complexity in the framework,
for the complexity still to be a physical object. Thus, we will
be able to make a suitable gauge fixing or a redefinition of
the complexity so that this “new complexity” is physical and
satisfies Eq. (4.6).

4.2 Comparison between SU(n) groups and qubit systems

In order to clarify why the adjoint invariance of the complex-
ity is natural, which may not be the case in discrete systems,
we make a comparison between SU(n) groups and qubit sys-
tems in Fig. 6. For qubit systems, the operators set forms a
countable monoid O and can be obtained from a countable
fundamental gates set g. The complexity of any operator in
O is given by the minimal gates number when we use the
gates in g to form the target operator. For SU(n) groups, the
operators set forms an SU(#n) Lie group and the fundamental
gates are replaced by infinitesimal operators, which form the
Lie algebra su(n).

For qubit systems, suppose that the complexity measured
by gates set g is Cy(g; 0) (here « = r,1). If we make a
“global” unitary transformation on the operators set and gates
set together, i.e., O := UOUT and g = lA]gUT we have the
following trivial equality

Ca(g: 0) = Cu(@: 0), @.11)
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Fig. 6 Schematic diagram for
the relation and difference
between qubit systems and
SU(n) groups

Qubit
(discrete system)

—

Continuous
system

where Cy(g; 0) denotes the complexity of VO € O mea-
sured by g.

In general, the gates set is not invariant under the unitary
transformation, i.e.

§=UgU" #g, (g isthe gates set rather than a gate)

4.12)

so we will see that the complexity of O and O, measured by

same gates set g, will not be the same, i.e.

Ca(g: 0) = Ca(§: 0) # Cals: 0) (4.13)

This shows that the complexity for qubit system will not be

invariant under O — U OU " if we use the same gates set.
For SU(n) groups, we still obtain an equation similar to

Eq. (4.11),

Ca(su(n); 0) = Co(Sit(n); O0). (4.14)
However, unlike Eq. (4.12) in qubit systems, we have the

following equality®

Su(n) == Usu(n)U™ = su(n), Vi € SUM). (4.15)
Thus, we see that Eq. (4.14) implies that
Co(su(n); O) = Co(su(n); 0), YO € SUm), (4.16)

which means the complexity of SU(n) group will be invariant
under the adjoint transformation, 0 — UoU".

It is the difference between Eqgs. (4.12) and (4.15) that
leads the difference between qubit systems and SU(n) regard-
ing the invariance under adjoint transformations. Because
Eq. (4.16) is valid also for any infinitesimal operator, it
implies Eq. (4.6). This is another derivation of Eq. (4.6). We
have presented two arguments to support the idea that the
complexity of SU(n) group should be invariant under adjoint

° The equality means the equality between two sets, 1., §it(1) and su(1)
contain the same elements.

Discrete gates ‘ Discrete monoid
g & ) 0={0.0,.--}

\ 4 h 4

| s

transformations. In Appendix D, we will give the third and
the fourth arguments to support this conclusion.

To understand the validity of the adjoint invariance of the
complexity, one useful question is the following: what will
happen if we restrict our operators set to some subgroup of
SU(n)? Let G to be a connected real subgroup and its Lie
algebra to be g. In this case, we can still obtain the following
equation under a general unitary transformation G = G %!

and § = xgx !,

Lie algebra

Lie group
su(n)

SU(n)

Co(g; 0) = Co(§: 0), Vi € SU®m), YO € G. 4.17)
If g is an ideal of su(n), g = g for all £ €SU(n). However,
because the su(n) is simple it does not have other ideals
except for the trivial {0}. Thus, if we restrict the operators set
to any real subgroup of SU(n), the complexity may not be
invariant under a adjoint transformation. For qubit systems
such as a quantum circuit, the gates set is discrete, which can
form only a subgroup of SU(n). As SU(n) group does not
have non-trivial normal subgroup, the complexity for qubit
systems is not invariant under the general adjoint transfor-
mation.

4.3 Reversibility of Finsler metric from the CPT symmetry
In this subsection we consider the effect of the CPT symmetry

of the quantum field theory on the Finsler metric, cost, and
complexity. Let us denote the CPT partner of ®(X, ) by

DX, 1).i.e. DX, 1) := CoPoT[PX, 1)] = C[P(=F, —D)].
By using Eq. (4.3), we have
OF, 1) =CoPoTlct) ®F, 0)c(r)]

= (=) C[P (=X, 0)]c(—1) (4.18)

= (=)' ®(X, 0)c(—1),

where we use the fact that c¢(#) does not have charge and
spatial variable X. Thus, the evolution of the CPT parter is
given by c(t) := c(—t). Given the CPT symmetry of the
theory, it is natural to assume that the costs of ¢(¢) and ¢(¢)
are the same, i.e.,

Lolc(®)] = Lalc(=0)]. (4.19)
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Similarly to the unitary symmetry case in Sect. 4.1, as a
way to understand the general structure of F, we consider a
special curve, the time evolution given by an arbitrary con-
stant generator H,. Because the generators of ¢(s) are given
by H, = —Hy, Eq. (4.19) reads, by the definition of the cost
Eq. (3.7),

1 1
/F(Ho,)dtzf F(—H,)dr. (4.20)
0 0
which implies
F(Hy) = F(—Hy). 4.21)

Path-reversal symmetry If we combine the result of the CTP
symmetry and the unitary symmetry, Eqs. (4.21) and (4.9)
respectively, one can prove the “path-reversal symmetry” for
an arbitrary curve:

Lolc] = Lolc™ ', Ve(s). (4.22)

Note that in general ¢ () := [e(s)]7! is not the curve
generated by —H, (s) when the curve c(s) is generated by
H, (s). For example, for the right-invariant case, we can show

F(Hy(c™")) = F(—c""Hy(c)c) = F(H,(c)), (4.23)

which gives Eq. (4.22). Here, we used H, (¢ ') = (de™!/ds)
c = —c'(¢c™Me = —c7VH,(¢)c in the first equality and
Egs. (4.21) and (4.9) in the second equality. In fact, the
reverse also holds, i.e. Eq. (4.22) implies Egs. (4.21) and
(4.9). First, by considering the special case ¢ = e/* with a
constant H, Egs. (4.21) can be derived from Eq. (4.22). Then,
we end up with L,[c] = L;[c], which implies Eq. (4.9) by
the same logic in Sect. 4.1.

Thus, we have the following equivalence between the
path-reversal symmetry and the adjoint invariance with the
reversibility of the Finsler metric:

Ve(s), Lglel = Lole™']

F(Hy,) = F(UH,U"), VH,, YU € SU®n);
& 1 ) (4.24)
F(Hy) = F(—Hy), VH,.

The path-reversal symmetry also can be justified by other
ways, for example, based on the inverse symmetry of the rel-
ative complexity or the “ket-world”-“bra-world” symmetry.
These two arguments are presented in Appendix D in detail.
They may server other supporting evidence for Egs. (4.21)
and (4.9) because of the equivalence in Eq. (4.24).
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5 Complexity of SU(n) operators
5.1 Finsler metric of SU(n) operators

From here we will drop the indexes «, r, and / based on
Eq. (4.10). We have found two constraints Egs. (4.9) and
(4.21) by considering basic physical symmetries. These con-
straints (plus G3) turn out to be strong enough to determine
the Finsler metric in the operator space of any SU(n) groups
as follows

F(c(s), é(s)) = F(H(s)) = ATy H(s)H ()",

where H(s) = H,(s) or H;(s) for the curve c(s) and X is
arbitrary constant. (see Appendix C for a proof.)

The Finsler metric Eq. (5.1) is representation independent
and to find the explicit Finsler metric tensor for the SU(n)
group we consider the fundamental representation. An arbi-
trary generator H (s) can be expanded as

5.1)

H(s) =iH(s)T,, H%s) € R, (5.2)

where {7, } are basis of su(n) in the fundamental representa-
tion with the following property.

2
1 R 1n —1 .
1,7, = Egab]I + 5 Z (i fabc + dabC)Tc,

c=1

(5.3)

where f,, is the structure constants antisymmetric in all
indices, while d,;,¢, which is nonzero only when n > 2, is
symmetric in all indices and traceless. Thus, Eq. (5.1) reads

F(c,¢) = J%Tr\/Ha(s)Hb(s)[sabﬁ+nda,,CTC], (5.4)

with
H%(s) = 2Tr[H (s)T?] = 2Tr[é(s)e ™ (s)T?], (5.5)
and
T .= Tp8%. (5.6)

Without loss the generality, we have set > = 1.
Forn = 2, d,,¢ = 0 so Eq. (5.4) is simplified to

F(c,¢) = %Tr\/H“(s)Hb(s)(Sahﬁ =2V H(s)H?(5)8ap

= VTr[é(s)e~ () TITr[é(s)e = () TP 18ab,

5.7

where Eq. (5.5) is used. It contains only quadratic terms of ¢
so it gives a Riemannian geometry. For n > 2
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F(c,¢) = \/%Tr\/Tr[H(s)T“]Tr[H(s)Tb][(Sabﬁ + ndpC T,

2
V2n

Tr\/ Tr(ce= ' TO)Tr(ée= 1 TO) 851 + ndypC Te.

(5.8)

As I and T. are n x n matrixes, the line element in Eq. (5.8)
is not the quadratic form of ¢ so it is not Riemannian but
Finsler.

5.2 Geodesics and complexity of SU(n) operators

Even though we have the precise Finsler metric, to compute
the complexity, we still have to find a geodesic path as shown
in (3.9). This minimization procedure is greatly simplified
thanks to bi-invariance implied by (4.10). The bi-invariance
means the geometry is both right and left invariant. It has
been shown that, in bi-invariant Finsler geometry, the curve
c(s) is a geodesic if and only if there is a constant generator
H(s) = H such that [34,35]

¢(s) = He(s) or c(s) = exp(sH). (5.9)
With the condition O = c(l) = exp(I:I ), we can solve H
formally H = In O. The logarithm of a unitary operator
always exists but may not be unique (theorem 1.27 in Ref.
[36]). Because H is constant, from Egs. (3.7),

Llc]= F(H)=TrvHH". (5.10)

Finally, the complexity of O in Eq. (3.9) is given by

C(0) = min{TrvHHT |VH =1n 0}, 5.11)
The minimization ‘min’ in (3.9) in the sense of ‘geodesic’ is
already taken care of in (5.9). Here ‘min’ means the minimal
value due to multi-valuedness of In O.

For example, let us consider the SU(2) group in the fun-
damental representation. For any operator 19) eSU(2), there
is a unit vector 7 and a real number 6 such that,

O = exp(i0ii - &) =l cos6 + i(ii - 3) sin 6, (5.12)
where & = (ox, 0y, 0;) stands for three Pauli matrixes.
Because In O = i0,n - ¢ with

6,, = arccos[Tr(0)/2] + 2mr , (5.13)
for Vm € N, the complexity of O is given by

C(0) = 2arccos[Tr(0)/2], (5.14)

where HH' = 621 is used.

Curve generated by
Schrodinger's equation

The process to realize O
with minimal cost

Fig. 7 The schematic figure showing the curve of a time evolution
operator 0 (t). Toreach the same target operatorat¢ = ty, there are many
different curves. The curve given by Schrodinger’s equation coincides
with the curve of complexity

6 Minimal cost principle

The fact that the process of complexity is generated by a
constant generator allows an interesting interpretation of the
Schrédinger’s equation. In a quantum system with a time-
independent Hamilton HI, the time evolution of the quantum
state |y (¢)) is given by a time evolution operator U (1), i.e.
[y (1)) = U(t)|y(0)), where U (¢) satisfies the Schrodinger’s
equation,

d - . . .
U0 = —in"'HU (), U©) =1L

6.1)
Comparing with Eq. (5.9), we may say that U(r)isa geodesic
generated by —iA~'H. Thus, the time-evolution operator
U () is along the curve of minimal (at least locally minimal)
complexity.

Now let us re-consider the problem in the following way.
Assume that after a short time r = fy, the time-evolution
operator becomes U(to) = O. As there are many different
curves which connect the I and O (see the Fig. 7), how can
we find the real curve U (t) during t € (0, tp)? One answer
is that we assume the time evolution operator will obey the
Schrodinger’s equation (6.1). Alternatively, we may replace
the Schrodinger’s equation with the following principle:

Minimal cost principle: For isolated systems, the time-
evolution operator U (1) will be along the curve to reach the
target operator so that the cost during this process is locally
minimal, i.e. the evolution curve will make the following
integral to be locally minimal:

1 . .
L[U(t)]=f0Tr\/0(t)[0(t)]+dz, U0) =1, Uw) =0,
0

(6.2)

where we used Eq. (5.1), where H — (j(t)[U(t)]T.
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As a result, the time evolution operator U (t) will satisfy
Eq. (6.1). In other words, by this principle, the Schrodinger’s
equation is not the first-principle but a consequence of the
complexity principle.!”

7 Comparison with the complexity for K -local qubit
systems

For a better understanding of the novel aspects of our work
compared to previous research it is useful to compare our
complexity and the complexity for K-qubit systems [27]. In
particular, our complexity is bi-invariant but the complexity
geometry in Ref. [27] is only right-invariant. At first glance,
two theories may look different, but the difference in com-
plexity turns out to be little and most of physical results in
Ref. [27] can also appear in our theory.

For K -qubit system, the operators form a SU(2X) group
and can be generated only by a right Hamiltonian

Hy(s) = ) HY()Ta, (7.1)
I

wherea = 1,2,3,...,45 — 1 and T, is a series of general-
ized Pauli operators which can span the Lie algebra su(25).
In Ref. [27], for the SU(2K) group, the following Riemannian
metric was proposed

di? = dQ,Z77d%,, (7.2)
where
dQ, = iTr(dc' () T c(s)). (7.3)

Here, the matrix Z%® should be chosen as a block diagonal
matrix with one block corresponding to the unpenalized k-
local directions, and the other block corresponding to the
directions 7T, containing more than k single qubit operators.
Note that, for given a and b, i T, is matrix-valued vector in
the representation space of su(2X) and 7 is a real number.

The curve c(s) is assumed to be generated by a right gen-
erator H, (s) such that

de(s) = Hy(s)c(s)ds,  H,(s) € su(2X). (7.4)
Taking Eq. (7.4) into Eq. (7.3), we have
dQ2, = Trlc"(s)H,(s)T,c(s)]ds 7.5)

= Tr[H, (s)T,]ds,
so Eq. (7.2) becomes

10 1f the Hamiltonian is not static, the complexity curve and the curve
generated by Hamiltonian will be different. In this case, we may extend
the system to include back-reaction of the system on its background,
rendering the total Hamiltonian static.
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di? = Tr[H, ()T, ITr[ H, (s) T,1Z¢ds?, (7.6)

which yields the following Finsler (or just Riemannian) met-
ric

F(c,¢) = /Tt Hy (s) T, Tt Hy (s) Tp |Z9%. (1.7)
It has two differences compared with our result (5.8). One
is that the “Tr” is inside the square root. The other is that
there is a matrix structure Z%” which is not determined by
the Lie algebra uniquely. In the following, we make com-
parisons between two complexities based on two different
Finsler metrics.

(1) Inour paper, the only basic assumptions are G1-G4. All
conclusions such as Finsler geometry and the Finsler
metric Eq. (5.1) are the results of these four assumptions
and fundamental symmetries of QFTs. In Ref. [27], the
Riemannian geometry and metric (7.6) in K-qubit sys-
tem were proposed directly as the basic assumptions.

(2) The complexity given by Eq. (7.7) satisfies our axioms
G1 and G2 but breaks G3. It can be shown by consid-
ering a simple case, 7% = 8%, which corresponds to
bi-invariant case without any penalty (isotropy). In this
case, the complexity of the operator 0 = exp(H) is
given by F(H) because the geodesic is generated by a
constant generator (due to bi-invariance) i.e.

C(0) = F(H). (7.8)
By using Eqgs. (7.8) and (7.7) we have
C(01® 0y) = \/02(01 o) +c2d @ 02)
= \JC2(01) + C2(0n), (1.9)

and in more general cases,

c (EB 01) = > pilCONIP #Y (0, (7.10)

where p; is a weighting factor if 7% # §9°. This means
that the total complexity of parallel operations is not the
sum of the complexity of the individual operations, so
breaks G3. We want to stress again that G3 is a very natu-
ral requirement that has not been considered in previous
research.

(3) For the same curve in SU(n) group, the tangent vector at
a point is unique but the generator is not. It can be a left
or right generator. We admit of two ways (left generator
or right generator) but Ref. [27] considers only one way
(right generator). As there is no reason to assume that
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physics favors “left world” or “right world”, a simple
and natural possibility is that two generators yield the
same complexity. It is the case that is realized in our
framework unlike the complexities in [27] and Neilsen’s
original works [20-22] where the left and right generator
will give different complexities.

One may argue that Eq. (7.7) could be valid only for the
right generator and, for the left generator, there might be
another left-invariant metric which has different penalty
7% and could give out the same curve length. In our
upcoming work Ref. [33], we will show this is possible
only if the geometry is bi-invariant. This gives us another
argument that the complexity for SU(n) group should be
bi-invariant.

(4) When Ref. [27] discusses some particular physical situ-

ations such as “particle on complexity geometry”, “‘com-
plexity equals to action” and “the complexity growth”,
the authors restricted the generators in a “k-local” sub-
space gi and assumed Z,p|g, = 84 (see the Sect. IV.C
and V in Ref. [27] for detailed explanations). As a result,
the geodesics in the sub-manifold generated by g; are
also given by constant generators, which are the same
as our bi-invariant Finsler geometry. The lengths of such
geodesics in Ref. [27] and in our paper are only differ-
ent by multiplicative factors, which implies that all the
results given by “k-local” subspace can also appear sim-
ilarly in our bi-invariant Finsler geometry.
Moreover, in order to obtain the complexity geome-
try as was proposed in Ref. [27], we can choose some
two-dimensional sub-manifold in SU(n) geometry. As
described in our upcoming paper [33], by using the
Gauss—Codazzi equation, we can show that the sub-
manifold can have negative induced sectional curvature
somewhere despite the SU(n) geometry is positively
curved. So it satisfies the same properties as shown in
Ref. [27], where the sectional curvature is made nega-
tive near the identity by choosing an appropriate penalty
factor.

8 Discussion and outlook

In this paper we proposed four basic axioms for the com-
plexity of operators: nonnegativity (G1), series decompo-
sition rule (triangle inequality) (G2), parallel decomposi-
tion rule (G3) and smoothness (G4). Combining these four
axioms and basic symmetries in QFT, we have obtained
the complexity of the SU(n) operator without ambiguity:
Eq. (5.11). In our derivation the bi-invariance of the Finsler
structure plays an important role and this bi-invariance is
a natural implication of the symmetry in QFTs rather than
an artificial assumption. Our logical flows are shown in the
Fig. 1.

We argue the importance of the bi-invariance in four ways
based on: (i) the unitary-invariance of QFTs (Sect. 4.1); (ii)
the nature of continuous operators rather than discrete ones
(Sect. 4.2); (iii) inverse-invariance of the relative complex-
ity (Appendix D.1); and (iv) the “ket-world” - “bra-world”
equivalence (Appendix D.2). The bi-invariance here is dif-
ferent from the only right-invariance for qubit systems [20—
22,27]. We clarify the differences and similarities of our pro-
posal (bi-invariance) from previous researches (only right-
invariance) in Sects. 4.2 and 7. It can be shown that most of
results in only right-invariant complexity geometry proposed
by Ref. [27] can also appear in our framework. We want to
emphasis that the complexity cannot be a well-defined phys-
ical observable in general finite dimensional systems if the
complexity geometry is not bi-invariant.

Thanks to the bi-invariance of the Finsler metric the pro-
cess of minimal cost (complexity) is generated by a constant
generator. This observation leads us to make a novel inter-
pretation for the Schrodinger’s equation: the quantum state
evolves by the process of minimizing “computational cost,”
which we call “ minimal cost principle.”

As an application of the complexity of the SU(n) opera-
tor, the complexity between two states described by density
matrices p; and pp may be defined naturally as

C(p1, p2) == min{C(O) | p2 = Op; 0%, YO € SUm)}.
8.1)

In our forthcoming paper [19] our proposal turns out to be
general enough to include and unify other recent develop-
ments for the complexity in QFT: cMERA tensor network
[37-40], Fubini-Study metric [41] and path-integral method
[42,43]. Furthermore, it can be shown that our proposal also
correctly reproduces the holographic complexity for ther-
mofield double state (TFD).

In a more general context, geometrizing the complexity in
continuous operators sets amounts to giving positive homo-
geneous norms in some Lie algebras. Our paper deals with
only SU(n) group so we gives the norm for Lie algebra su(n).
For more general Lie algebra g, though we cannot determine
the norm uniquely, it is natural that such a norm is deter-
mined only by the properties of g, for example the structure
constants, without any other extra information. As in general
relativity where the spacetime metric is determined by mat-
ter distribution through Einstein’s equations, can we find any
physical equation to determine this norm?
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A brief introduction to the Finsler manifolds

This appendix introduces some basic concepts in the Finsler
geometry. It is not meant to be a complete or rigorous intro-
duction. The readers can find more details in textbooks such
as Refs. [23-25] and a physics friendly introduction in Ref.
[26].

A.1 Fundamentals

Suppose that M is an n-dimensional smooth manifold and
T M is its tangent bundle. Each element of T M is given by a
pair (x%, v'), where x' € M and v’ € T, M. In this appendix,
x,y will be used to stand for the points in M and u, v will
be used to stand for the tangent vectors at some points in M.
For convenience, sometimes their indices will be dropped if
there is no ambiguity.

A Finsler metric of M is a function F : TM +— [0, 00)
such that:

(1) Fissmoothon TM \ {-,0};
(2) F(x,Av) = AF(x,v) for arbitrary A > 0;
(3) The fundamental tensor (metric)

192F%(x, v)
gij(x,v) i= s ———

T2 dviov (A-D

is positive definite when v # 0.

The manifold M with a Finsler metric F is called a Finsler
manifold. The requirement (3) can be relaxed in physics. If
gij(x, v) has negative eigenvalues but no zero eigenvalue,
then (M, F) is call a pseudo-Finsler manifold; if g;;(x, v)
has only one negative eigenvalue and has no zero eigenvalue,
then (M, F)iscalled pseudo-Finsler spacetime.In this paper,
we only consider the case that g;; (x, v) is positive definite.

We want to emphasize that the metric tensor g;;(x, v) is
defined in the tangent bundle 7 M rather than the manifold M,
which is the essential difference between a general Finsler

@ Springer

manifold and Riemannian manifold. The relation between
the Finsler metric F and the metric tensor g;; reads
F2(x,v) = gij(x, v)v'v/. (A.2)

For a curve x(t) = c(¢) in M, its line element is given by

ds 1= /gij(c, &)éicidt = F(c, ¢)dr, (A.3)
and the curve length for ¢t € (0, 1) is
1
Llc(®)] := / F(c,¢)dr = /gij(c, ¢)éiéldr. (A.4)
0

In a Riemannian case, the curves x(¢) = ¢(¢) and x(t) =
c(1 —¢t) witht € (0, 1) have the same length. However, this
is no longer true for general Finsler geometries because

1
Lkﬂ—nsz;¢gai555m
1
#/O \/WCHZL[C(I)].

If the metric g;;(x, v) is independent of v, then a Finsler
manifold becomes a Riemannian manifold. To describe how
much different a Finsler manifold is from a Riemannian man-
ifold, we can introduce the Cartan’s tensor,!

(A.5)

133F%(x, v)

= 2 9vauiauk’ (A-6)

1 0
Ajjk(x,v) := zmgij(x, V)

which is a fully symmetric covariant tensor.

Thus, a Finsler manifold is a Riemannian manifold if and
only if its Cartan tensor is zero. The Cartan form (1) is
defined by the contraction of Cartan tensor and metric:

me(x, v) i= g (x, V) Aijr(x, v), (A7)

where gif (x, v) is the inverse of g;; (x, v). The Cartan tensor
and Cartan form have three important properties:

9
Ni(x,v) = Tok In /det(g;;),

u=v= Agjrx, vu =0,

=04 Ajjr =0. (A.8)

Example
In order to give readers a “feeling” about the Finsler geom-
etry, let us show a simple example. Assume a;;(x) to be

a positive definite tensor and a 1-form b;(x) satisfying

' In some textbook, there is an overall factor F in the definition so that
the Cartan tensor is scale invariant under the transformation v — Awv.
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bi(x)bj(x)a" (x) < 1.2 With a(x, v) = ,/a;; (x)viv/ and

Bx,v) = b (x)v/,
F(x,v) = alx, v) + B(x, v) (A.9)

is a Finsler metric. If b; (x) = O, this is just a Riemannian
geometry. By the definition (A.1), the metric tensor reads

gij(x,v) = g (aij - ﬁﬂ) + (% +bi) (1;—] —i—bj),

o o
(A.10)
where v; 1= aijvj. One can check g;; (x, v)vivj = F(x, v)2
and the Cartan form is
n+1 B
Nk (x, v) = SF <bk - oe_zvk> . (A.1D)

It can be shown that Yv, ni(x,v) = 0 & br(x) = 0 &
gij(x, v) = a;j(x). The Finsler geometry (A.9) is called Ran-
ders geometry, which was first proposed by physicist Gunnar
Randers regarding the uni-direction of time in general rela-
tivity [44].

In Finsler geometry, we can also define some geometric
quantities such as connection and curvature. As this paper
will not consider such quantities, we will not introduce them.
The readers can refer to some textbooks, e.g., Refs. [23-25].

A.2 Invariant Finsler geometries for a Lie group

Now let us consider the case the manifold M = G is a Lie
group with the identity I. The Lie algebra is denoted by g,
which is also the tangent space of identity Lie., g =T;G.
Because this manifold has group structure, i.e., the product
rule, we can pick out a group-relevant special Finsler metric.
InaLie group G, we candefine alefttranslation £, : G +—
G such that Vy € G, L, (y) = xy. As the left translation is
the isomorphism of the group G, it is natural to expect that it
is also the isometry of G. We call a Finsler manifold (G, F)
is left-invariant if the left translation is an isometry, i.e.,
Vx € G, F(y,v) = F(L(y), Lex(v)), (A.12)
where L, is the push-forward map induced by £, and
Lyx(v) = xv. Thus, the left-invariant Finsler metric will
satisfy

Vx € G, F(y,v)= F(xy,xv) (A.13)
Particularly, by taking x = y~! we have
Vye G, F(y,v)=Fd, y ). (A.14)

12 This condition is necessary to have a positive definite metric tensor.

Similarity, we can define the right translation and right-
invariant Finsler geometry. The right-invariant Finsler geom-
etry satisfies

Vye G, F(y,v)=F{vy™h. (A.15)

Note that both left-invariant and right-invariant Finsler geom-
etry are determined by the group product rule and the Finsler
metric at the identity. A Finsler manifold is called bi-invariant
if the Finsler geometry is both left and right invariant.

The Finsler metric at the identity can be used as a norm
at the Lie algebra g. For a given Finsler metric at the iden-
tity, we have two natural ways to obtain the Finsler geometry
according to Egs. (A.14) and (A.15). The left and right invari-
ant Finsler metric F; and F, can be determined uniquely

Fi(x,v) = Fx ), F.(x,v) = Fxh, (A.16)

where F denotes a norm for Lie algebra g. Thus, if we know
how to define the norm F for a Lie algebra g, we can obtain
two natural Finsler geometries for the Lie group G. Such
two Finsler geometries are the same only when the norm F
satisfies

Yveg VxeG, F(v)=F(xvx ). (A.17)

In this case, we can find F; = F; and so the Finsler geometry
is bi-invariant.

If we know the norm F for Lie algebra g, then for arbitrary
curve c(s) with s € (0, 1), we have two ways to compute its
length

1
Lolc] = / Fo(c(s), ¢(s))ds. (A.18)
0

If the curve is generated by the left generator H;(s) and right
generator H, (s) defined as

c(s)Hi(s) = ¢(s), Hy(s)e(s) = c(s), (A.19)
we see that Eq. (A.18) reads
1 ~
Lyc] = / F(Hy(s))ds. (A.20)
0

In general, we have two different lengths for the same curve if
we obtain the norm F of the Lie algebra g. Such two lengths
are the same if F satisfies Eq. (A.17), i.e., the Finsler geom-
etry is bi-invariant.
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B Proof for the emergence of the Finsler metrics

In this appendix, we first show three properties F1-F3 of the
Minkowski norm, F, implied by the general axioms G1, G2
and the assumption G4. F1-F3 readily show that the Finsler
geometry F,(c, ¢) emerges. As we have clarified below Eq.
(3.6), for an infinitesimal operator & 0 = exp(He) with
le] <« 1, the indexes « = {r,[} are not necessary, SO we
omit it not to clutter notations.

F1:VH, F(H) > 0and F(H) =0 < H = 0.

Proof ® If H = 0, exngs) =1so C(exp(Hs)) = 0 for
Vs € [0, 1]1by G1. Thus, F(H) = lim,_, g+ C(exp(Hs))/s =
0 by (3.6). O

@ If H # 0,31 > 0 such that exp(HA) # Iso by G1

0 < C(exp(HA) = C(exp(HA/N)™),

where N € NT. By G2 we have the following inequality
Clexp(HA/N)"] < NClexp(HA/N)].

Thus,

0< lim Cl(exp(HA/N)N] < lim NClexp(H3/N)].

(B.1)
With € := A/N, Eq. (B.1) means
C H ~
0 < tim 3 XPHI . (B.2)
e—0F &
where F is defined in (3.6). Thus, F(H) > 0. O

F2: VA € R, FOLH) = AF(H).

Proof By (3.6),for anarbitrary generator H and infinitesimal
parameter € > 0

C(exp(He)) = F(H)e + O(&?). (B.3)
For an arbitrary A > 0,

Clexp(H - ie)] = Clexp(AH - £)], (B.4)
which implies F(AH) = »F(H) by Eq. (B.3). O

F3:VH; # 0andVH, # 0, F(H)) + F(Hy) > F(H, + H>)
Proof By G2, for arbitrary generators H; and H;

C(exp(H1¢)) + C(exp(Hz¢)) > C(exp(Hi¢) exp(H2¢)).
It yields, up to order (9(82),

C(exp(H¢)) + C(exp(Hae)) = Clexp((Hi + Ha)e)], (B.5)
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which implies F(H,) + F(H») > F(H, + H>) by Eq. (B.3).
O

By the relation between F, and F in Eq. (3.8), we can
also prove that F, satisfies the following properties for
vO €SU(n) and two arbitrary tangent vectors V, W at 0:

F1': F,(O,V)>0and F,(0,V) =0« V = 0.
F2': Vi € RT, we have Fy (0, AV) = AF,(O0, V).
F3: Fy(0,V) + Fo (O, W) > Fy (O, V + W).
These imply that F (c, ¢) is Finsler metric.

C General Finsler metric for SU(n): proof of Eq. (5.1)

Proof We prove (5.1) by three steps.

(1) Let us first show that F'(H) is only the function of eigen-
values of H and independent of the permutations of the eigen-
values. Notice that H always can be diagonalized under the
transformation by an SU(n) operator U:

UHU™" = diag(y1, 12, - - . ¥n), (C.1)
where y; are the eigenvalues of H. Thus
F(H)=F(UHU™) = Fdiagy1, 2. . vw)- - (C2)

where the first equality comes from the adjoint invariance
(4.10). To see the independence of the permutations of the
eigenvalues, we consider a SU(n) operator U’ yielding

s V).
(C.3)

U'diag(y1, v2. . ... yo)U'™" = diag(y2, y1, 3. . ...

where 01’] = 02’2 =0, 01’%= —lAlé1 = 1and 0;'/]' = §;; for
i, j > 2. Again by (4.10) F is invariant under the permuta-
tiony; < y». Similarity, F [diag(y1, 2, - - -, vu)]isinvariant
under any kind of permutation on {y1, y2, ..., ¥»}-

(2) Next, let us prove that if H = H; @ H2 then F(H) =
F1(H1) + Fz(Hz) where Fi(Hy) = F(H @ 0,_),
F>(Hy) := F(0 ® H,), k =Dim(H;) and 0; stands for
the i-dimensional zero matrix.

Assume éi (i = 1, 2) to be the representations of £; € N;
and one matrix representation of (X1, X3) € N7 x N3 can be
given by O = 01 ® 0. Then the axiom G3 implies that the
complexity should satisfy
C(01 @ 02) = C1(01) + C2(0). (C4)
Here C1(0)) := C(O1 ® o) and C1(0y) = Cd; @ 0»).
To be specific, let us consider two 1-parameter subgroups
N1 = exp(sH;) and N> = exp(sH) with s € R. Then
N := Ni x N, is the n-dimensional subgroup of O. As
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H = Hy ® H>, exp(eH) = exp(e H) @ exp(e Hy). From
Eq. (C.4), we have

Clexp(e H)] = Cilexp(e H1)] + Calexp(e Ha)], (C5)
which, in the limit ¢ — 0, reduces to
F(H) = F(H, ® H,) = Fi(H)) + F>(H). (C.6)

In general, H = @®;
F=> j Fj(Hj).

(3) Finally, we combine the results in previous two steps.
Noting the fact that diag(y1, y2, ..., va) = @ v), we

H; so Eq. (C.6) can be generalized as

have
n n
FH)=F| @ | =D Fiwp (C7)
j=1 j=1
where
Fi(yj) = F(diag(0,0,...,0,%,0,...,0)). (C.8)
——— ~———

J—1 n—j

Because F is invariant under the permutations of diagonal
elements as shown in (C.3), I:" j(y;) is independent of the
position of y;, which means there is a non-negative function
f such that F;(y;) = f(y;). Thus

D fyp =) fllmy;) =" fily;D. (C9)

j=1 j=1 j=1

F(H) =

where we used the fact that the eigenvalues of H are all
pure imaginary: y; = ilmy; and f(ilmy;) = f(—ilmy;)
from (4.2). Because the Finsler metric satisfies the homo-
geneity ﬁ(AH) = AF(H) for A > 0, one can find that
f(y) = |y|f@@) for arbitrary pure imaginary number y, 13
which yields

Fle,&) = F(H) = )Y Iyl = f)Tr (VHHT),
j=1
(C.10)

where, without loss of generality, we may set the overall
constant f (i) = A. It proves (5.1). O

13 This can be obtained, for example, by
diag(y, —v,0,0,...,0) in Eq. (C.9).

setting H =

D Other arguments for path-reversal symmetry
D.1 Inverse-invariance of relative complexity

Let us denote the set of all admitted gates g; by g and the set

of all gi_1 by g‘l, i.e.,

g=1gilVgi € gl g =1{g ' IV&i € g). (D.1)
In discrete qubit systems, if g; is one admitted gate then
8 !'is also one admitted gate because quantum circuits are
invertible, so g~! = g. Let us investigate what this property
implies for the circuit complexity.

For the unitary operators pair (U, V) and the fundamental
gates set g, the “relative complexity” dy (g; U, V) is defined
by the minimal number of required gates to transform from
V to U under the gates set g. The index « is [ or r, which is
explained in Sect. 3. The relative complexities can be written
in terms of the complexity as

A~ A A

dr(g: 0, V) =Cr(g: OV, di(g: 0, V) =Ci(g; V7L0).

(D.2)

where Cy(g; U) is the complexity of U under the gates set
g, As g;i and gi_1 are both the elements in g, Cy(g; 0) =
Cul(g; é_l) so it follows that dy (g; U, \7) =dy(g; v, 0).
Now let us consider the relative complexities of (0 , \7)
and (U 1 V l) If {g1, g2, ..., g} are some gates trans-
forming V to U by the right-invariant way (@« = r), i.e.,

A

U=gngn-1--- (D.3)

8281‘7,

we have

2 gn—lgn‘,}il,
(D.4)

0-1 = Vflgl—lgz—l

’0_01
oo

-1 -1 _
8n—18n =

where g; := ‘A/_lgfl V. By defining a new gates set
gi=(V"g VIvgi € g},

we have

g= 17_1g_117 = V_lgV.

Equations (D.3) and (D.4) are one-to-one correspondent If
we have a method by n gates to convert V to U under the
gates set g by the right-invariant way, then we have also
a corresponding method by n gates to convert V-1t U}
under the gates set g by the right-invariant way. The converse
is also true. For the left-invariant way (o« = [), we have a
similar conclusion. Thus, we have the following equality

~

du(g; U, V) =dy(g; U1, V). (D.5)
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Here g = V‘lg_l V fora = randg = Vg_l V-lfora =1.
This is a fundamental symmetry for relative complexity in
quantum circuits.

Similar to the discussion in Sect. 4.2, for discrete qubit
systems, we have

§#8
in general so
do(g: U, V) # do(g; U™, V7Y,

However, if we consider the SU(n) group, as what we have
argued in Sect. 4.2, the gates set should be replaced by
Lie algebra su(n). Because of su(n) = V- 5u(n)V =
Vsu(n) v-la symmetry Eq. (D.5) suggests that we should
have

do(su(n); U, V) = da(ou(n); U™, V7). (D.6)
In geometrical theory of complexity, the relative complexity
in a SU(n) group is naturally defined by the minimal length
of curves connecting two operators such as

V, c(l) = U},
{D.7)

dy(U, V) := min{Ly[c]|Ve, s.., c(0) =

where we omit the argument su(n) in the relative complexity.

Eq. (D.6) shows that the inverse map £ — £~ ! should be a
“distance-preserving map”, i.e
(U, V) = do(~", VT (D.8)

The Finsler version of the Myers—Steenrod theorem says that
every surjective distance-preserving map in a Finsler mani-
fold is also an isometric map (see the theorem 3.2 of chapter
3 in Ref. [45]). Thus, we see that the inverse map should be
an isometry of complexity geometry. As a result, we have
Ve, Lglel = Lole™ 1. (D.9)
This shows that the Myers—Steenrod theorem with basic sym-
metry (D.5) can guarantee the path-reversal symmetry for
SU(n) groups. Then accordlng to Eq. (4.24), we find that
F(H) F(UHU 1) and F(H) F( H). This argument
gives us the third method to show bi-invariance and the sec-
ond method to show reversibility.

D.2 Equivalence between “bra-world” and “ket-world”
To describe a quantum system in a pure state, we usually use
a “ket” state vector |-). The time evolution of the system is

governed by a unitary operator c(t):

[V (@) = c@®)]y(0)). (D.10)
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However, it is artificial to choose the “ket” vector to present
physics and we can equivalently use the “bra” state vector
(-] In the “bra-world”, the time evolution is given by
-1

(Wl = (Wole@" = (Yole)™". (D.11)

If ¢(¢), the curve in SU(n) group, presents the time evo-
lution of a system in “ket-world”, then c()~1 presents the
time evolution of the same system in “bra-world”. Because
all the physics should be invariant under the change of our
formalism from “ket-world” to “bra-world” it is natural to

expect that the “length(cost)” of ¢(¢) and c()~! are also the
same:

Lolc] = Lole™']. (D.12)

Starting with Eq. (D.12), we can derive other symmetries
of complexity. This offers the fourth method to show bi-
invariance and the third method to show reversibility.

E Invariance of the cost function

It seems that the complexity is invariant under some transfor-
mation is weaker than the requirement that the cost function
is invariant under that transformation. In this appendix we
explain indeed they are equivalent.

The argument is based on Myers—Steenrod theorem, which
says that every surjective distance-preserving map in a
Finsler manifold is also a diffeomorphism (the theorem 3.2
of chapter 3 in Ref. [45]).

Therefore, by Myers—Steenrod theorem, if we can show
that the transformations relevant to (4.6), (4.19), and (4.22)
are surjective distance-preserving maps, then we can say that
they are diffeomorphisms so the cost is also invariant because
those transformations are just diffeomorphisms.

Now we only need to prove that the transformations rel-
evant to (4.6), (4.19), and (4.22) are surjective distance-
preservmg maps. For the proof, let us consider arbitrary two
points V and W in an SU(n) group manifold and denote the
distance (shortest geodesic length) from VioW byd (V, W).

Note that the Finsler geometry is required to be right-
invariant or left-invariant, which makes a connection between
the distance and the complexity as follows

d(V, W)y =d, (I, Wv=hH =¢,(Wv), (E.1)

where the subscript » means we consider the right-invariant
case. We explain only for the right invariant case because a
left-invariant case works similarly.

For (4.6), we only need to show that the unitary transfor-
mation preserve the distance i.e.

A

d.(V,W)=d,(OvO~", 0wU™"). (E.2)
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It can be shown as follows.

d(V,Wy=CWVvhH=cowv'og"
=CcOwo 'wovo—hHh
=d.(UVU~', OWU™,

(E.3)

where for the second equality we used the fact that the com-
plexity is invariant under a unitary transformation. By Myers—
Steenrod theorem the unitary transformation is a diffeomor-
phism so L[c(s)] = L[l}c(s)l}_l].

For (4.22) we only need to show that the distance is invari-
ant under the inverse map : £ — £~ i.e.

d.(V,W)=d, (V' w=). (E.4)

It can be shown as follows.

-V, Wy=cWvh=c,vwH =c.aw Iwvw-1
=d,(WVIW L wh =g, (0L why),
(E.5)

where for the second equality we used the fact that the com-
plexity is invariant under an inverse map and for the fifth
equality we used the fact that the distance is invariant under
a unitary transformation with U=Wlin (E.3).

Finally (4.19) is also valid because of (4.22) and (4.24).
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