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1 Introduction

Quantum field theories (QFTs) that have the gravity duals are in a special class of QFTs,
and their properties are studied using various field theoretical and holographic methods. An
interesting property of quantum systems that are described by black holes is the saturation
of the quantum Lyapunov exponent A;, = 27/ [1-7], where 3 is inverse temperature. The
Lyapunov exponent Az, in four-point out-of-time-ordered correlators (OTOCs) is a diagnosis
of quantum chaos [5, 6, 8]. It has been proposed that Ay in quantum many-body systems
is bounded by A < 27/ [9] based on reasonable physical assumptions.

It was found that the retarded Green’s function of energy density in momentum space
contains information on quantum chaos in the quantum systems with the gravity duals [10],
which supports a connection between transport properties and quantum chaos. In particu-
lar, a pole-skipping point (ws, k) in the retarded Green’s function of energy density would
be related to the Lyapunov exponent Az, and butterfly velocity vp as follows:

ws = iAL, ke =1iAL/vB. (1.1)

The pole-skipping points of a Green’s function G(w, k) are defined as the intersection points
between lines of poles and lines of zeros in G(w, k). This relation is called “pole-skipping
phenomena” [10, 11].! To compute the pole-skipping points holographically, a near-horizon
analysis has been formulated [13]. By examining special points in the equations of motion
(e.o.m.) near the black hole horizon, one can obtain the pole-skipping points.

!The pole-skipping phenomena in non-maximally chaotic theories have been proposed in [12] as follows:
if the energy-momentum tensor exchange dominates in a certain range, a pole-skipping point of the energy
density Green’s function encodes the energy-momentum tensor contribution to quantum chaos.



After the discovery of the pole-skipping phenomena of energy density, pole-skipping
points of other fields such as scalar, vector, and spinor have been investigated holograph-
ically [14-23].2 However, the pole-skipping points of the lower spin fields (¢ < 1) do not
exist in the upper-half plane of the complex w-space, and quantum chaos does not seem to
be related to their pole-skipping points. This observation can be interpreted in terms of
the holographic computation method for the Lyapunov exponent and butterfly velocity. In
holographic models, they can be computed from shock wave geometry which is made with
graviton exchange (see, for example, [1, 2, 4, 27, 32, 33]). Because the energy-momentum
tensor corresponds to the graviton in holography, the pole-skipping point of energy density
would be related to the graviton exchange term in the OTOCSs, which is relevant to quan-
tum chaos in the holographic models. By extending this interpretation to other fields, one
can expect the pole-skipping points of them to be related to “exchange terms” other than
the graviton exchange in the OTOCs.

In conformal field theories (CFTs), these exchange terms correspond to conformal
blocks with an analytic continuation for the OTOCs. The pole-skipping points of scalar,
vector, and energy density in CFTs on hyperbolic space H? with 8 = 27 were computed
by [21, 34],% and it was shown that they are related to late time exponential behaviors of
the conformal blocks. This result matches with the previous expectation and is regarded
as a generalization of pole-skipping phenomena to other fields, although the pole-skipping
points of scalar and the vector fields are not related to maximal chaos.

From the holographic viewpoint, one can compute the pole-skipping points of CFTs on
H? with 8 = 27 by using a (d + 2)-dimensional AdS-Rindler black hole geometry [21, 27].
To study the generalization of pole-skipping phenomena holographically, it is useful to
develop a holographic computation method of exponential behaviors in exchange terms
other than the graviton exchange. In particular, computations in a planar AdS black hole
are important because the pole-skipping points on flat space R? are well-studied compared
to the ones on H¢.

In this paper, we study the exponential behaviors of scalar and vector exchange terms
in the four-point OTOCs by using the holographic method. We use simple holographic
models, which have three-point interactions to compute the exponential behaviors. Our
computation method is a generalization of computations for the Lyapunov exponent and
butterfly velocity from the graviton exchange term. By comparing them with the near-
horizon analysis, we check that the exponential behaviors are related to the pole-skipping
points in the retarded Green’s function of scalar and the vector fields.

The paper is organized as follows. The calculation of exponential behavior in the gravi-
ton exchange term is reviewed in section 2. In sections 3 and 4, we compute exponential
behaviors in the scalar and vector exchange terms and compare them with the pole-skipping
points derived from the near-horizon analysis. We discuss our conclusion and future work
in section 5.

2For other progress in holographic studies of pole-skipping points, see for example, [24-31].
3The pole-skipping points in CFTs were also studied in [28, 35-37).



2 Review: exponential behavior with graviton exchange

We review the calculation of exponential behaviors in the graviton exchange term based
on [32, 33]. From this calculation, we can obtain the Lyapunov exponent and butterfly
velocity in the holographic systems. In the subsequent sections, we will generalize this
computation for the scalar and vector exchange terms.

For a holographic computation of OTOC (W (tw,xw )V (0, xy)W (tw,xw )V (0,xv)),
we consider the Einstein-Hilbert action and the scalar fields actions:

S =Sw + Sy + Sgnu, (2.1)
1

Sw =5 [ d2ey=g (5000w + ity diy) (22)
1

Sv =y [ d0v=g (3 0uova0y + mbd) (23)

Sgr = / di2x/—g (R —2A), (2.4)

where A is the cosmological constant. These actions determine bulk propagators of the
scalar fields and gravitons. The bulk scalar fields ¢y and ¢y correspond to the boundary
operators W and V' in the four-point OTOC (W (tw,xw )V (0, xy)W (tw, xw )V (0, xv)).
To compute exponential behaviors in the OTOC holographically, we assume that W is a
heavy operator and treat W (ty,xy) as a source as in [38]. Because ¢y is coupled with
graviton as shown in (2.2), the source W (¢, xy) makes a shock wave geometry [39-41]
on the bulk side.

As an initial metric before making the shock wave geometry, consider a black hole
metrict

d 2
- + V(r)dx?, (2.5)

ds? = —U(r)dt* + T

where dx? is the squared line element of boundary space M which does not have a peri-
odic direction. In this paper we mainly focus on M = R% and M = HY. The Hawking
temperature of this black hole is T'=1/8 = U’(rq) /4w, where r( is the horizon radius. By

using Kruskal coordinates (u,v)
—eU’(TO)T*(T), u/v = —e_U/("O)t, dry, = dr/U(r), (2.6)

uv =

we can extend (2.5) to a two-sided black hole metric

ds? = 2A(uv)dudv + B(uv)dx?, (2.7)
Aluw) = i}% B(uv) = V(r).

As an example, the Penrose diagram of the AdS black hole space-time is shown in figure 1.

4To obtain a rich variety of background metrics, one can consider extra matter fields in addition to Sg.
See [41] for a detailed analysis of the shock wave geometry with matter fields.
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Figure 1. Penrose diagram of the AdS black hole space-time at x = xy with an appropriate
transformation v — @(u) and v — ©(v). See [27] for more details and the definition of ¥ and .
Wavy lines are the singularities, dashed lines are the horizons at @ = v = 0 and o = v = 0, and
vertical lines are the AdS boundaries. In the holographic computations of OTOCs, we usually insert
two operators W (tyw,xw ), whose Euclidean times differ by 8/2, at the left and right boundaries.

At late times tyy > 3, a geodesic between the boundaries of the two-sided black hole

on the t = ty slice approaches the horizon u = 0 and an expectation value of the energy-

momentum tensor 7}, = —\/%gj‘f‘; is localized on the horizon v =0 [1, 2, 4, 39-41]:

(| T (1, 0, %)|9)

= Pe’d W o(u)d(x — x .

where |1) is a dual state of the two-sided black hole with the source W (tw + i1, xw) [1, 3],
and P is related to the initial asymptotic momentum of the source. Now, we introduce
Euclidean tier 7 for regularization. As we will see in the subsequent s2ections, the tyy-
dependence e # ' in (2.8) is related to the spin ¢ of exchange fields as e W and it
is consistent with the late time behavior of the conformal block [3, 7].

If we assume holographic correspondence, correlation functions of QFTs can be com-
puted from bulk scattering amplitude [42—44]. At the late times ty > (3, the momentum
of particles around the horizon becomes exponentially large, as seen from (2.8), and the
bulk scattering is regarded as high-energy scattering. Therefore, one can use the eikonal
approximation at the late times. In the eikonal approximation with a large distance limit,
massless graviton (¢ = 2) exchange is dominant in holographic models [45-47].

The Lyapunov exponent and butterfly velocity are defined by the exponential behavior
of sub-leading term in OTOC which corresponds to the bulk tree-level graviton exchange
diagram. To understand the exponential behavior of the tree-level diagram, let us focus
on a three-point diagram as shown in figure 2. This three-point diagram corresponds to
a bulk three-point function at tree-level with two W and metric perturbation h,, . Since
|¢) includes W, the three-point function can be expressed as a classical expectation value
(¢|hu (u,v,x)|tp). Thus, one can compute the exponential behavior by using classical
analysis of the shock wave geometry which is a solution of Einstein equations.
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Figure 2. Three-point diagram as a part of the bulk tree-level graviton exchange diagram. The two
straight lines represent the bulk-boundary scalar propagators, and a dotted line represents the bulk-
bulk graviton propagator. The interaction region is localized around the horizon because of (2.8).

The localized energy-momentum tensor (2.8) changes the initial metric (2.7) to the
shock wave geometry [39-41]

ds? = 2A(uv)dudv + B(uv)dx? — 2A(uv)h2/[(x)e%rtw<5(u)du2 , (2.9)
and the dynamics of hé\/[ (x) is determined by the Einstein equations with (2.8) as follows:

d _ B(0)
Oar — - A0) 1B/ (0) ) A (x) = 2 Pd(x — 2.1
(5 = GAO7 B/0)) () = G PaGx =) (210)
where [Jj7 is the Laplacian on M. An isotropic solution of (2.10) with M = R? is given
by [2, 32, 33]

e Hg lx—xw| ( R)Q B dB'(0)
x —xw]@ D2 el T 9a0)

hiy (x) o (2.11)

at large distance |x — x| > 1/p5.
2n

The classical field th(x)e 5 s related to (1)]hyy1b) and the bulk tree-level graviton
exchange diagram as explained above. Assuming no light higher spin fields (¢ > 2) for
holography [48], graviton exchange is the dominant contribution to the sub-leading term
in OTOC. Since the Lyapunov exponent and butterfly velocity can be extracted from the
sub-leading term, we obtain A L fmtnd vp in the holographic model with M = R? from the
e W

exponential behavior in h];{(x) as follows:

2 2
—, UB= —=.
8 By

As a relation between quantum chaos and energy dynamics, it was found that Az and

AL = (2.12)

vp in the holographic model are related to a pole-skipping point of energy density derived
from the near-horizon analysis [13]. Specifically, a component of Einstein equations with
w = A1, at the horizon has the same form as the left-hand side of (2.10). In the subsequent
sections, we will show that similar phenomena occur in scalar and vector exchanges.

We can do the same job on the hyperbolic boundary space M = H¢. We set a metric
on H? as

2
dx? = % (dp? +ax? ), (2.13)



where a is a length scale of H¢, and x| are transverse coordinates on R4~ The Laplacian
on (2.13) is given by

1
O = — (;ﬂag — (d—2)pd, + p2DRd,1) : (2.14)
and the geodesic distance d(x1,x2) on (2.13) is defined by

P+ p5+ %74,

2.15
2p1p2 (2.15)

coshd(xy,x2) :=
In this paper, we use the metric (2.13) with a = 1 as in [21, 27, 34] for M = H?. Then the
solution of (2.10) with M = H¢ is given by

dB'(0)
24(0)

hE (x) oc e e dCoxw) B g 1) = (2.16)

at large distance d(x1,x2) > 1/ ugﬂ. Thus, the Lyapunov exponent Az and the butterfly
velocity vp in the holographic model with M = H¢ are

2T 2
—, UB=——.
o Bug

Note that the geometry of the boundary space M only affects the butterfly velocity vp,

AL = (2.17)

not the Lyapunov exponent Aj,.

3 Scalar exchange

In this section, we analyze the exponential behavior of scalar exchange terms in the four-
point OTOC by using a simple holographic model. Our computation is a generalization of
the method reviewed in section 2. Specifically, we investigate the exponential behaviors on
planar and hyperbolic black holes. We show that the exponential behavior is the same as
the one for the leading pole-skipping point derived from the near-horizon analysis of the
scalar field.

3.1 Exponential behavior with scalar exchange

On the background geometry (2.7), we consider actions of the scalar fields
S = Sw + Sy + Sy + Sintw + Sintv (3.1)
S, = —% /dd+2x\/jg (g“”é?ugo@,,cp + migpQ) , (3.2)
Suaw = [ @'7%2y=g (Mwoteo) (33)
Sty = / d*2zy=g (\vote) | (3.4)

where Sy and Sy are given by (2.2) and (2.3). The bulk three-point interactions (3.3)
and (3.4) demonstrate that W and V interact with a boundary scalar operator, which



corresponds to . From now on, we evaluate a contribution from the scalar exchange
with (3.3) instead of considering the shock wave geometry.

Similar to the localized energy-momentum tensor (2.8) on the horizon u = 0 at the
late times ty > B for graviton exchange, we consider the localized expectation value for
the scalar exchange as:

0Sintw ‘w)

(W 75 5ot )
<¢|w> - N@(tW)(S(u)é(X - XW) : (3'5)

We want to determine ty-dependence of N, (ty ) based on [3]. By integrating (3.5) over

v = 0, we obtain

(W] [ dxcdu—As S22 |4 g
(1))

Let us first start with the denominator. The norm (i|¢) is expressed as a Klein-Gordon

Ny(tw) = (3.6)

inner product [3, 4]
(V) = 2@'B(0)d/2 / dxduK (tyw + i1, xw; u, v, X) 0 K (tw + i1, Xpw; 4, 0, X) [p=0,  (3.7)

where K(tw,xw;u,v,x) is a bulk-to-boundary propagator of ¢y which is determined
from (2.2) on (2.7). Since the black hole metric (2.5) does not depend on ¢, we assume
that the propagator K (tw,xw;u,v,x) has a time translation symmetry. This assumption
means that K (tw,xw;u,v,x) is a function of ¢ty — t, and we can express

27y

27
K(tW,Xw;u,’U,X) :K(€5 u,e_Ftwuijx), (38)

27

27
where we use u o< e~ 7' and v o e’ 7' derived from (2.6). With the time translation

symmetry assumption and transformation u’ = e%ﬁtwu, we obtain
(Yly) = 2iB(0)d/2/dxduK(ezf;r(tWHT)u, O,XW,X)*ﬁuK(e%r(tWHT)u, 0, X, X)
= 2iB(0)d/2/dxdu'K(62ﬁﬁiTu', 0,xW,x)*@u/K(e%ﬂ”u’,O,xw,x) : (3.9)

and therefore (1|1)) does not depend on tyy .
Next, for the numerator, we can estimate that

1 6SintW o 2
(0] [ dxdu— Sl = 0] [ dxdufy(.0.3000). (310

By contracting ¢y with the boundary operator W in [¢), we obtain

1 5SintW
<w‘/dXdu\/jg5@(u,U,X)’¢>‘vo

27

= QAW/dxduK(eﬂ(tW+iT)u,0,XW,X)*K(ng(tWHT)u,O,XW,X)

2

= 2/\Wef%ﬁtw /dxdu'K(eg”u',O,XW,X)*K(e?”u’,O,xw,x), (3.11)



27
which is proportional to e~ # . From the tyy-dependence of (3.9) and (3.11), it follows
27
that Ny (tw) in (3.6) is proportional to e '™ at the late times:

No(tw) ~ e 57 (3.12)

where we ignore an insignificant coefficient. ynlike the exponential boost e+27ﬂtw in gravi-
ton exchange, the exponential behavior e B in scalar exchange decays at late times
tw > B. This is the reason why scalar exchange is excluded in computations of the
Lyapunov exponent with the eikonal approximation.

With (3.2) and (3.5), an e.o.m. of ¢ is

1 _2m
ﬁau(\/—gg“”&,w) - mitp =—Nge 5 WE(u)d(x — xpw). (3.13)
To solve it, we use an ansatz
P, v,%) = e~ 7 £ (uv)d(w)hY (x) . (3.14)

Without loss of generality, we set f,(0) = 1. After we put this ansatz into (3.13), the
e.0.m. becomes

[A—lg—d/z <8U(Bd/28vf@) + 9,(BY 2e?uﬂa)) + B f,Oum — miﬂD] S(u)hy! (x)
+ AT (B0, £,) + 0, (BY2f,) | ' (w)hl (%) = —Nod(w)d(x — xw) . (3.15)
Using ud’(u) = —0(u) and ud(u) = 0 [2], we obtain a relation on the horizon u = 0

[DM — m2B(0) - ZA(O)lB'(O)} WM (x) = ~NBO)S(x —xw),  (3.16)

where B'(uv) := Oy, B(uv). Note that (3.16) does not depend on derivatives of fu(uv).
Furthermore, using expressions on the horizon v = 0 (r = r¢):

2 U(r(uw))
A u—0 = , 3.17
N VY T W 10
V'(ro) Ulr(uw))
B’ (40)usso = , 3.18
N BT W (345)
we can express (3.16) as follows:
(O = m2V (ro) = dnV'(ro) /B) Y (%) = =NV (r0)3(x — xw) . (3.19)
This equation determines the exponential behavior in hfy (x).
As an explicit example, an isotropic solution of (3.19) with M = R? is
—hglx—xw]
R e te R\2 _ 2 dm,
hE (x) o [ (k)" = m2V(ro) + V() (3.20)

at large distance |x —xyy| > 1//1]5. In case of M = HY, a solution of (3.19) with SO(d—1,1)
symmetry is
o d(xx dm
hg(x) o e Hpdxxw) ug(ug —d+1)= mi,V(ro) + FV’(TQ) (3.21)

at large distance d(x,xw) > 1, where d(x,xw ) is the SO(d — 1,1) invariant geodesic
distance between x and xy in H? (2.15).



3.2 Pole-skipping points of the scalar field

An alternative method to obtain the Lyapunov exponent A; and butterfly velocity vp is
to seek the pole-skipping points of energy density. Pole-skipping points are the points
in the momentum space that render the Green’s function non-unique: 0/0. One of the
methods to diagnose the pole-skipping points is the near-horizon analysis. This analysis
detects the non-uniqueness of the Green’s function by the enhancement of the number of
free parameters at the horizon r = ry. In this section, we review the near-horizon analysis
of the minimally-coupled scalar fields [15] on the general boundary space M. The near-
horizon analysis in the planar space (M = R?) and the hyperbolic space (M = H?) has
been studied extensively, as we can observe from [14, 16, 21].

To perform the near-horizon analysis of the minimally coupled scalar field ¢, we only
consider the action (3.2). Its e.o.m. is

Op — m?a(p =0, (3.22)

where [ is the Laplacian corresponding to the general metric. Using the incoming Edding-
ton-Finkelstein coordinates vgp = t 4 r, with the tortoise coordinate defined in (2.6), the

metric in our purpose is
ds? = —U(r)dvip 4 2dvgpdr + V(r)dx?. (3.23)

Using this metric (3.23) and the scalar field perturbation of the form ¢(vgp,r,x) ~

¢(r,x)e”™vEF the e.0.m. becomes
¢+ (UV) UV +AUV' )2—2iwV) ¢/ +(UV) ! (DM—mf’OV—de’/z) p=0, (3.24)

where [, is the Laplacian of the general boundary space M, prime is the derivative with
respect to 7, and the arguments of the scalar field ¢(r,x) and U(r), V(r) are omitted.

The e.o.m. (3.24) has a regular singular point at the horizon because U ~ (r — 1)
and V ~ (r —r9)?. The general solutions of a second-order differential equation with
regular singular points are well-known, and we seek the conditions where the solution ¢
contains two independent regular solutions. In this case, the solution is determined by two
parameters so that the holographic Green’s function becomes a function of the ratio of two
parameters, yielding a non-unique Green’s function.

As a first step, we examine the Frobenius series solution near the horizon r = r,

d(r;do) = > dn(r —r0)*T™  (do #0). (3.25)
n=0

Argument ¢ in ¢(r; ¢o) denotes the free coefficient of the series which determines all the
other coefficients for a given a. After we insert (3.25) into (3.24), we can find the so-called
indicial equation at the lowest power of (r — rg), which determines the value of a. Solving
this indicial equation gives two possible values of «

o] = 0, Qg = i@, (326)

c~_wfB _ 2dw
where 10 = 5 = U(ro)"




The forms of two independent solutions of (3.24) depend on the difference between the
two roots of the indicial equation: ap — a; = i@. The solutions of (3.24) are classified as
three cases: i@ is (i) non-integer (ii) zero (iii) non-zero integer.

(i) i@ is non-integer

¢ Z Qb T - TO )
S5 ) = 3 #D (r = ro)
n=0

There are two Frobenius series solutions for vy = 0 and ag = i@. As the second solution ¢(2)
has non-integer exponents (r — 79)**", #?) is not regular. Thus, the regularity condition
picks up only one solution ¢"). As the solution can be uniquely determined by the single

(1)

free coefficient ¢y ’,> so does the holographic Green’s function.

(ii) @ is zero

(i 60) = 3 60— 1) + 6 (r; 60 Toglr — o),

n=1

60 = 3 oD o)
n=0

As the first solution ¢(!) contains the log term, it can be inferred that it is not regular.
According to the regularity condition, only the second solution ¢ is allowed. Thus, the
holographic Green’s function can be uniquely determined.

(iii) 4@ is non-zero integer
oM (r; o{V) = Z O (r = o)™ + Flw, k)o@ (r; 66" ) log(r —ro),  (3.27)
¢(2) ¢(2) Z §Z5 zw+n ] (328)

As in case ii), there is one solution with the logarithm for a; = 0 but the difference is
that the factor F(w,k;),% is multiplied to the logarithm. The regularity conditions for
each solution are: a) the first solution (3.27) is regular only if F'(w,k;) is zero, b) the
second solution (3.28) is regular only if i@ is a positive integer. It means that when i© is
a positive integer and F(w, k;) = 0, there are two free parameters (;5(()1), gb(()Q). Thus, in this
case, the holographic Green’s function is not uniquely defined and such points are called
pole-skipping points.

SIndeed, this parameter can be set to be 1, because the equation is linear.

6k; are related to the eigenvalues of Oy as Cy¢ = A(ki)¢. A(k:) is some function that depends on
the boundary space M and A(k;) = — ZZ k2 at M = R? for example. In this section, we use O and
A(k;) interchangeably.

~10 -



The leading (smallest) pole-skipping point is i@ = 1 (w = —i27/) and
F(—i2n/B, ki) ~ Oy —m2V (ro) — wdV'(ro) /B, (3.29)

which can be obtained by plugging the form of (3.27) into the e.o.m. (3.24). Here, k; is
encoded in [y; as explained in footnote 6.

In summary, the pole-sipping conditions are
w= —1i27/p, O — miV(ro) —7ndV'(rg)/B =0. (3.30)

Tthse conditions coincide with the coefficient of the exponential behavior of the scalar field
e 8w (3.12) (the massive scalar field in near-horizon analysis behaves like
O ~ e WUER = ef%vEF) and the condition for the spatial part hfg‘f (x) (3.19) obtained by
the scalar exchange in the previous subsection.

An alternative way to obtain the leading pole-skipping point is as follows. By plug-
ging (3.25) to the e.o.m. at the near-horizon limit, we can get the expression at the lowest
order as

(s = m2V (r0) — iwdV"(r0)/2) ¢o + (47/B — 2iw)V (ro)¢1 = 0. (3.31)

One can observe that ¢g and ¢; cannot be determined when w = —i27/8 and
O — miV(ro) — iwdV'(r9)/2 = 0. These conditions give the leading pole-skipping points
of the massive scalar field again.

We leave some comments on the similarities and differences between the two analysis
methods in subsections 3.1 and 3.2.

e Both analysis methods depend strongly on the metric at the black hole horizon.

2m
e The procedure to determine the late time behavior e” 7' in subsection 3.1 depends
on the three-point interaction (3.3) based on (3.11). On the other hand, in subsec-
tion 3.2, the late time behavior can be determined from the e.o.m. of ¢ only.

e In the four-point OTOC with M = R¢, space propagation is expressed in terms of

isotropic propagation ek xl g in (3.21). On the other hand, in the near-horizon anal-

ysis, we often use Fourier expansion with e*i*" instead of ¢?*/X|. See, for instance, [13].

4 Vector exchange

Here, we study the exponential behaviors of the vector exchange terms by considering the
interactions of complex scalar fields with a vector field. As in the case of scalar fields, we
demonstrate that they are related to the leading pole-skipping points in the near-horizon
analysis of the vector field.
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4.1 Exponential behavior with vector exchange

On the black hole background metric (2.7), we consider actions of the complex scalar fields
and a vector field

S = 8w+ Sv+ 54+ Sintw + Sintv, (4.1)

Sw == [ "*2ay=g (g 0,0l duow + miylow ) (42)
sv == [ *%2y=g (90,0l a0 + milovP) | (43)
Su / 425 /=g < F F™ 4 lm 24, A“) (4.4)
Suiw = iaw [ @/ =gA" [(9,0m)0ly — owdyaly]. (45)
Sy = iay [ "%y =gA" [(0,00)0), — 6 0,0)]. (46)

The bulk complex scalar fields ¢y and ¢y are dual to the boundary operators W and
V in the four-point OTOC (W' (ty, xw )V T(0,xy )W (tw, xw)V (0, xy)). The bulk inter-
actions (4.5) and (4.6) as three-point interaction’ mean that W and V interact with a
boundary vector operator, which is dual to A,.

As (3.5) in the previous section, we consider a localized expectation value at late times
tw > B for vector exchange

(W] s 1)

(¥lv)
and determine ty-dependence of Nau(tw). With (4.5), for A%, we obtain

= Nau(tw)o(u)d(x — xw), (4.7)

1 6Sin .
(0] [ dxdu T 5 Av e vy em0 = (0] [ dxdu [(@uw)ly — owdudly] 100,

= 2iqw/dxdu 8UK(6%(tW+iT)u,O,XW,x)*) K(e ?(tWHT)u,O,xw,x)
_2zqw/dxdu 8 K(e? ZTu' 0, xw, X )*) K(€2/3 L0, xw, X), (4.8)
where we use the time translation symmetry (3.8) and u' = ¢ Wy, Because of Ou, (4.8)

does not depend on ¢y unlike (3.11). Since (4.8) and (¥|¢)) do not depend on ty, we
conclude that N4« (tw ) in (4.7) for vector exchange does not depend on tyy at the late times:

NAu (tw) ~ 6 ~ O( ) (49)
Similarly, one can estimate ty-dependence of the other components

Naw ~ O WY (4 # ). (4.10)

"We do not consider four-point interaction such as A, A*|¢w|*> because it is not relevant to bulk tree
level diagrams for (W7 (tw,xw)VT(0, xv )W (tw,xw )V (0, xv)).
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This difference of the ty/-dependence between components seems to be related to different
values of w at the leading pole-skipping points in different channels.
With (4.4), (4.7) and (4.10), an e.o.m. of A, is

VFE,, —m4A, = —6YNad(u)d(x — xw), (4.11)
where we ignore O(e_%rtw) terms. To solve the above equation, we use an ansatz
Au =fa(uwo)d(u)hf (x),
A, =0 Ty 0 (v Au), (4.12)

where we set f4(0) = 1. Using ud’(u) = —0(u) and ud(u) = 0, it turns out that the e.o.m.

of the vector field has only d(u) dependent terms. On the horizon u = 0, the equation with

v = u becomes®

(Onr —mAV (ro))hA (%) = —NauV (r0)d(x — xw) - (4.13)

This relation determines the spatial exponential behavior in A (x).
When M = R?, an isotropic solution of (4.13) is

efiu'ERi] |X*XW I (

R

/15)2 =mA4V (r) (4.14)

at large distance [x —xy| > 1/p%. For M = H? an SO(d—1, 1) invariant solution of (4.13)
is

B (x) oc e AW B (ud — d o+ 1) = mAV (o) (4.15)
at large distance d(x,xy ) > 1.

4.2 Pole-skipping points of the vector field
The action of the bulk vector field (4.4) yields the e.o.m.

V. F" —m3A” =0. (4.16)

With the Eddington-Finkelstein coordinate (3.23), the e.o.m. of ¥ = vgp,r components
with the Lorenz condition decouple from the other components v # vgp,r. Such a sector
is termed as a diffusive or longitudinal channel and is relevant to the leading pole-skipping
points for the vector field [14-16]. Thus, we only consider the longitudinal channel in
this section.

By using an ansatz A, (vgp,7,x) ~ A, (r,x)e” " EF | the e.o.m. with v = vgp,r com-
ponents are

V/v—lA/

d d ,
I (DM —miV — inV’) A —iwAL — Al hep — (ViA) =0, (4.17)

UEF7§

VT (Om = m3V) Auge + UV (O = mAV +w?VUT) A, — iw A,

VEF

+iwV; A" = U(V;AY =0, (4.18)

8The other components become trivial because of ud(u) = 0.
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where 7 is the index of the coordinates x, and prime is the derivative with respect to ». We
omitted the arguments of the vector fields A, (r,x) and U(r), V(r) for compact expressions.
Using the Lorenz condition

. d .
VAN = (viAZ —iwA, + A, + (UA) + §V—1V’(AvEF + UAT)> e WUEF = (), (4.19)
we can arrange (4.17) and (4.18) only with the variables A, (r,x) and A, (r,x).

Now we use near-horizon analysis to determine the leading pole-skipping points of the

vector field. First, by inserting the series form of A, as
Au(r,x) =D AR(x)(r —ro)" (A #0), (4.20)
n=0

(4.17) and (4.18) at the lowest order become

d(V"(ro) V'(ro)*\ o0
2 ( Vi(rg)  V(ro)? ) Auer

V4 00) (Oar = w3V (r0) + U )V (r0) + (45 — i) 5V (10) ) AL

+2(47/B —iw) AL =0,  (4.21)

4miw
B
For most cases, if AY__ and A" are fixed, the higher-order fields Al Al can be determined

VEF VEF’

by (4.21) and (4.22). However, in case of w = 0 and Oy — m%V (rg) = 0, AL cannot be

VEF

determined by ASEF from (4.22). It is the enhancement of the number of free parameters.

This condition determines the leading pole-skipping points of the vector field and coincides

A —2iwAl =0, (4.22)

VEF

o d
V_l(ro) (DM — miV(m) — szV’(ro)> ASEF —

with the exponential behavior of the vector exchange: independence of ty at the late times
and (4.13) in the previous subsection.

5 Summary and discussion

We have studied exponential behaviors of scalar and vector exchange terms in four-point
OTOCs by investigating simple holographic models. We have shown that the exponential
behaviors are related to special points in the near-horizon e.o.m. for scalar and the vector
fields. Let us summarize the results of our calculations.

Scalar field. The exponential behavior in scalar exchange at late times ty > ( is
hg(x)e_%ﬁtw, where hfy(x) is determined by (3.19). In the near-horizon analysis, the
leading pole-skipping points are determined by the non—uniqugless conditions of the holo-
graphic Green’s function in (3.30), and they coincide with e~ 7 ‘Y and (3.19).

Vector field. The exponential behavior in vector exchange at the late times does not
depend on ty as A (x), where h{(x) is determined by (4.13). This time-independence
and (4.13) can be extracted from the near-horizon analysis by imposing that (4.22) is trivial
at w=0.
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It is well-known that the four-point correlation functions in CFTs can be expanded
in terms of conformal blocks. Although the Lyapunov exponent in holographic CFTs
is computed from the conformal block with the energy-momentum tensor exchange [7],
the four-point OTOCs have sub-leading contributions from the conformal blocks with the
exchange of other fields. Similarly, the four-point OTOCs computed from the holographic
method may have sub-leading contributions from the bulk exchange other than graviton.
We have computed the exponential behaviors of such sub-leading contributions from scalar
and the vector fields. We have also shown that their exponential behaviors are related to
the leading pole-skipping points derived from the near-horizon analysis.

Originally, the pole-skipping phenomena in the near-horizon analysis are relations be-
tween the exponential behavior in graviton exchange in OTOC and the near-horizon Ein-
stein’s equations [13]. Our results imply a generalization of the pole-skipping phenomena
for arbitrary bosonic fields. Note that the pole-skipping phenomena of the graviton or
the energy-momentum tensor are related to maximal chaos. However, the pole-skipping
phenomena. of other fields are not related to maximal chaos as one can see from the tyy-
dependence of exponential behaviors.

We can now deliberate upon some future studies that can be conducted on this topic.
One future direction is to study more complicated holographic actions which are pro-
posed from the viewpoint of AdS/CMT. For example, the dilaton coupling was considered
in [13]. Another future direction is to change the decomposition of the vector field in the
near-horizon analysis for comparison with the exponential behavior. It may be useful to
decompose the vector field in the near-horizon analysis by Kruskal coordinates. It would
also be interesting to compute the exponential behavior with the exchange of the other
channel in the vector field, although it is a sub-leading term in vector exchange at the
late times. In the four-point OTOCs with four scalar operators, fermion exchange is for-
bidden from the fermion number conservation. However, the fermion exchange is possible
in the OTOCs with two scalars and two fermions, and we expect pole-skipping points of
fermions [19] to be related with the fermion exchange terms in such OTOCs.
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