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ABSTRACT: We study the complexity of holographic superconductors (Einstein-Maxwell-
complex scalar actions in d+ 1 dimension) by the “complexity = volume” (CV) conjecture.
First, it seems that there is a universal property: the superconducting phase always has a
smaller complexity than the unstable normal phase below the critical temperature, which
is similar to a free energy. We investigate the temperature dependence of the complexity.
In the low temperature limit, the complexity (of formation) scales as T, where « is a func-
tion of the complex scalar mass m?, the U(1) charge ¢, and dimension d. In particular, for
m? = 0, we find @ = d—1, independent of ¢, which can be explained by the near horizon ge-
ometry of the low temperature holographic superconductor. Next, we develop a general nu-
merical method to compute the time-dependent complexity by the CV conjecture. By this
method, we compute the time-dependent complexity of holographic superconductors. In
both normal and superconducting phase, the complexity increases as time goes on and the
growth rate saturates to a temperature dependent constant. The higher the temperature is,
the bigger the growth rate is. However, the growth rates do not violate the Lloyd’s bound
in all cases and saturate the Lloyd’s bound in the high temperature limit at a late time.
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1 Introduction

The quantum information theory has been playing an important role in investigat-
ing the quantum gravity and quantum field theory. The AdS/CFT correspondence or
gauge/gravity duality set this idea in a holographic framework: some geometric quantities
in the bulk spacetime is related to the entanglement properties of the boundary field the-
ory. One of the most studied ideas is the entanglement entropy and the Ryu-Takayanagi
formula [1, 2], from which the spacetime geometry may emerge (e.g., see [3-7]). However,
it does not cover the spacetime region inside the black hole horizon. As a candidate to
explore inside the black hole horizon, another important concept, the “complexity”, has
been introduced from quantum computation theory [8-13].

In a discrete quantum circuit system, the complexity counts how many fundamental
gates are required to obtain a particular state of interest from a reference state [14-17].
Intuitively, it measures how difficult it is to obtain a particular target state from a cer-
tain reference state. Recently, there have been many attempts to generalize the concept



of complexity of discrete quantum circuit to continuous systems such as “complexity ge-
ometry” [18-20] based on [21-23], Fubini-study metric [24], and path-integral optimiza-
tion [25-28]. See also [29-34].! From the holographic perspective, there are two widely
studied proposals to compute the complexity in holography:? the CV (complexity=volume)
conjecture [9, 10, 53] and the CA (complexity= action) conjecture [11, 12].

In the CV conjecture, the complexity of a state |¢(t1,tr)) corresponds to the maximal
volume of the codimension-one surface connecting the codimension-two time slices (denoted
by t;, and tr) at two AdS boundaries:

Cy = max
oY=t Utgr

[V@)] , (L1)

Gyl

where X is all possible codimension-one surface connecting t; and tg, Gy is the New-
ton’s constant, and ¢ is some length scale such as the horizon, AdS radius or something
related with the bulk geometry. In the CA conjecture, the complexity of a state |¢(tr,tr))
corresponds to the action in the Wheeler-DeWitt (WDW) patch

I
Ca = WDW

v, (1.2)

where the WDW patch is the collection of all space-like surface connecting t;, and tp
bounded by the null sheets coming from t¢; and tg. There have been many works on
holographic complexity. For example, see [9-12, 38, 57-69].

In this paper, we analyze the complexity of the holographic superconductors for the first
time. For our method, we only focus on the CV conjecture, leaving the CA conjecture and
field theoretic methods as future research directions. A main difficulty of the CA conjecture
is due to the region of the singularity involved in the on-shell action computation. In the
cases where analytical solutions are available, we may deal with the singularity easily.
Otherwise, with only numerical solutions, it is subtle and difficult to study the geometry
and matter fields around the singularity. Such a difficulty does not appear in the CV
conjecture because the extremal hyper-surface will not touch the singularity. Thus, in this
paper, we only investigate the CV conjecture. Our main subjects are i) the complexity of
formation and ii) the time-dependent complexity.

First, the complexity of formation was defined in [60] by the complexity of a thermal
state such as the AdS;.1-Schwarzschild or AdS;,1-RN blackhole geometry from the pure
AdSg4y4; spacetime at t = 0. For the AdSg41-Schwarzschild case, the complexity of forma-
tion scales as 79!, For the AdSg;1-RN case, it scales as 77! in the high temperature
limit and In7T" in the low temperature limit. In this paper, as another thermal state, we
consider holographic superconductors. We find that the change of the complexity of for-
mation at the critical temperature is not smooth. In superconducting phase, in the low
temperature limit, the complexity of formation scales as T'%, where « is a function of the
complex scalar mass m?, the U(1) charge ¢, and dimension d. It has something to do
with the near horizon geometry of the low temperature holographic superconductor. In

n particular, the complexity geometry is the most studied. See for exampe [35—-46, 46-52].
2There are also other holographic proposals for complexity, see refs. [53-56] for examples.



particular, for m? = 0 we find o = d — 1, independent of ¢. It is due to the fact that, in
the zero temperature limit, the near horizon geometry of the holographic superconductor
with m? = 0 is just the AdSg1-Schwarzschild.

Next, we compute the full time evolution of holographic complexity. The holographic
time-dependent complexity for the AdS;11-Schwarzschild or AdS;.1-RN blackhole geom-
etry has been studied in [64]. These works focus on the late time behavior and rely on the
analytic solutions. To compute the full time evolution for the holographic superconductor,
we first develop a general numerical method to compute time-dependent complexity. By
using this method we compute the complexity of the holographic superconductor in both
normal and superconducting phase. The complexity always increases as time goes on and
the growth rate saturates to a temperature dependent constant. The higher the tempera-
ture is, the bigger the growth rate is. However, the growth rates do not violate the Lloyd’s
bound (intuitively meaning the fastest computing time [70-72]) in all cases and saturates
the Lloyd’s bound in the high temperature limit at late time. This result is a nontrivial sup-
port for the conjecture that the Schwarzshield black is the fastest quantum computer of the
same energy. Let us recall that the absolute value of the complexity growth rate in the CA
conjecture can be arbitrarily large and does not satisfy the Lloyd’s bound [38, 64].> Thus,
our results indicate that, from the perspective of the Lloyd’s bound, the CV conjecture is
more suitable than the CA conjecture as a definition of the holographic complexity.

The paper is organized as follows: in section 2, we briefly review our holographic
superconductor model (Einstein-Maxwell-complex scalar action). In section 3, using the
CV conjecture, we study the time-independent complexity of formation of the holographic
superconductor. In particular, we investigate the low temperature behavior of the com-
plexity of formation in both normal and superconducting phase. In section 4, we develop
a general method to compute time dependent holographic CV conjecture. By this method,
we analyze the full time evolution of the complexity of the holographic superconductor,
from normal to superconducting phase. We investigate the growth rate of the complexity
and compare it with the Lloyd’s bound. We conclude in section 5.

2 Holographic superconductor model: a quick review

Let us first introduce a holographic superconductor model that we consider in this pa-
per. It is the first holographic superconductor model proposed by Hartnoll, Herzog, and
Horowitz [74, 75]. Here, we describe only essential features of the model necessary for our
study and refer to [74, 75] for more details. The action reads
1 d(d—1 1
Lhax = — [ d*May/—¢ |R+ ¥ — —F?— |D®|* — m?|®|?| , (2.1)
167 Cids 4
where D =V —igA. F = dA is a field strength of a bulk U(1) gauge field A and encodes a
finite chemical potential or density in field theory. ® is a complex scalar field with mass m

3In the late time limit, the complexity growth rate satisfies the Lloyd’s bound if matter fields satisfy
some requirements, e.g., see ref. [73].



and has something to do with the order parameter of the superconducting phase transition.
From here, we set £pqs = 1. The equations of motion obtained from this action are

VHE,, =ig(®*D,® — &D,d*), (2.2)

(D*-—m*) =0, (2.3)
dd—-1 1

G,uu - (Q)Q,uu = §T,u,l/7 (2'4)

where T),, is the energy-momentum tensor given by
1
Ty = FuoF,° + (D, ®D,®* + D, ®D,®%) + g, <—4F2 — |D®* - m21¢>\2> . (2.5)
If we consider the following ansatz for metric and matter fields

d-1
1
ds? = = | —f(2)e XE a2 + f7H2)d2 + ) da?|,
Zz[f() f) ; 26)
A= A(z)dt, O = ¢(z),
with four functions; f(z),x(z), A:«(z) and ¢(z), the equations of motion (2.2)—(2.4) boil
down to

d—1 72
d z¢? 1 BAReX  mPp? 2P A?pPeX d
N A R W t t d
0=1 <z+d1>f dl( o Tt f >+ ’ @7
0= A" — d_?’_XJ A'_M '
t 2 2 t fo )

o d—1 " X / m? qZA%eX
o= (T ry) - (F TR

where a prime denotes a derivative with respect to z. The first two equations in eq. (2.7)
come from the Einstein equation (2.4).* The third and fourth are the Maxwell and scalar
equations respectively.

There are two classes of the solutions for eq. (2.7): i) ¢ = 0 and ii) ¢ # 0. They corre-
spond to the normal phase and the superconductor phase respectively. This identification
will be explained below eq. (2.12).

For ¢ =0, eq. (2.7) allows an analytic solution

24 d—2 24 p2d-2
17 22 )22
/) Zb 2(d—1) \ 2 2472 ks
(2.8)

Ld—2
At(z)_“<1_zd—2> , x(z) =0.
h

“In fact, there are three nonzero Einstein equations, but only two of them are independent due to the
Bianchi identity.



For ¢ # 0, there is no analytic solution for eq. (2.7) so we have to solve them numeri-
cally. For a concrete numerical computation, we will set d = 3 from here. In order to solve
eq. (2.7) we need total six initial or boundary conditions.

Because we are interested in the black brane solutions which have a regular event
horizon at 2, we set f(z,) = 0. The Hawking temperature then can be expressed as®

€_X/2f/
4

T=—

(2.10)

z=zp

In addition, one must require A;(z;) = 0 in order for g, A* A” to be finite at the horizon. As
the horizon is regular, all functions should have finite values and admit Taylor’s expansions
in terms of z; — 2z when z — 2;". Then, at the horizon, we have the following relations

4¢pm?

¢ =~
2m2¢2 + A? —12°

(2.11)

At the boundary z — 0T, we want the space-time to asymptote to the AdS spacetime
in Poincaré coordinate. Thus, we impose a boundary condition x(0) = 0. It also turns out
that the asymptotic solutions for ¢ and A; are

p=¢iz Mt 2B f, A=p—prtoee, (2.12)

where AL = —% + v4m? +9/2. By the AdS/CFT correspondence the leading term ¢
corresponds to a source. We turn off the source, i.e. ¢4 = 0 to describe a spontaneous
symmetry breaking. Then, ¢_ corresponds to condensate. Thus, if ¢_ # 0 the state is
superconducting while if ¢_ = 0 (or ¢ = 0) the state is normal. In the asymptotic form
of A, the leading term p is chemical potential and the sub-leading coefficient p is charge
density. If we consider the system in the grand canonical ensemble, we need to fix the
chemical potential at the boundary. Near the boundary, we have the following asymptotic
behaviors for f and ¥y,

X=xo+x12 VI o =t fof (2.13)

for some constants xq, x1 and fy. For numerical analysis, we used the shooting method and
pseudo-spectral method independently and have cross-checked our results. For example, we
show the numerical solutions of (2.7) for (d,m?, q) = (3,0, 2.5) in figure 1, where Z := z/z.

3 Complexity of formation

The complexity of formation by the finite temperature was first investigated by ref. [60].
It is the complexity between the AdS-Schwarzschild black brane and pure AdS space-time
for a very special maximum space-like slice. In this section, we consider the complexity of

5In normal phase,

1 (d  (d=2>z5
T_Z<E_787r(d—l) ) (2.9)
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Figure 1. Superconducting phase solutions for (d,m?, q) = (3,0,2.5). The various colors represent
different temperature, i.e. T/T. = 0.99, 0.86, 0.61, 0.41, 0.17, 0.05 (red, orange, yellow, green, blue,
purple). In (b), the dashed black line is the AdS-Schwarzschild blackening factor: f(z) =1 — z3.

formation for the holographic superconductor in both normal phase and superconducting
phase. The complexity of formation in normal phase also has been reported in [64]. Here,
we revisit it by a little different analytic method, and our results agree with [64].

Before starting, let us introduce a new notation for the CV conjecture, different
from (1.1).

— V(z 3.1
v psnax (%), (3.1)

where we set Gy = ¢ = 1 for convenience.

3.1 Normal phase

Following [60], we consider the complexity of the thermal state defined on the time slice
at t;, = tp = 0. Because of the symmetry, the maximal volume is given by the ¢ = 0 slice
in bulk, i.e., the straight line connecting the two boundaries through the outer bifurcation
horizon in the Penrose diagram shown in figure 2.

The volume integral then simplifies to:

V=204

| s



Figure 2. The maximal volume slice B connecting the two boundaries at t;, = tg = 0 in one patch
of the AdS-RN black hole.

where z,, is the cut-off near the boundary and Q4_1 is the dimensionless area of the spatial
geometry when z and ¢ are fixed. With the general asymptotic behavior (2.13), we find
that V is infinite when z,, — 0. To evaluate the complexity of formation coming from finite
temperature and chemical potential, we will subtract from this integral, the corresponding
contribution from (two copies of) the vacuum AdS background,

* dz
Vo = 2Qd1/ o

m

o ([ ) e ([ &
d—1 . - Zd d—1 . Zd d— 12«%_1 .

Now one can find that,

AV =V -V

*h dz 1 1 1
Wl ) ad .

2044 /1dz 1 ) 1
3t e 2\ d—1]"
where
zZ:=z/z, Zm = Zm/%h - (3.5)

The emblackening factor f(z) in eq. (2.8) and the temperature (2.9) read

fE)=1-3— Q(dd__Ql) (zd - 22d—2) 2, (3.6)
1l fd  (d-2?% 5\ 1.
T () = 5T 0

where we define T := Tz, and [i := pzp.
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Figure 3. The complexity of formation in normal phase. The numerical plot of (3.8) with d = 3.

The dimensionless variables with tilde denote the variables scaled by z; and convenient
for numerical analysis. However, for physical interpretation it is better to choose the
chemical potential as our scale. Thus we also define the dimensionless variables with bar
to denote the variables scaled by the chemical potential. For example,

AV 2 Laz 1 1
0=t |8 () ] e
F_T_T_1(d (d—27 ,
T'_u_ﬂ_ﬁ<47r 87r(d—1>“>’ (39)

where the indices ‘n’ and ‘d’ of AVY means ‘n’ormal state in ‘d’ spatial dimension. In the
definition of Af/é‘ we included the trivial volume factor 23_1. The complexity of formation
Afig is a function of T, because fi is a function of T for a given dimension d by the
relation (3.9). Z,, will be taken to be zero at the end of the day.

Eq. (3.8) does not allow an analytic expression in general, so we perform the integra-
tion numerically. The result is shown in figure 3. As the temperature goes to zero and
goes to infinity, the complexity of formation diverges in both cases. There is a particular
temperature in the middle where the complexity of formation is minimum. This has been
first observed in [64].

To analyze the divergence behavior at low and high temperature, we consider the
expansion in terms of 7. First, in these limits the chemical potential reads from (3.9)

d (d — 2)2d?
ArT  12873(d — 1)T3
2d(d—1)  4rx(d—1)
(d—2)>  (d—2)

+ O(T7), (T>1), (3.10)

=
Il

T+ 0(T?) . (T < 1), (3.11)

=
Il

so the emblackening factor in (3.6) behaves as follows:
(d—2)d*> 24— 3242 - _
— = o(T T'>1 3.12
3or2d-1) T2 (), (T>1), (3.12)
2(d—1)2d+ d 5242 32d(d—1)w?
d—2 d—2 (d—2)4

f(&)=1-2¢

f(5)=1- (312 T+0O(T?) (T<1). (3.13)
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Figure 4. The low and high temperature behavior of the complexity of formation in normal phase.
The blue curve is the numerical plot of (3.8) with d = 3.

In the high temperature limit(7 > 1), by using (3.12) and (3.10), (3.8) becomes

2d—1
o r(i=d) _
AVCIII(T) _ (47‘(’) 2 ( d ) Td—l

T (5F) (3.14)
A 2 (d—2) [(d—1)2T (=4)  dr (1)) _ '
. <2d>dl(;_1)> (( Fzzd()d ), F((%})))Td_gw(TH)'

For d = 3 case, eq. (3.14) becomes AV} = 12.30172 + 0.305, which is confirmed in our
numerical computation. See the red line in figure 4a.

In the low temperature limit (7' < 1), the emblackening factor f(Z) in (3.13) behaves
near the horizon(Z = 1) as follows:

( T2d3(d—)x? o [32d(d—1)n? (3.15)
_ | rdld=r® o L [32d(d=1)7"

~—1)> T+0O(T?% (2-1)%).

Since f(Z) goes to zero quadratically near the horizon, the integral (3.8) diverges logarith-
mically at the zero temperature limit.

To deal with this divergence separately we introduce a such that z,, < a < 1 and
divide the integral range as

) (3.16)
2 / dz 1 - _
= = —7 + -Fl a, da T 9
,de_l [ 5 Zd f(é) ( )
where Fi(a,d,T) is a finite piece,
_ adz 1 al—d
a,d,T) := — | —— -1 - . .1



To have a better understanding of the singular term in (3.16), we define the followings:

S L 2201 (2)
MET) = G E T (3.18)

3272
—1)(d—2)2’

where I'(T) is chosen such that h(Z,T) is regular and well-defined at Z =1 and T = 0, i.e.

D(T) =~T + O(T?), v o= \/d(d (3.19)

h(1,0) := lim lim A(2,T) = lim lim h(z,T). (3.20)

T—0z2—1 Z—=1T—0

Let us explain how to determine (3.19). The first condition in (3.20) may be
rephrased as

32d(d—1)72 3
BU=T + O(T?)

hz=1T<1)= _ , 3.21
(2 ) T(T < 1) (3:21)
where (3.18) and (3.15) are used. To have a regular h(1,0) we need to require
(T < 1) :=~T + O(T?). (3.22)
The second condition of (3.20) implies
32d(d—1)m?
—92)2
h(1,0) = “’7 P _dd-1), (3.23)
which yields
3272
= . 3.24
7 \/d(d—1)(d—2)2 (3:24)
By using (3.18), we rewrite (3.16) as follows:
. 2 1 1 o
AVY(T) = == ——— + Fi(a,d,T)
=S8(a,d,T) + ﬂd - [B(a d,T)+ Fi(a,d,T)] ,
where S(a,d, T) is a singular term
_ 2 1 1
5@d1):= VE [ T(T)h(1,T)
Z -4 )
_ (3.26)

2 L I'(T)
AL T \r(@) -20a-1)-2@a-Da-1-1(1)) )’

and Fy(a,d,T) is another finite term defined as

~ N L ! s 1 — =
A 1= [ o <\/(2—1)(2—1—F(T))h(5j) ¢<z—1><z—1—r<f>>h<1,f’>>’

~10 -



With the formulas (3.26)—(3.27) and the expansion for f in (3.11), the complexity of
formation (3.25) can be expanded in terms of T as

—d
AVy(T) = _\/dd(d— 1;;_ e In(T) + F3(a,d) + O (T) , (3.28)

where

R LR A=) [ d(l_l) N (4(1_a>> +f2<a,d,0)+f1<a,d,0)] |

(d—2)t— d o
(3.29)
For example, if d = 3,
i—1)V1+2a+3a2 1 2 1—a
Fi(a,3,0) = 4=V - atsas 1, 2+v6)1 -~ a) . (3.30)
2a 6 2 +4a + /6(1 + 2a + 3a2)
1—a)V1+2a+3a2 1 12
Faa,3,0) = T EHEIE L Ly, (33
2a V6 \ 2+4a+ /6(1+ 2a+ 3a?)
with z,, = 0 and
1 12
F3(a,3) = In V3 ~ 0.0269 . (3.32)
6v6 \ 7(2+6)
Note that F3(a,3) is independent of the arbitrary choice of a. Finally,
AVY(T) = —0.068In(T) + 0.0269 , (3.33)

which is confirmed in our numerical computation. See the red line in figure 4b.

3.2 Superconducting phase

In superconducting phase, the non-trivial complex scaler field plays a role and the low
temperature behavior will be different from the RN-AdS black holes. At low temperature
below some critical temperature T, the superconductor state with ¢ # 0 has the lower free
energy than a normal state with ¢ = 0 so it becomes the ground state. For example, for
q = 1,m? = —2, the dimensionless critical temperature T,./u ~ 0.0208. In this section, we
study the complexity of formation in the superconducting phase.

For ¢ # 0, the geometry outside of the event horizon is still regular, so the causal
structure outside of zp is similar to the RN black hole. However, in this case the inner
horizon disappears and a new singularity appears. Due to the existence of the Cauchy
horizon in the RN-AdS black hole, the complete description of the inner geometry of the
charged black hole after the scalar hair appears is subtle. Some analyses show that the
Cauchy horizon will become a “weak singularity” if the scalar field is infinitesimal [76, 77].
As the scalar field increases, it is not clear how such a new “weak singularity” will evolve.
In figure 5, we show a schematic Penrose diagram in the connected region which contains

- 11 -
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Figure 5. The schematic Penrose diagram in the connected region which contains an Einstein-
Rosen bridge to connect two AdS boundaries. The maximal volume slice B for t;, = tg = 0 is
the same as AdS RN black brane. When complex scalar field appears, the Cauchy horizon (inner
horizon) will be taken place by a singularity.

an Kinstein-Rosen bridge between two AdS boundaries. Though the structure of the sin-
gularity is not clear, the computation of the CV conjecture is not affected by the detailed
structure of singularity. However, for the CA conjecture, as the WdW patch touches the
singularity in general, we have to know the detailed properties of the singularity. Partly
because of this subtlety, in this paper, we only focus on the CV conjecture.

The maximal volume slice B for t;, = tg = 0 is the same as the RN black hole. Thus,
the complexity for t;, = tg = 0 in superconducting phase is still given by (3.2). Taking
into account the general asymptotic solution for metric shown in (2.13) at the boundary
z = 0, we find that the V diverges but the complexity of formation AV in (3.4) and AV}
in (3.8) are still valid also for the superconducting phase.

e AV 2 Laz 1 1
AvalT) = pd=1Qq -y pd! [/m zd (f(;;) a 1) a d—l] ’ (3:34)

where we changed the superscript ‘n’ to ‘s’ to make clear we are considering the supercon-

ducting phase. Contrary to normal phase, in this case, there is no analytic formula for the
emblackening factor f(Z) is available so we resort to the numerical methods.%

Note that the formula (3.34) is valid for both normal phase and superconducting
phase, so we will use the subscript ‘n’ and ‘s’ only we want to emphasize which phase we
are looking at.

3.2.1 Complex scalar mass: m2 =0

Figure 6a is the numerical plots of the complexity formation for the system with m? = 0,
g = 2.5. The horizontal axis is T/T. where T, is the critical temperature of the phase
transition. For 7'/T, > 1 the system is in normal phase and the complexity is the same
as figure 3. At T'/T, = 1 there is a kink and the transition is not smooth. For T'/T, < 1

5The temperature (3.9) is only valid for normal phase. For superconducting phase, we should come back
to the original definition (2.10).

- 12 —
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Figure 6. The complexity of formation and thermal complexity of the holographic superconductor
with m? = 0 and ¢ = 2.5. T./u ~ 0.039 is the critical temperature.

the complexity monotonically decreases contrary to the normal phase. The complexity in
superconducting phase is smaller than normal phase similar to the free energy. We also
have analyzed many cases with different masses m? and charges ¢, and found a universal
property: the superconducting phase always has the smaller complezity than the unstable
normal phase below the critical temperature. It seems that the complexity may play a role
of the free energy and indicates the phase transition.” It will be interesting to investigate
if this property is indeed universal, and understand why, if it is.

At zero temperature the complexity of formation AV5(T = 0) is nonzero and it is the
complexity of the zero temperature superconductor state from the AdS vacuum state. We
may also define the complexity of formation from the zero temperature superconductor not
from the AdS vacuum state:

oV(T)

=V - Vzero temperature superconductor (3-35)
= AVi(T) — AV3(0). (3.36)
Indeed, this new complexity of formation has a more natural and phenomenological in-
terpretation because the ground state of the superconductor is zero temperature super-
conductor not a vacuum. To distinguish this new complexity of formation, we will call it
“thermal complexity” from here.
In figure 6a it looks that at low temperature the thermal complexity satisfies the
power law
SVI(T) < T™. (3.37)
This has been checked in figure 6b and a ~ 2. To what extend is this integer exponent ro-

bust and what is a physical picture behind it if any? To answer these questions we have first
performed more numerical analysis and investigated the dependence of « on the charge q.

"In [78] it is also shown that complexity serves as an order parameter in a different system (topological
system). The complexity near superconducting transition point has been studied also in [79] in the context
of “holographic complexity” proposed by [53], which is different from CV conjecture. [80] also dealt with
the behaviour of CV complexity in a holographic model with a superconductor-like phase transition, and
found that the complexity decreases in the condensed phase.
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Figure 7. The exponent « as a function of ¢ for m? = 0. Color dots are numerical data. d = 3(red)
d = 4(green) d = 5(blue).

The red dots in figure 7 are numerical data of the exponent o which belongs to the
range 24 2 x 1073 for the charges ¢ = 2.5,3,3.5,4,4.5,5,6. Note that ¢ > 3/4 so that the
scalar field can condense spontaneously [81]. In addition, we consider higher dimensions.
In figure 7 the green dots are for d = 4 and the blue dots are for d = 5 case. Based on our
numerical results, we may deduce that the exponent « is independent of the ¢ and

a=d—1. (3.38)

Indeed, this simple and universal exponent can be understood by the near horizon
geometry of the holographic superconductor at low temperature. For m? = 0, it is shown
to be the AdS-Schwarzschild black hole [82]:

X(z)=x0, f(z2)=1-2% A(z)=0, ¢(2)=¢o (3.39)

where yg and ¢g are constant. It can be also seen from our numerical solutions in figure 1b,
where the dashed black curve is the AdS-Schwarzschild blackening factor, f(2) = 1 — 23.
We see that as the temperature goes down the curves approach f(2) = 1 — 23 near horizon.
Therefore, the thermal complexity of the superconductor with m? = 0 can be approx-
imately computed as the complexity of formation of the AdS-Schwarzschild black hole:

¥ ¥ d—1
VAdS 4 1-Schwarzschild black hole — Yo &< T, (3.40)

which has been computed in [38, 60]. Note that the geometry (3.39) is valid only near
horizon so the volume integral based on (3.39) is not precise for (3.36). Here, we are
assuming that the correction due to this discrepancy are common to both terms in (3.36)
and cancelled out. This is justified a posteriori by (3.38).

3.2.2 Complex scalar mass: m? # 0

What if we consider m? # 07 In this case, there is no known analytic small temperature
geometry for holographic superconductor so far. Thus, for m? # 0 it is not easy to have
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Figure 8. The complexity of formation and thermal complexity of the holographic superconductor
with m? = —2 and ¢ = 1. T./p =~ 0.0208 is the critical temperature.

analytic understanding such as (3.38) and (3.40). However, the zero temperature solution
for holographic superconductor has been analyzed in [81]. It shows that the ground state
geometry depends on d, ¢ and m? in general. Therefore, we may expect that the scaling
behavior of the thermal complexity depends on d and ¢ for a given m?. Note that only
if m? = 0, the zero and small temperature geometry of the holographic superconductor is
independent of ¢ as shown in (3.39). It is why the thermal complexity in that case does
not depend on ¢ and only a function of d.

Even though we don’t have an analytic intuition from the ground state geometry
for m? # 0, we can still analyze the scaling behavior of the thermal complexity at low
temperature numerically and try to understand physics behind it.

To be specific, let us consider d = 3. For a negative mass squared we choose m? = —2
and for a positive mass squared we choose m? = 1/2. First, for m? = —2 figure 8a shows
the complexity of formation and thermal complexity with ¢ = 1 and from figure 8b we
can read off the exponent a. We repeat this computation by changing ¢ and the results
are summarized in figure 9a. Next, for m? = 1/2, by the same procedure, we obtain the

exponent «, which is shown in figure 9b. The numerical data in figure 9 can be fitted as

o~ ay + aq?, (m? = —2), (3.41)
o~ ozt oagq 2, (m? =1/2), (3.42)

which are represented as a dashed line in figure 9a with (g, a2) = (2.2,1/20) and
(g, q) = (1.998,1/7). We have checked that these behaviors are qualitatively true for
other values of m?: for a negative mass squared « increases as ¢ increases while for a
positive mass squared « decreases as ¢ increases. It seems that oy and ag goes to d — 1
and oo and oy goes to zero as m? goes to zero, reproducing the results in section 3.2.1.
Let us conclude this subsection by a remark on the possible low temperature geometry
of the holographic superconductor with m? > 0. When m? > 0, it is known that the

extremal geometry is Lifshitz geometry:

X = 2N ) = fy, Alz) = Aoz ¢, o(2) = ¢ (3.43)
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Figure 9. The exponent o vs ¢ for m? # 0. Red dots are numerical data. The dashed lines are
the fitting curves in (3.41) and (3.42).

where

- d(d —1) _20¢-) @ -1)¢
fO N (d— 1+C)(d—2+C), AO - 7]007 ¢0 = 72]00, (344)

and ( is the lifshitz dynamical exponent satisfying

m? = Mq? (3.45)

¢

If d = 3, (3.44) is reduced to the case in [81].
To follow the same logic as m? = 0 case in section 3.2.1, we may assume that the low
temperature solution is obtained by the emblackening factor:

£(2) = fo (1 - zd—HC) . (3.46)

The complexity of formation for this Lifshitz black hole is AV ~ T S which reduces to
AdS-Schwarschild case as ( — 1. Then the exponent « for Lifshitz black hole is

d—1 (d — 1)m?
aziz(dfl)fT,

; (3.47)

where (3.45) is used. For d = 3
a=2—-—, (3.48)
which is different from our numerical fitting (3.42): «g is similar but the sign of ay is

opposite. This is because the simple emblackening factor (3.46) is not the low temperature
solution of the holographic superconductor for m? > 0.

~16 —



Figure 10. The maximal volume surface in the AdS-Schwarzschild geometry. At two boundaries,
t;, and tr stand for two states dual to the states in TFD. z;, is the horizon radius. A is used to
parametrize z(A) and V(A\). B and B’ are schematic representation of the maximum codimension-
one bulk surfaces connecting ¢;, and tg in the left plot, —% and % in the right plot, respectively.

4 Time-dependent complexity

In this section, we study the time-dependent complexity or complexity of formation. We
consider the same ansatz as (2.6):

1

ds? = =
22

d—1
—f(2)e X Hat? + 1 (2)d2” + D daf| . (4.1)
=1

From the CV conjecture perspective, it means that we evaluate the volume of the maximum
codimension-one bulk surface (B or B’) in figure 10 instead of the horizontal surface in
figure 2 or figure 5.% The green curves B or B’ are schematic ones. As the metric (4.1) has
the time translation symmetry the volume of B and B’ are the same, if

At = Jtg — tr] (4.2)

4.1 Method of computation

To compute the volume of the codimension-one bulk surface let us first introduce the null
coordinate V (¢, z):

Vit z) = eButz) _ oB(t—2"(2))

)

2 oX(3)/2 (4.3)

2" (z) = ——dz,

o f(2)

8For the purpose of displaying the maximal surface at finite time we use the Penrose diagram for the

AdS Schwarzschild geometry in figure 10.
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where v(t,z) is the infalling Eddington-Finkelstein coordinate and [ is determined by
the near horizon expansion of the equations of motion. In this coordinate system, the
metric (4.1) becomes

d—1
d82 . 1 [—f(Z)G_X(z)d/UZ o 2@_X(z)/2d’l)d2 —+ Z dl‘?] 5

= o A
=1

(4.4)
Ly 2 d-1 ]

2

22 ;
=1

1 [ Fz)ex®

By considering the induced metric on the green curves parameterized by A in figure 10.

~X(z(0) “X(zN)/2 d-1
ds? = [(_f(z(A))e V(N2 — 26V’(A)z’(A)> dx2 + defl .
=1

2?2 B2V (N2 BV
(4.5)

we have the volume of the codimension-one bulk surface

z2(X))e=x(z(\) e—x(z(N)/2
STy (S S R IR

= Qdfl /ﬁl d/\, (47)

where Q41 = [ dQ?-1 is the volume of the spatial geometry. We obtain only one Euler-
Lagrangian equation from (4.6)

2 Wdt X (2) | V" e X f(2)(—2f(2) + f(2)(2d + 2/ (2)))

2 ket zax(z)r VT 2
2z + 2z + V! + 232V 2z v (4.8)
982 1 X3 f(2) + 37(2)(2d + X (2)) |
+ V=0,
28V z

However, we need two equations for two independent fields(z(A),V(A)). To resolve
this issue, we introduce the auxiliary field () to the volume integral.

V= Qd1/ (E(l)\)ﬁf + a(/\)) d\ = Q4 /,c2 dX, (4.9)

from which, we have three Euler-Lagrangian equations:

eX(z)/Qﬂz// _ eX)/28(4d + 2x'(2)) 2 X25e! Viﬂ _ LIQ

f(2) 2f(2)z N ef(2) Z vV V2
e 22 f(2) =2 f(2)(2d + 2X'(2)) ,
+<_5V+ f(z)Vz >V =0,
, 2Bz 4+ e_X/Q(Zf/(Z) _ f(Z)(2d—|— ZX,(Z))) . AV (410)
V" — V2 _ _0,
28V z c
22 (2 PV e XfRVRY LY
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Among these, only two are independent and we will choose the second and third equa-
tions as independent ones. From here, we take £(A)=1, recovering the original variational
problem. The two independent equations read

w2824 e XP(2f'(2) — [(2)(2d + 2X/(2)))
28V z

2e X2V eX 2
1_|_Z—2d< e V'z +e fR)V ):1_5320_ (4.12)

1% V?=0, (4.11)

IBV 52‘/2

We will solve the equation of motions (4.11) and (4.12) numerically starting from the
horizon at (V(0),2(0)) = (0, 2p). See the red dot for A = 0 in figure 10. Near this point
the series solutions are obtained as

_ ['(zn)(4d + 320X (21)) — 220" (2n) (1)

V=vmx PO 0D SN
Az f'(2n)
2 T2 () 4 (4d 4 20X (2 ))2(1)2 (4.13)
z=zp+ 2N+ 20 h hX \Zh N4
4z,
where ( introduced in (4.3) is determined as
1
B = _ie*X(Zh)/Qf’(zh) 7 (4.14)

which is nothing but 277" as expected in (2.10).

From here we introduce again Z = z/z, defined in (3.5) without loss of generality. For
a given initial values (V1) 2(1) the solutions (2()\),V()\)) are numerically determined.
Thus, at the cut-off Z,, (see figure 10), (Ar, Ar) can be obtained as

EOR) = Zms EOAL) = Zm. (4.15)

Note that Ag > 0 and A\, < 0. Once we know the parameters (Ar, A1) at the cut-off Z,,,
the complexity (4.7) is computed straightforwardly as follows.

V:Qd_l/ﬁldA:Qd_l/d)\:Qd_l()\R—)\L). (4.16)

where, the second equality holds because £1 = 1, following from (4.12).
The times at the boundary cut-off Z,, (4.15) are obtained from (4.3):

log(V (\)) _ log(V(Ar))

3 + 2"(AR), tp =t(\r) 3

tp =t(\g) = +25(\p).  (4.17)

Thus, from (4.2)
1
B

where 2*(Ar) — 2*(Ar) = 0 by (4.3) and (4.15). Strictly speaking, At is the value in the
limit of Z,, — 0, but for our numerics, At is defined at 2, = 1072.

At = |tg — t1] = = (log(V(Ar)) — log(V (A1) , (4.18)
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Figure 11. The numerical solutions: Z(\), V(X) for T/T, = 0.7. This plot is generated by the
initial data (21, V(1) = (0.175, 1).

In summary, from (4.16) and (4.17), the time dependent complexity of formation (3.8)
or (3.34) reads:

2 1

|:>\R(2m) — AL(Zm) — (EDE=R (4.19)

o AV 1
AVd(T, At) = ,ud_IQd_l = ﬂd—l
1

V(Ar(Zm))
2= o)
where the last term in (4.19) comes from V) in (3.3). Note that we do not use the superscript
‘n’ or ‘s’ here compared with (3.8) and (3.34) because (4.19) is valid for both normal and
superconducting phase.

(4.20)

4.2 Results and Lloyd’s bound

For numerical analysis we consider the (3+1) dimensional holographic superconductor
model based on (2.1) with ¢ = 1 and m? = —2. We first construct the superconduc-
tor solutions: f(2), x(2), Ai(2), ¢(Z), similar to figure 1.

As explained in the previous section, for a given set of initial values (z(l),V(l)) =
(0.175, 1), the functions z(A) and V() are obtained by numerically solving (4.11) and (4.12)
with initial conditions (4.13). For the superconducting phase at 7'/T, = 0.7 the result is
displayed in figure 11. At the boundary cut-off ,, = 1072 we obtain Az = 5002.31 and
AL = —5001.73 by (4.15). Furthermore, V(Ag) = 3.247 and V(A) = —0.688 so tg = 3.40
and t;, = —1.07 by (4.17) with § = 0.346. As a result, the complexity of formation is
AVy(T, At) = 0.282, where [i is computed as A;(Z,,) = 3.788. It is marked as a black dot
in figure 12. By changing the initial data set we can complete a green curves in figure 12.

By repeating this procedure for different temperatures, 7'/T. = 5, 3,1, 0.5, 0.3 we obtain
the red, orange, yellow, blue, and purple curves respectively. Note that our numerical
method works also for the normal phase (T' > T;). The complexity of formation at At =
0 agrees with the colored dots in figure 8a, which serves as a consistency check of our

numerical analysis.
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Figure 12. The time-dependent complexity of formation of the holographic superconductor
model. Various colors represent different temperatures, i.e. T/T. = 5,3,1,0.7,0.5,0.3 (red,
orange, yellow, green, blue, purple). Dotted curves are for normal phase and solid curves are for
superconducting phase.
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Figure 13. The growth rate of the complexity for the holographic superconductor model. Various
colors represent different temperatures, i.e. T/T, = 5,3,1,0.7,0.5,0.3 (red, orange, yellow, green,
blue, purple).

To see the growth rate of the complexity,’

0NV,
oAt
we make the plots for the time derivatives of the complexity in figure 13. The higher the

AV, = (4.21)

temperature is, the bigger the growth rate is. Thus, for a clear presentation we make
two plots: (a) normal phase and (b) superconducting phase. We find that there are the
upper bounds on the time derivative of complexity for both the normal phase and super-
conducting phase.

To compare the upper bound with the Lloyd’s bound, we first need to define the Lloyd’s
bound, which is proportional to the ‘mass’ (or energy) of the black hole. However, it is
subtle how to define mass in curved spacetimes. For an asymptotic AdS spacetime, there

9The growth rate of the complexity and the growth rate of the complexity of formation is the same
because Vy is constant in time.
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Figure 14. The comparison between the growth rate of the complexity for the holographic su-
perconductor model and the Lloyd’s bound. Various colors represent different temperatures, i.e.
T/T. =100,5,3,1,0.7,0.5,0.3 (black, red, orange, yellow, green, blue, purple). The black curve at
high temperature is approaching to the case of AdS-Schwarzschild as shown in [38].

are several different ways to define mass, such as the ADM mass (Mapwm ), the Komar mass
(Mkomar) and the mass (My) based on the holographically renormalized stress tensor.
These three definitions give the same results for normal phase but different results for
superconducting phase. See appendix A for details. In many cases, My, is used to define
the mass of a boundary state. It has an advantage that the counterterms are fixed according
to the “holographic renormalization” [83, 84]. However, M}, may not be appropriate in the
context of the Lloyd’s bound because it can be negative in general. In the context of
the Lloyd’s bound, the other two masses have their own advantages. In the proofs of the
“positive energy theorem” [85], the mass of an asymptotic AdS black hole is Mapy. In
ref. [73], it was shown that the mass corresponding to the Lloyd’s bound in the late time
limit for the CA conjecture is Mxomar-

It is not clear which mass corresponds to the mass in the Lloyd’s bound. We check the
Lloyd’s bound by all three definitions of mass. In our model it turns out that Mapy =
My < Mkomar (See appendix A). Thus, if the Lloyd’s bound is satisfied by the ADM mass,
it will be satisfied by any of three masses. For this reason we focus on the ADM mass.

The Lloyd’s bound based on ADM mass is given by

G = 2CLioyd Criond = 8 Mapm
T Td—1 ) oyd -— _ ’
p (d le);] d—1 (4.22)
— _\& T 1)L g _ —d
Mapm = Ton  amf—D="

There is an ambiguity in the definition of the Lloyd’s bound. Essentially, it only says
CLloyd ~ Mapym and the proportionality constant remains to be fixed. We choose it as
87/(d — 1), which is the maximum value for the Schwarzschild blackhole case [38]. The
factors in the definition of Cy, is introduced for the same normalization as (3.8) and the factor
‘2’ is necessary to reflect the contribution from two sides(left and right) of the blackhole.
The ratio of the growth rate of the complexity to the Lloyd’s bound(CLlOyd) is presented
in figure 14: (a) is for normal phase and (b) is for superconducting phase. We find that

- 29 —



the growth ratio of the complexity becomes smaller than the Lloyd’s bound as temperature
goes down. This tendency has been observed in normal phase in figure 13 of [64], where the
complexity for the normal phase of AdS-RN in (4+1) dimension was studied. Here, we find
that it continues to be true also for superconducting phase. At a very high temperature
(the black curve in figure 14a) the growth rate of AdS-RN case saturates to the Lloyd’s
bound, which is similar to the case of the AdS-Schwarzschild as shown in [38]. It can
be understood by the fact that the high temperature(7T/u > 1) corresponds to a small
chemical potential close to the AdS-Schwarzschild case.

The Lloyd’s bound in the context of the holography was first introduced in the study
of the CA conjecture. The complexity by the CA conjecture seemed to saturate to the
Lloyd’s bound at late time. It was taken as the first nontrivial evidence supporting the
CA conjecture. However, more recent studies [38, 64, 86—88] show that such a bound can
be violated in many cases. Only in the late time limit the CA conjecture saturates to the
Lloyd’s bound from above. It was first reported by [38, 64] independently. It has also been
shown that the Lloyd’s bound is not satisfied even in AdS-Schwarzschild black holes when
time t7, and tg are small [38, 64].

Our results show that from the perspective of the Lloyd’s bound the CV conjecture
is more suitable than the CA conjecture as a definition of the holographic complexity.
For AdS-Schwarzschild black holes, RN-AdS black holes and the black holes with nonzero
complex scalar hair, we found that the complexity growth rate always satisfies the Lloyd’s
bound during the whole evolution. Based on these observation we may propose a conjecture:
under a few suitable conditions on matter fields or causal structures of spacetime, the
complexity by the CV conjecture will always satisfy the Lloyd’s bound.

5 Conclusions

In this paper, we have investigated the holographic complexity for the holographic super-
conductor model in asymptotically AdSsy; spacetime by using the CV conjecture.

We first study a time-independent complexity of formation AVy(T) as a function of
temperature (7') at fixed chemical potential (i), i.e. T = T/u. A typical behavior of
AV4(T) is shown in figure 6a. In many cases with different masses m? and charges ¢, we find
that a universal property: the superconducting phase always has the smaller complexity
than the unstable normal phase below the critical temperature. Thus, it seems that the
complexity may play a role of the free energy, indicating the phase transition. It will be
interesting to investigate if this property (higher complexity for unstable phase) is universal
for other cases, and understand the reason behind it.

In superconducting phase, the complexity of formation always decreases as temperature
goes down.'? In the high temperature limit, the complexity of formation scales as AV (T') ~
791 which is consistent with the AdS-Schwarzschild Black brane geometry. In the low
temperature limit, if the system were in normal phase, the complexity of formation would
behave as AV;(T) ~ logT as shown in figure 3. However, at low temperature, the system

10Th normal phase, the complexity of formation may increase right before the critical temperature if
m? < 0 as shown in figure 8a. This can be understood from figure 3.
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must be in the superconducting phase and in this case it again scales as §Vy(T) ~ T,
where « is a function of the dimension d, the complex scalar mass squared m?, and the
U(1) charge ¢.!t

In particular, if m? = 0, @ = d — 1 independent of ¢, which is the same as the high
temperature limit, i.e.

OV4(T) ~ T4 1, (5.1)

It can be understood by the fact that the near horizon geometry of the holographic super-
conductor with m? = 0 at low temperature is nothing but the AdS-Schwarzschild Black
brane geometry. For m? # 0, our numerical analysis suggests the following behavior (see
for example figure 9.).

a~ ag + ag?, (m? < 0), (5.2)

a~ az+asq?, (m? > 0), (5.3)
where a; and a3 goes to d — 1 and oy and a4 goes to zero as m? goes to zero, reproducing
the results for m? = 0. For m? # 0 it is not easy to have a geometric understanding for «
because there is no available near horizon analytic geometry at low temperature. We leave
a better physical understanding of (5.2) and (5.3) as a future work.

Next, we investigate the full time evolution of the complexity of formation for the
holographic superconductor. We first have developed a general method to compute the
time-dependent complexity of formation in section 4.1. By this method, we have computed
the time dependent complexity of formation for the holographic superconductor, of which
results are shown in figure 12.

In both normal and superconducting phase, the complexity of formation increases as
time goes on. Furthermore, it increases linearly in time in the late time limit, which can be
seen in figure 13. In other words, the growth rate of the complexity is constant in the late
time limit. The lower the temperature is, the smaller the growth rate of the complexity is.
Furthermore, we compare the growth rate of the complexity in the late time limit with the
Lloyd’s bound, defined by the ADM mass. If the temperature is high (7" > T¢), the growth
rate of the complexity saturates to the Lloyd’s bound [58, 70, 73]. This is consistent with
the result for the AdS-Schwarzschild Black brane case. As the temperature goes down, the
growth rate of the complexity becomes smaller and smaller than the Lloyd’s bound. Thus
the complexity of the holographic superconductor does not violate the Lloyd’s bound.

While the Lloyd’s bound was first introduced in the study of the CA conjecture, recent
studies [38, 64, 87, 88] show that the CA conjecture violates the Lloyd’s bound in many
cases. It was for the first time reported by [38, 64] independently that even in the late time
limit the CA conjecture violates the Lloyd’s bound because it saturates to the bound from
above. However, based on our observation for the CV conjecture in this paper, we may
propose a conjecture: If the black hole mass and temperature are positive, the complexity by
the C'V conjecture may always satisfy the Lloyd’s bound. The condition may have something

YAV(T) = §V4(T) + constant. The constant is just an overall shift so it does not matter in discussing
the scaling behavior in temperature.
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to do with some sort of energy conditions such as the dominant energy condition or the
null energy condition.

It will be also interesting to study the complexity of formation and the time-dependent
complexity for other models including additional matter fields such as axion or dilaton
fields. Moreover, the complexity of the system at finite magnetic field or with higher
derivative gravity model is other important directions to explore. In this paper, we focused
on the CV conjecture only, but it will be interesting to study the complexity of supercon-
ductor by the holographic CA conjecture or other field theoretic methods, and compare
them with our result. We leave these issues as future works.
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A Mass of the black hole in asymptotically AdS spacetimes

It is a subtle issue how to define the total mass of the black hole in asymptotically AdS
spacetimes. In this appendix, we deal with three definitions of mass (the ADM mass, the
Komar mass and the mass based on the holographically renormalized stress tensor) and
give their expressions in superconducting phase. In normal phase, all these three definitions
are the same. but in superconducting phase, they are different. Thus, the “mass” in the
Lloyd’s bound is ambiguous.

All these three definitions need to deal with divergences. In particular, we may need
to consider matter-dependent counterterms for complex scalar fields [90-92]. In our case,
as the spacetime is static and the boundary is flat, the counterterm for a scalar field in all
three cases have the following form

S = / V7 [(c1 + e2In€)|¢|? + subleading temrs] d*z . (A.1)

Here ¢; and ¢y are two constants, which depend on the mass (conformal dimension) and
the charge of a scalar field. They are also different for three different masses. ~ is the
determinant of the induced metric at the cut-off boundary z = € — 0. With the metric (2.6)
and the asymptotic expression (2.13), we obtain that

N £70/2¢=3 (1 + foe +X163+\/4m42+9 +) . (A.2)
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As we choose the boundary condition ¢ = 0, the scalar field has asymptotic expression
¢ — ¢_zB3HVIMH9)/2 Qee eq. (2.12). Taking all these into account, we find that the
leading term of the integrand reads

(c1 4 colne)|p_ 2™+ 50, (A.3)

where m? > —9/4 (the BF bound). Thus, there is no nonzero counterterms for matter

fields in all these three masses.2

A.1 Generalized ADM mass

The first one is the generalized ADM mass. This definition is the generalization of the
ADM mass in asymptotically flat spacetimes proposed by ref. [93]. In this paper, we deal
with the black brane with a complex scalar hair. Ref. [93] deals with the vacuum Einstein’s
equation without a cosmological constant but the generalization is straightforward.

The generalized ADM mass is defined as conserved quantities constructed from the
gravitational energy-momentum tensor and the Killing vectors £ of a particular back-
ground metric tensor field g,, which is the vacuum solution of eq. (2.4).'% In the asymp-
totically AdS spacetimes, it is natural to choose g,, as the pure AdS solution. Let us
seperate the metric into two parts,

uv = g;w + h,ul/ ) (A4)

where we assume that hy,, vanishes at infinity. Let us denote the covariant derivative
corresponding to g, by ?u' To facilitate this decomposition, we will use the convention
in this subsection that all operations such as index moving or differentiation are with
respect to gu,. We can sperate the left hand side of eq. (2.4) into three pieces, i.e., the
piece independent of h,, which vanishes because g, itself satisfies the vacuum Einstein’s
equation, the piece linear in h,, and the piece containing all quadratic and higher order
terms in h,,,. Then we can write eq. (2.4) as

v 1 [P v
Ry~ §QWRL + AR = §(TW +TH) = Ti - (A.5)
Here —T" /2 contains all the quadratic and higher order terms of hyu, in the left hand
side of eq. (2.4). The subscript L refers to the terms linear in hy,. Physically, TH
is the energy-momentum tensor of the gravitational field and ﬂ‘é';al is the total energy-
momentum. Because the left hand side of eq. (A.5) obeys the background Bianchi identity

R}Y — %gP“’RL + AhM can lead that

VI =0, (A.6)

total —

Note that in eq. (A.6) the derivative is a background covariant derivative not an ordinary
derivative. To construct a conserved current corresponding to eq. (A.6), we can use the

121f we choose another boundary condition ¢_ = 0 for a scalar field, the leading term of (A.1) may be
nonzero so the counterterms for a scalar field is needed. We also need to consider finite boundary terms
that impose the relevant boundary conditions. For more details we refer to [90-92].

13In general, the vector £* may not be the Killing vector of the real metric Juv-
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background Killing vector field 57‘ which satisfies that %éy +V, 7,; = 0. Then one can
check that the combination &, 7" ¢ Otal is a conserved current and the corresponding conserved
charge is

— 1
Ea [g] = 1671' dzufu total (A7)

Here ¥ is the t =constant hypersurface and dEV is induced volume element (corresponding

to guv). Now according to section 2 in ref. [93], eq. (A.5) can be expressed as

T

total

= Vo VaKrwh 4 xmv (A.8)

Here K*¥B ig called superpotential, which is defined as

1
KPS = 2 (§TH + g Y — g — ) (A.9)
with
1
P = = SR (A.10)

We see that the superpotential has the same index symmetry as the Riemann tensor. The
additional term X#¥ can be written as,

1_
XM= _iRam”K“’\aﬁ. (A.11)

Here Raﬁ)\” is the Riemann tensor defined by [V, Vgluy = Raﬁ)\”v,,. Taking eq. (A.8) into
eq. (A.7), one can find that the right-hand side of eq. (A.7) can be written as the surface
integral. We then define the total ADM mass as

EAlf] = —8% }é S, (?QKWM - Kﬂaﬁyﬁa) £ . (A.12)
Here S is the codimension 2 surface at timelike infinity and ¢ =constant and dS’W is the
induced surface element (measured by g,,). Note eq. (A.12) is not obtained from eq. (A.7)
straightforwardly by the Guass’s theorem as the inner boundary of the 3 has been dropped.
If we take that £ = (9/0t)*, we obtain the ADM mass Mapn = Ea[(0/0t)H].
Now let us find the expression for the ADM mass under the ansatz (2.6). The back-
ground metric g, and hy, can be expressed as

1
G = ?WV? hit = hyy = fozd*2 4+ hyuw = 0 for others . (A.13)

After some algebras, one can finally find that,

(d—1)Xq-1fo .

A.14
167 ( )

Mapm =

A.2 Generalized Komar mass

For an asymptotically AdS spacetimes with a Killing vector £# we can define aother mass
called the Komar mass, which can be treated as the generalization of the Komar inte-
gral in flat spacetime [94]. The original Komar integral is divergent in the asymptoti-
cally AdS spacetime due to the cosmological constant. In order to cancel this divergence,
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refs. [95, 96] introduced a Killing potential w*” which is antisymmetric and satisfies the
equation V,wH = £*. The Killing potential exists locally because the Killing vector field
&M satisfies V,H = 0.

To construct the Komar mass, let us first define a current by J* := {,R* + (d —
2)¢H /3 4. By the Bianchi identity, we have

d—2 1
VMJH = R‘uyvufu + guvﬂRW} + 52 vlif'u - igﬂvuR =0. (A'15)
AdS

The last equality is because the derivative of the Ricci scalar vanishes along the Killing

vector field. We can now define the conserved quantity which is the energy associated with
this current,
Exl¢] == Ldz1 s g (A.16)
K T 4w d — 2 » ’ . ’
Using the Einstein’s equation, one can check that this integration can be expressed in terms
of the energy momentum tensor field
d—1 T
E =——— [ dX, |TH — ——g"" : A7
kldl =575 Loz |[r - 1o e (A17)
On the other hand, using the Killing equation V,§, + V,{, = 0 and the fact that w"”
is antisymmetric, we have

d

Jp=&R" =V, [V“é” —p w‘“’} . (A.18)
AdS

This means the integrand in eq. (A.16) is a total divergent term so the integral can be

converted into a surface integration. We define the total Komar mass as

1 d—1 Ld
72 dS,, [v#g — ] . (A.19)

Bglg] = ——=—
K=~ Tra—2 2 s

Similarly, we have dropped the surface integration at the inner boundary of 3 here. If we
take that £ = (9/0t)*, we obtain the ADM mass Mkomar := Ex[(0/0t)"].

Now let us give the formula to compute the Komar mass under the metric ansatz (2.6).
The nonzero component of the Killing potential for the Killing vector field (9/9t)* is

w? = H(z)eX3)/2,4+1 H(z):=Hy— / eX/2;7d7 1, (A.20)

zp,
for an arbitrary constant Hy. Here zp, is the position of horizon and zp = oo for pure AdS
spacetime. We set Hy = 0 so the pure AdS spacetime has the zero Komar mass. Take
eq. (A.20) into the formula (A.19), we obtain

Yg1d—1 . _ IV
MKomar = - 167 m Zligl+ 23 dGX/z(fe Xz 2)/ + 2dH/£2AdS . (A.21)
Taking the asymptotic solutions of f(z) and x(z) in eq. (2.12) into account we finally have
(d-=1)Y4-1fo , Yg1d—1 /Zh /2 —d
M omar — X/ 'dz . A.22
K 6r < demd_2), ¢ 7 X% (A-22)

We see that Mkomar # Mapm when x(z) # 0 in general. Considering the first equation in
eq. (2.7), we find that Mgxomar = MaDM-
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A.3 Mass method based on holographic renormalized stress tensor

In the framework of AdS/CFT correspondence, there is another important manner to
define the mass. In this manner, the mass is defined by the boundary stress tensor at AdS
boundary [97-99]. Let us review how to obtain the mass by this method and then give the
formula to compute it for the s-wave holographic superconductor.

Considering an asymptotically AdS spacetime with a cut off timelike boundary X, we
can write the total action eq. (2.1) as

1
I = Tyu + / ddz+/|h| K, (A.23)
87T )

since there is no null boundary in this case. The quasi-local stress tensor 7 on the surface
> is then defined through the variation of the action with respect to the boundary metric
he and a suitable counterterm S,

2 01 oS + 1 2 5Sct

T = ( + = ) = — (K- Kh**) + —_—%. A.24

vV—h \Oha, = Ohg 87r( ) vV —h hap (8.24)

The counterterm S is added because of divergences at the AdS boundary. Ref. [100] has

shown how to construct the counterterms up to seven dimensional case. The expression

for the boundary stress tensor has been computed up to five dimensional case in ref. [98].
For a background solving the equations of motion, this stress tensor will satisfy [97]

D, T% = —n, T"h,°, (A.25)

where the source on the right-hand side is a projection of the matter stress-energy, n, is
dual unit normal vector of ¥, and D, is the covariant derivative projected onto ¥. Under
the source free condition for a complex scalar field, the right-hand side of eq. (A.25) will
decay to zero at the AdS boundary, so we obtain a divergent free stress tensor at the
boundary. Now if there is a boundary Killing vector £* such that L¢he, = 0, then we
can construct a conserved current 7%¢, at the boundary. Then we can define the mass
contained at any time slice S in ¥ as

Epl¢] = /S dS,T%¢, . (A.26)

Here dS, is the induced volume element in S. If we take £ = (0/0t)%, we obtain the mass
in this manner My, := E,[(0/0t)%].

Now let us find the expression of M}, for the metric ansatz (2.6). According to ref. [98],
the boundary stress tensor can be expressed as
d—1

<K“b — Khe — h“b) : (A.27)
laas

1
- 87

Tab

As the boundary is flat and only the first order counterterm is needed for all the cases with
dimension d > 2 we obtain

d—1)%,
My = = D%aafo ) (A.28)
167
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