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ABSTRACT This paper presents the design and fabrication schemes of a magnetic system consisting of
segmented permanent magnet (PM) blocks, back-iron and frame structures. Here, a frame structure aims to
bind PM blocks and iron structure. Non-intuitive design of segmented PMs and back-iron are obtained using
multi-material topology optimization formulation. Subsequently, a non-magnetic frame structure is designed
through a post-processing procedure, which is proposed using the smoothed fields of optimized PMand back-
iron densities. Final design results are converted into computer-aided design (CAD) models and fabricated
using conventional or additive manufacturing techniques. Segmented PM blocks, and back-iron structures
are processed using water-jet cutting and wire electrical discharge machining, respectively. A frame structure
is fabricated by additive manufacturing using a multi-jet printing machine. Using the proposed schemes, two
magnetic systems are successfully designed and fabricated, respectively, for maximizing the magnetic field
inside a rectangular cavity, and maximizing the magnetic force generated with a C-core electromagnet.

INDEX TERMS Design optimization, permanent magnets, iron, finite element methods, magnetic devices,
magnetic forces.

I. INTRODUCTION
Amagnetic system combining permanent magnets (PMs) and
back-iron structure is a key component used in awide range of
applications. In actuators, electric motors, nuclear-magnetic-
resonance (NMR), magnetic-resonance-imaging (MRI), etc.,
the design of magnetic system determines main device per-
formances. Structural topology optimization is an effective
design tool that can produce non-intuitive design (i.e. struc-
tural shape and configuration) for a given design goal. Since
it was first proposed in structural stiffness problems [1],
topology optimization has been successfully extended to var-
ious physical disciplines [2] such as thermal fluid [3], and
electromagnetic problems [4], [5].

Vigorous topology optimization studies have been car-
ried out on the design of PM and back-iron structures in a
magnetic system. In [6], a PM with continuously varying
magnetization direction is designed by setting a magne-
tization direction as a design variable of topology opti-
mization. Such a PM is not preferred due to difficulties
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in fabrication. Instead, it can be manufactured as a combi-
nation of segmented PM blocks with uniform magnetization
directions. For the design of segmented PM blocks, topology
optimization using additional density design variables was
proposed in [7]. In [8], the isoparametric projection approach
was applied for the design of segmented PM blocks. In [9],
segmented PMs were designed using topology optimization
considering finite coercivity of PM material. In [10], [11],
three-dimensional segmented PMs were designed, respec-
tively, using the virtual-magnet approach and topology
optimization with penalization scheme. Structural topology
optimization for the simultaneous design of segmented PMs
and back-irons has been proposed in [12]–[16]. In these
studies, the shape of configuration of a magnetic system
consisting of segmented PM blocks and back-iron structure
are co-designed using multi-material topology optimization
formulation.

Despite numerous studies on topology optimization for
magnetic system design, few studies have demonstrated
the fabrication of a magnetic system that are designed
using topology optimization. In [17], [18], single PM
block with fixed magnetization direction are fabricated
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using additive manufacturing of polymer-bonded magnets.
A review paper [19] summarizes studies on additive man-
ufacturing of PMs, back-irons, coils (i.e. three magnetic
components of electric machines). In [19], several fabrica-
tion examples of magnetic cores (i.e. back-irons) designed
through topology optimization are presented. None of pre-
vious studies have conducted the fabrication of a magnetic
system consisting of segmented PM blocks and back-irons
designed using topology optimization. More efforts are
required on the manufacturing of magnetic system design
results that are obtained using topology optimization.

Accordingly, the present work aims to present the fabri-
cation of a magnetic system designed using multi-material
topology optimization. Here, a magnetic system is com-
posed of not only segmented PM blocks, back-iron structure,
but also a non-magnetic frame structure for binding PMs
and back-irons. A three-field density formulation proposed
in [15], [16] is modified and applied for the shape and con-
figuration of PM and back-iron structures. In the present
work, the non-linear B-H relation of soft ferromagnetic mate-
rial (i.e. back-iron) is included in multi-material topology
optimization, which was not considered in [15], [16]. PM
segmentation is carried out using an orientation penalization
scheme proposed in [11]. A frame structure is next designed
using a post-processing scheme proposed in the present work.
A frame structure serves to surround and bind PMs and back-
irons. For this, a frame structure is designed as the boundary
of designed PMs and back-iron structures, which is identified
from the smoothed fields of PM and back-iron densities.
In addition, PM blocks and back-iron structures are adjusted
to fit a designed frame structure through the proposed post-
processing scheme.

The final design result obtained after a post-processing
procedures is converted into computer-aided design (CAD)
model, and fabricated using conventional or additive manu-
facturing techniques. Appropriate manufacturing techniques
for each component of a magnetic system is chosen consider-
ing material characteristics and manufacturing conveniences.
In the present work, segmented PM blocks are made of Bar-
ium ferrite, and fabricated using water-jet cutting machining.
Back-iron structures are made of low carbon steel, and fab-
ricated using wire electrical discharge machining. A frame
structure is fabricated by additive manufacturing using a
multi-jet printing machine with ultraviolet curing plastic
material. The proposed design and fabrication approaches are
applied to two magnetic system examples. The first example
aims to design and fabricate a magnetic system for maximiz-
ing the magnetic field inside a rectangular cavity. In the sec-
ond example, a magnetic system is designed and fabricated
for maximizing the magnetic force generated with a C-core
electromagnet.

The remaining paper is organized as follows. Section II
explains the formulation of multi-material topology opti-
mization proposed for a magnetic system design. Section III
describes manufacturing techniques used for the fabrication

of design results. In Section IV, two design and fabrication
examples are provided to confirm the effectiveness of
the proposed schemes. Finally, conclusions are provided
in Section V.

II. MULTI-MATERIAL TOPOLOGY OPTIMIZATION
This section explains multi-material topology optimization
proposed for the design of a magnetic system that is com-
posed of PM segments, back-iron, and non-magnetic frame
structure. The interpolation functions between design vari-
ables and material properties (i.e. magnetic permeability and
remanence) are first explained. Next, a penalization scheme
for the PM segmentation is explained, followed by the expla-
nation of an optimization strategy. Finally, a post-processing
scheme proposed for the design of a non-magnetic frame
structure is demonstrated.

A. MATERIAL INTERPOLATION SCHEME
The governing equation of a magnetostatic analysis including
PM and back-iron materials is derived from the Maxwell’s
equations with the vector potential EA formulation as

∇ ×

(
1

µrµ0
∇ × EA

)
= ∇ ×

(
1

µrµ0
EBr

)
. (1)

where µr is the relative magnetic permeability, µ0 is the
vacuum permeability (i.e. 4π × 10−7 N/A2), and EBr is the
remanence of the PM material (i.e. the PM residual mag-
netic flux density). From the solution of (1) (i.e. the vector
potential EA), the magnetic flux density, EB, is calculated as
EB = ∇× EA. For multi-material topology optimization includ-
ing PM magnetization direction design, a three-field density
formulation proposed in [15], [16] is modified and applied in
the present work. A design variable vector field Ed at position
Ex is first defined as

Ed(Ex) =


φ1(Ex)
φ2(Ex)
ζ (Ex)
η(Ex)

 , (2)

with bounds φ1(Ex) ∈ [−1, 1], φ2(Ex) ∈ [−1, 1], ζ (Ex) ∈
[−1, 1], and η(Ex) ∈ [−1, 1].

In (2), the design variables φ1(Ex) and φ2(Ex) are pro-
jected into the density fields that determine the structural
topology of PM and back-iron materials. A Helmholtz
filtering [20], [21] is applied to the variables φ1(Ex)
and φ2(Ex):

−R2φ

[
∇

2φ̃1(Ex)
∇

2φ̃2(Ex)

]
+

[
φ̃1(Ex)
φ̃2(Ex)

]
=

[
φ1(Ex)
φ2(Ex)

]
, (3)

where Rφ is a parameter for filter radius. From the smoothed
filtered design variables φ̃1(Ex) and φ̃2(Ex), the material density
fields ρ1(Ex), and ρ2(Ex) are defined as[

ρ1(Ex)
ρ2(Ex)

]
=

[
Hr
(
φ̃1(Ex)

)
Hr
(
φ̃2(Ex)

)] . (4)
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In (4), a regularized Heaviside step function Hr [20] is
defined as:

Hr (x)

=


0 (x < −h)
1
2
+

15
16

(
x
h
)−

5
8
(
x
h
)3 +

3
16

(
x
h
)5 (−h ≤ x ≤ h)

1 (h < x)

,

(5)

where h is a bandwidth parameter.
Next, the design variables ζ (Ex) and η(Ex) in (2) are projected

into a orientation vector field that determine the PM magne-
tization direction. The orientation vector field ϑ(Ex) is defined
as the directional cosines of the vector composed of design
variables ζ (Ex) and η(Ex):

ϑ(Ex) =
[
ϑx(Ex)
ϑy(Ex)

]
=

1√
ζ (Ex)2 + η(Ex)2 + ε0

[
ζ (Ex)
η(Ex)

]
, (6)

where ε0 is an infinitesimal number to avoid the singularity,
which is set to 10−6 in the present work. It is noted that
the orientation vector field ϑ(Ex) defined in (6) automatically
satisfies the unity magnitude condition (i.e. ‖ϑ(Ex)‖ = 1)
that is required for orientation representation in the Cartesian
coordinate system [11].

The structural topology and magnetization direction of PM
material can be designed by determining the distribution of
the PM remanence EBr in (1). For this, the PM remanence at
position Ex is interpolated as

EBr (Ex) = B̄r
(
ρ1(Ex)p

)(
1− ρ2(Ex)p

)
ϑ(Ex), (7)

where B̄r is the magnitude of PM remanence, and p is the
density penalty parameter, which is set to 3 in the present
work. In (7), the PM structural topology is determined by two
density fields ρ1 and ρ2 in (4), and the PM magnetization
direction is determined by the orientation vector field ϑ(Ex) in
(6). Next, the structural topology of the back-iron material
is designed by determining the distribution of the relative
magnetic permeability µr in (1). For this, the permeability
µr at position Ex is interpolated as

µr (Ex) = ρ1(Ex)p
(
ρ2(Ex)pµironr + (1− ρ2(Ex)p)µPMr

)
+
(
1− ρ1(Ex)p

)
µairr , (8)

where µironr , µPMr , and muairr are the relative magnetic per-
meability of iron, PM, and air, respectively. An iron relative
permeability µironr in (8) is set as a nonlinear function with
respect to the magnetic flux density to consider the satura-
tion effect of soft ferromagnetic materials. The present work
applies the non-linear B-H relation approximated by an expo-
nential function [22]. In addition, a PM relative permeability
µPMr and air relative permeability µairr are set to 1.05 and 1,
respectively. In (8), p is the density penalty parameter, which
is set to 3 in the present work.

In sum, the continuous design variables φ1(Ex), and φ2(Ex) in
(2) determine the magnitude of PM remanence EBr (Ex), and the
relative magnetic permeabilityµr (Ex) using the multi-material

interpolation formulation in (7) and (8). The region where
ρ1 = 1 and ρ2 = 0 represents a PMmaterial, while the region
where ρ1 = 1 and ρ2 = 1 represents a back-iron material.
The region where ρ1 = 0 represents an air material regardless
of the value of ρ2. In addition, the PMmagnetization direction
(i.e. direction of EBr (Ex)) is determined by the orientation vector
field ϑ(Ex) in (6) that is controlled by design variables ζ (Ex),
and η(Ex).

B. PENALIZATION SCHEME FOR PM FRAGMENTATION
A PM design result with continuously varying magnetization
direction may be difficult to manufacture. A manufactura-
bility can be assured, with a slight performance sacrifices,
through a combination of segmented PM blocks with uniform
magnetizations. For the design of segmented PM blocks,
various approaches [7]–[16] have been proposed. Among
various techniques, the present work applies a penalization
scheme using the approximated minimum distance in [11].
In this scheme, the magnitude of PM remanence B̄r in (7) is
penalized using the weighting field w(Ex) ∈ [0, 1]:

B̄r
(
Eϑ(Ex)

)
= BPM w(Ex), (9)

where BPM is the remanence value of PM material. In (9),
the weighting field w(Ex) is defined as

w(Ex) = R
(
1− s dmin(Ex)

)
, (10)

where, R is the ramp function that is defined as R(·) =
max(·, 0), and a positive real number s in (10) is the ori-
entation penalty parameter that controls a penalty strength.
In (10), a minimum distance field dmin in (10) is defined as

dmin(Ex) = min(di(Ex)), i = 1, 2, . . . , n, (11)

where di(Ex) is defined as the distance between orientation
vector field ϑ(Ex) in (6) and n number of discrete target
direction vector Evi = [vxi v

y
i ]
T:

di(Ex) = ‖ϑ(Ex)− Evi‖, i = 1, 2, . . . , n. (12)

To apply a gradient-based optimization algorithm, a mini-
mum function in (11) is approximated using the p-norm:

dmin(Ex)≈
[ n∑
i=1

( 1
di(Ex)+ε0

)Pnm] 1
Pnm
, i=1, 2,. . ., n, (13)

where ε0 is an infinitesimal number to avoid the singular
point, and Pnm is a positive integer parameter.

The working principle of the penalization scheme by
(9)-(13) is as follows. The PM remanence B̄r in (9) is penal-
ized at the location Ex where the orientation vector ϑ(Ex) is far
from any of the discrete target vector Evi. On the other hand,
no penalty is applied at the location Ex where the orientation
vector ϑ(Ex) is aligned with any of the discrete target vector Evi.
To avoid a penalization in PM strength, the orientation vector
Eϑ moves into target discrete magnetization directions Evi dur-
ing optimization iterations. Consequently, a PM design with
continuously varying magnetization direction is altered into
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a combination of PM blocks whose magnetization directions
are aligned with discrete target directions Evi.

In the penalization scheme in [11], the discrete target direc-
tion vector Evi is not fixed, but optimized together during a
topology optimization procedure. Instead of directly using
Evi as design variables, the vectors τ i = [τ xi τ

y
i ]

T, i =
1, 2, . . . , n with bounds τ xi ∈ [−1, 1], τ yi ∈ [−1, 1] are
utilized as additional design variables. The relation between
Evi and τ i is given as

Evi =

[
vxi
vyi

]
=

1
‖τ i‖ + ε0

[
τ xi

τ
y
i

]
, i = 1, 2, . . . , n. (14)

where ε0 is an infinitesimal number to avoid the singular
point, which is set to 10−6 in the present work. The direc-
tion vector Evi defined in (14) automatically satisfy the unity

magnitude condition (i.e. ‖Evi‖ =
√
(vxi )

2 + (vyi )
2 = 1) with-

out additional constraints. The unity magnitude condition
is required for the orientation representation in a Cartesian
coordinate system.

C. OPTIMIZATION STRATEGY
Segmented PM blocks together with back-iron structure are
simultaneously designed by solving the optimization prob-
lem, which is formulated as

Find Ed(Ex), and τ i (15)

Maximize 8
(
EA(Ed(Ex)), Ed(Ex), τ i

)
(16)

Subject to EK (Ed(Ex))EA = f(Ed(Ex), τ i) (17)

VPM
(
Ed(Ex)

)
≤ V ∗PM (18)

Viron
(
Ed(Ex)

)
≤ V ∗iron. (19)

As shown in (15), the design variables of the optimization
problem includes not only the topology optimization vector
field Ed(Ex) in (2), but also the vector variable for target mag-
netization directions of PM blocks τ i in (14). The objective
functional,8, in (16), may be a function of the magnetic vec-
tor potential field, EA(Ex), design variable vector field Ed(Ex), and
discrete target direction vector τ i. The first constraint in (17)
is derived from the magnetostatic governing equation (1) by
finite element formulation. In (17), EK is the stiffness matrix,
and Ef is the force vector. Additionally, the total volumes of
the PM and back-iron materials, VPM , and Viron are restricted
less than target volumesV ∗PM andV ∗iron, respectively. The total
volumes are calculated as the integral of two material density
fields ρ1(Ex) and ρ2(Ex) in (4) in a design domain �D:

VPM
(
Ed(Ex)

)
=

∫
�D

ρ1(Ex)
(
1− ρ2(Ex)

)
dV , (20)

Viron
(
Ed(Ex)

)
=

∫
�D

ρ1(Ex)ρ2(Ex)dV . (21)

The optimization problem (15)-(19) is solved using
the Globally Convergent Method of Moving Asymptotes
(GCMMA) [23], [24] implemented in MATLAB with COM-
SOL V5.5. In the GCMMA, the maximum number of inner
iterations is set as 8. During the optimization iteration, a con-
tinuation scheme is applied for the bandwidth parameter h

in (5) and orientation penalty parameter s in (10). The band-
width parameter h starts with 1 and decreases by 0.04 for
every 4 steps after the convergence criterion is satisfied. The
convergence criterion is defined using two relative errors
of objective functions (refer to [11]). As the parameter h
decreases, the material density fields converged into black
and white (i.e. zero-one) design. The orientation penalty
parameter s starts with zero and increases by 0.04 for every
4 steps after the convergence criteria is satisfied. As the
parameter s increases, continuous PM magnetization direc-
tions converge into the discrete target magnetization direc-
tions, which result in segmented PM array design. (refer to the
continuous and discrete orientation design scheme in [25]).
The optimization iteration stops when the bandwidth, h,
decreases by less than 0.4.

D. POST-PROCESSING FOR NON-MAGNETIC
FRAME STRUCTURE DESIGN
In the present work, a post-processing scheme is proposed
for the design of a non-magnetic frame structure. As shown
in Fig. 1, topology optimization result is composed of several
PM and back-iron blocks. In order to tie PM and back-
iron blocks tightly, a frame structure surrounding the blocks
is designed through a post-processing scheme. In addition,
the shape of PM and back-iron blocks are adjusted to fit a
designed frame through the proposed scheme. The detailed
formulations of a post-processing scheme is as follows.

FIGURE 1. Post-processing for design of a magnetic system composed of
segmented PM, back-iron, and fram structure.

In the proposed scheme, a frame structure is designed
as a boundary of different PM and back-iron blocks.
Here, the boundary is identified from smoothed density
fields, which are obtained by applying a Helmholtz filtering
[20], [21] to density fields that representing PM and back-
iron blocks. In order to define the density field for each
segmented PM block, angles located in the middle of opti-
mized discrete magnetization directions Evi are first computed
as shown in Fig. 2. From the arctangent function of the
optimized target directions Evi, the angles are computed and
sorted in ascending order, which results in θi ∈ [−π, π],
i = 1, 2, . . . , n. Here n is the total number of discrete tar-
get magnetization directions. Next, The intermediate angles
between θi are computed and sorted in ascending order, which
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FIGURE 2. Intermediate angles αi between optimized magnetization
directions Evi , which are prepared to define density fields ρPM

i
representing segmented PM blocks.

gives αi ∈ [−π, π], i = 1, 2, . . . , n, as shown in Fig. 2. From
the angles αi, the density ρPMi (Ex) for segmented PM blocks
are defined as

ρPMi (Ex)

=



[
H
(
arctan(

ϑy

ϑx
)−αi

)
H
(
αi+1−arctan(

ϑy

ϑx
)
)]
ρ1(1−ρ2)

for i=1, 2,. . ., n−1[
H
(
arctan(

ϑy

ϑx
)−αi

)
+ H

(
α1−arctan(

ϑy

ϑx
)
)]
ρ1(1−ρ2)

for i=n
(22)

where H is the Heaviside step function, ϑx and ϑy are
the component of the orientation vector field ϑ(Ex) in (6),
ρ1 and ρ2 is material density fields in (4). In addition, the den-
sity field ρiron representing back-iron blocks are defined as

ρiron(Ex) = ρ1ρ2 (23)

Next, the smoothed density fields ρ̃PMi (Ex) and ρ̃iron(Ex) are
obtained from a Helmholtz filtering:

−R2PM


∇

2ρ̃PM1 (Ex)

∇
2ρ̃PM2 (Ex)
...

∇
2ρ̃iron(Ex)

+

ρ̃PM1 (Ex)

ρ̃PM2 (Ex)
...

ρ̃iron(Ex)

 =

ρPM1 (Ex)

ρPM2 (Ex)
...

ρiron(Ex)

 , (24)

whereRPM is a filter radius. From the smoothed density fields
ρ̃PMi (Ex) and ρ̃iron(Ex), a density field that representing frame
structure, ˆ̃ρframe(Ex) is defined as

ˆ̃ρframe(Ex) =
n∑
i=1

[
H (ρ̃PMi − 0.3)H (0.7− ρ̃PMi )

]
+H (ρ̃ironi − 0.3)H (0.7− ρ̃ironi ). (25)

In addition, density fields for PM and back-iron blocks
that are adjusted to fit into a frame structure, ˆ̃ρPMi (Ex),

FIGURE 3. Smoothing and projection procedures for density fields
ˆ̃ρframe(Ex), and ˆ̃ρPM

i (Ex) that representing frame structure and adjusted PM
blocks, respectively.

i = 1, 2, . . . , n, and ˆ̃ρiron(Ex) are defined as

ˆ̃ρPMi (Ex) = H (ρ̃PMi − 0.7), (26)
ˆ̃ρiron(Ex) = H (ρ̃iron − 0.7). (27)

Fig. 3 exhibits the density fields along the line AA′ in the
example result. In the figure, ρPM1 and ρPM2 represents seg-
mented PM blocks with different magnetization directions.
From their smoothed variables ρ̃PM1 and ρ̃PM2 , the density
field for a frame structure ˆ̃ρframe are acquired together with
adjusted PM blocks ˆ̃ρPM1 , and ˆ̃ρPM2 . The final designs of a
frame, PM and iron structures are extracted as the region

where ˆ̃ρframe(Ex), ˆ̃ρPMi (Ex) and
ˆ̃

ρiron(Ex) are one, respectively.

III. FABRICATION OF DESIGN RESULT
Through multi-material topology optimization explained in
Section II, density fields representing segmented PM blocks,
back-iron, and frame structures are obtained as the final
result. From the obtained density fields, CADmodels are pre-
pared for the fabrication of each component. Takingmanufac-
turing costs and material characteristics into consideration,
each component is fabricated using conventional or additive
manufacturing techniques.

Segmented PM blocks are made of Barium ferrite
(MPB380). Ferrite materials have high hardness, but easy to
brittle. Common methods of manufacturing ferrite magnets
include injection molding, diamond blade cutting, water-
jet cutting. In injection molding, a part is produced by
injecting molten material into a mold prepared in a desired
shape. Although it has the advantage of being able to mass-
produce parts with complex shapes, it is expensive and
time-consuming for preparing a mold structure. Diamond
blade cutting has limitations in processing complex shapes
designed by topology optimization. Water-jet cutting can
process complex shapes of various materials, and it does
not require additional efforts like mold structure preparation.
Thus, water-jet cutting is utilized for segmented PM fabri-
cation in the present work. The water-jet equipment model
used for PM fabrication is TOPS SJA-2040 with cutting area
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4,000 mm × 2,000 mm × 200 mm and machine accuracy
±0.03 mm.

Back-iron structures designed from topology optimization
is made of low-carbon steel (JIS G3101). Low carbon steel
has good workability in manufacturing, and thus it can be
processed by various conventional manufacturing methods
such as milling machining, laser/plasma cutting, and electri-
cal discharge machining (EDM). In the present work, a wire
electrical discharge machining (wire EDM) is applied for the
fabrication of back-iron structure. A wire EDM enables high-
precision processing of high electric-conductivity materials
(i.e. metals) regardless of its mechanical characteristics. It has
the advantages of easy processing of complex shapes and less
thermal surface deterioration. In the present work, back-iron
structures are fabricated using a wire EDM machine (Model:
Seibu M750) with working area 750mm× 500mm× 310mm
and machine accuracy ±0.001mm.
A frame structure is intended to bind segmented PM and

back-iron blocks, and thus it is made of non-magnetic mate-
rial. In the present work, additive manufacturing is used
for the fabrication of frame structures considering manufac-
turing convenience. Specifically, additive manufacturing is
performed using a multi-jet printing machine (model: 3D
Systems Projet 3510 SD) with a resolution of 0.025-0.05 mm
per 25.4 mm. As a printing material, ultraviolet curing plastic
(Visijet M3 Crystal) is utilized in the present work.

IV. DESIGN AND FABRICATION EXAMPLES
This section provides two design and fabrication examples of
magnetic system. The first example aims to design amagnetic
system for maximizing themagnetic field inside a rectangular
cavity. In the second example, a magnetic system is designed
for maximizing the magnetic force generated with a C-core
electromagnet.

FIGURE 4. Example 1 – Design domain �D, and high field area �f with
boundary condition.

A. MAGNETIC SYSTEM WITH RECTANGULAR CAVITY
Fig. 4 shows the design domain �D, high field area �f
with boundary conditions of the first design example. The
design domain width wd , and height hd are set to 210 mm,
and 150 mm, respectively. The high field area width wf and

height hf are set to 75 mm, and 37.5 mm, respectively. The
representative element size is set to 1.5 mm. The filter radii
Rφ in (3) and RPM in (24) are set to the same value as the
representative element size (i.e. 1.5 mm). The remanence
value of PM material BPM in (9) is set to 1.2 T in this
example. The initial values of design variable vector fields
Ed(Ex) = [φ1 φ2 ζ η]T in (15) are set to [0 0 − 0.9 − 1]T,
respectively. The objective function 8 in (16) is set as an
averaged y-directional magnetic flux density By in the high
field area �f :

8 =
1
Vf

∫
�f

BydV , (28)

where Vf is the volume of the high field area. The target
volumes V ∗PM (18) and V ∗iron in (19) are set to 0.25 and 0.1,
respectively. The total number of discrete target magnetiza-
tion directions, n, is set as four in this example, and the initial
directions of τ i in (15) is set as evenly distributed vectors.

FIGURE 5. Example 1 – Segmented PMs and back-iron structure designed
for maximizing y-directional magnetic field inside a rectangular cavity.

Fig. 5 presents a magnetic system design result obtained by
multi-material topology optimization. In Fig. 5, black color
represents the back-iron material, and the colored region rep-
resents the PMmaterial. The color of the PM region indicates
the magnetization directions that is calculated as the arctan-
gent function of ϑy and ϑx in (6). The black-colored arrows
in the PM regions shows the direction of the magnetization
direction. The contour lines represent the equipotential lines
showing the direction and magnitude of the magnetic flux
density. From the equipotential lines, it is confirmed that
designed segmented PM and back-iron blocks successfully
maximize the averaged y-directional magnetic flux densityBy
in the high field area�f . The objective function (i.e averaged
By in the high field area �f ) of the design result in Fig. 5 is
calculated as 0.7516 T.

For fabrication, the design result in Fig. 5 is post-processed
by the scheme explained in Section II-D. Fig. 6(a) shows
the post-processed design result. In Fig. 6(a), the black-
colored thin structure represents the frame structure extracted
by the density field ˆ̃ρframe(Ex) in (25). In addition, the col-
ored region represents adjusted PM blocks extracted by the
field ˆ̃ρPMi (Ex) in (26), and the gray region represents adjusted
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FIGURE 6. Example 1 – (a) Post-processed final design result, (b) Distribution plot of magnetic flux density magnitude ‖EB‖ with equipotential lines,
(c) CAD model of a frame structure that is extracted from the density field ˆ̃ρframe(Ex) in (25).

FIGURE 7. Example 1 – Fabrication results: (a) Segmented PM blocks, (b) Back-iron structure, (c) Frame structure, and (d) Assembled magnetic system.

FIGURE 8. Example 2 – Design domain �D with boundary condition.

back-iron structure by the density field
ˆ̃

ρiron(Ex) in (27).
The black-colored arrow represents the optimized four
magnetization directions Evi in (14). As shown in Fig. 6(a),

FIGURE 9. Example 2 – Segmented PMs and back-iron structure designed
for maximizing y-directional magnetic force.

the proposed post-processing scheme successfully modifies
topology optimization result into a magnetic system com-
posed of a non-magnetic frame structure, segmented PMs,
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FIGURE 10. Example 2 – (a) Post-processed design result, (b) Distribution plot of magnetic flux density magnitude ‖EB‖ with equipotential lines,
(c) CAD model of a frame structure that is extracted from the density field ˆ̃ρframe(Ex) in (25).

and back-iron structure. Fig. 6(b) shows the distribution of the
magnetic flux density magnitude ‖EB‖, which is obtained by
the re-analysis of the post-processed design result. After the
re-analysis, the averaged y-directional magnetic flux density
By in the high field area �f is calculated as 0.6920 T, which
is 7.93% lower than the original value (i.e. 0.7516 T) of
the design result before the post-processing. The decrease
in the averaged By might because PM and iron materials
at interfaces are changed into non-magnetic frame structure
in the post-processing procedure. The post-processed final
design result is converted into CAD models for fabrica-
tion. Fig. 6(c) shows the CAD model of a frame structure,
which is extruded with 0.03m thickness from the final design
result.

Three components of the design result (i.e. segmented
PMs, back-iron, and frame-structure) are processed using
the manufacturing techniques described in Section III.
Figs. 7(a)-(c) show the fabrication results of PMs, back-iron,
and frame-structure, respectively. Each component is pro-
cessed as desired. Fig. 7(d) shows the final fabrication result
that is obtained by assembling the three components. Through
comparing the design result in Fig. 6(a) and the fabrication
result in Fig. 7(d), it is confirmed that a magnetic system
designed using topology optimization can be manufactured.

B. MAGNETIC SYSTEM FOR MAGNETIC
FORCE MAXIMIZATION
Fig. 4 shows the design domain �D with boundary condi-
tions of the second design example. In the second example,
a C-core electromagnet consisting of yoke and coils is located
above the design domain �D. The design domain width wd ,
and height hd are set to 240 mm, and 45 mm, respectively.
The dimensions for the yoke and coil parts, wyoke, hyoke1,
hyoke2, wcoil , and hcoil are set to 195 mm, 105mm, 52.5 mm,
75 mm, 15mm, respectively. The air-gap length hair−gap is set
to 3.5 mm. The representative element size is set to 1.5 mm.
The filter radii Rφ in (3) and RPM in (24) are set to the same
value as the representative element size (i.e. 1.5 mm). The
remanence value of PM material BPM in (9) is set to 0.4 T
in this example. In the coil regions, the external current is set

to 40 A with 30 number of coil turns. The initial values of
design variable vector fields Ed(Ex) = [φ1 φ2 ζ η]T in (15) are
set to [0 0 −0.6 −0.8]T, respectively. The objective function
8 in (16) is set as y-directional magnetic force Fy acting on
the design domain, which is calculated by the Maxwell stress
tensor formulation:

8 = Fy =
∮

1
2µ0

(B2y − B
2
x) dl, (29)

where µ0 is the air permeability, By and Bx are y and x
components of the magnetic flux density. In (29), the line
integral is performed along a closed line surrounding the
design domain. The target volumes V ∗PM (18) and V ∗iron in (19)
are set to 0.35 and 0.15, respectively. The total number of
discrete target magnetization directions, n, is set as four in
this example, and the initial directions of τ i in (15) is set as
evenly distributed vectors.

A magnetic system designed for the magnetic force max-
imization is shown in Fig. 9. As with the previous design
result, black and colored regions in Fig. 9 represent the
back-iron and PM material, respectively. The color of the
PM region, together with the black-colored arrow indicate
the magnetization directions. In the design result of Fig. 9,
the objective function (i.e y-directional magnetic force Fy) is
calculated as 153.29 N. A strong magnetic force is generated
by the combination of a C-core electromagnet and optimized
back-iron and PM blocks.

A post-processed design result is shown in Fig. 10(a).
As with the previous post-processed design result, the black-
colored thin structure in Fig. 10(a) represents the frame
structure, and colored region presents adjusted PM blocks.
In addition, the gray region in the design domain represents
adjusted back-iron block. Fig. 10(a) confirms that manufac-
turable design result can be obtained by the proposed post-
processing scheme. Fig. 10(b) presents the distribution of the
magnetic flux density magnitude ‖EB‖, which is obtained by
the re-analysis of the post-processed design result. From the
re-analysis, the y-directional magnetic force Fy is calculated
as 130.16 N, which is 15.1% lower than the original value
(i.e. 153.29 N) of the design result before the post-processing.
The reason for the considerable reduction of the magnetic

8656 VOLUME 9, 2021



T. Jung et al.: Design and Fabrication of Magnetic System Using Multi-Material Topology Optimization

FIGURE 11. Example 2 – Fabrication results: (a) Segmented PM blocks, (b) Back-iron structure, (c) Frame structure, and (d) Assembled magnetic system.

force might be due to design changes near the air-gap that
is sensitive region to the magnetic force. At the expense
of magnetic force, a manufacturable magnetic system is
successfully designed through a post-process procedure. The
post-processed final design result is converted into CAD
models for fabrication. Fig. 10(c) shows the CAD model of a
frame structure, which is extruded with 0.03m thickness from
the final design result.

Three components of the design result (i.e. segmented
PMs, back-iron, and frame-structure) are processed using
the manufacturing techniques described in Section III.
Figs. 11(a)-(c) show the fabrication results of PMs, back-
iron, and frame-structure, respectively. Each component is
processed as desired. Fig. 11(d) shows the final fabrication
result that is obtained by assembling the three components.
Through comparing the design result in Fig. 10(a) and the
fabrication result in Fig. 11(d), it is confirmed that a mag-
netic system designed using topology optimization can be
manufactured.

V. CONCLUSION
This paper aims to present the design and fabrication of a
magnetic system consisting of segmented PM blocks, back-
iron and frame structures. A design approach based on
multi-material topology optimization is proposed, and design
results are fabricated using conventional and additive man-
ufacturing techniques. Via two examples, the effectiveness
of the proposed design and fabrication schemes was suc-
cessfully validated. The first example aims to maximize the
magnetic field inside a rectangular cavity, and the second
example aims to maximize the magnetic force generated with
C-core electromagnet. In both examples, segmented PMs,
and back iron were successfully designed using a three-field
density approach with an orientation penalization scheme.
Subsequently, non-magnetic frame structures with adjusted
PMs and back-irons (i.e. final design results) were obtained
using a post-processing scheme based on the smoothed den-
sity fields. The re-analysis of final design results shows
that performance deterioration due to design change for
frame structure is acceptable. The final design results were

converted into CAD format file, and fabricated using con-
ventional and additive manufacturing techniques. Segmented
PMs were made of Barium ferrite, and fabricated using a
water-jet machining. Back irons were made of low-carbon
steel, and fabricated using a wire EDMs. Frame structures
were fabricated by additive manufacturing using a multi-jet
printing machine with ultraviolet curing plastic material. The
present work is limited in that the experimental validation is
not carried out. Thus, future work will focus on the experi-
mental studies, along with strategies for PM magnetization.
In addition, the proposed design and fabrication schemes will
be extended to electric machine application as future work.
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