
Journal of Energy Storage 42 (2021) 102982

Available online 1 September 2021
2352-152X/© 2021 Elsevier Ltd. All rights reserved.

Multiphysics modeling of lithium-ion, lead-acid, and vanadium redox 
flow batteries 

Michael T. Castro a,f,*, Julie Anne D. Del Rosario a,f, Meng Nan Chong b, Po-Ya Abel Chuang c, 
Jaeyoung Lee d,e, Joey D. Ocon a,f,* 

a Laboratory of Electrochemical Engineering (LEE), Department of Chemical Engineering, University of the Philippines Diliman, Quezon City 1101, Philippines 
b School of Engineering, Chemical Engineering Discipline, Monash University Malaysia, Jalan Lagoon Selatan, Bandar Sunway, Selangor Darul Ehsan, 47500, Malaysia 
c Thermal and Electrochemical Energy Laboratory (TEEL), Department of Mechanical Engineering, University of California, Merced, California, 95343, USA 
d Electrochemical Reaction & Technology Laboratory (ERTL), School of Environmental Science and Engineering, Gwangju Institute of Science and Technology (GIST), 
123 Cheomdangwagi-ro, Buk-gu, Gwangju 61005, Republic of Korea 
e Ertl Center for Electrochemistry and Catalysis, Gwangju Institute of Science and Technology (GIST), 123 Cheomdangwagi-ro, Buk-gu, Gwangju 61005, Republic of 
Korea 
f DOST-NICER Center for Advanced Batteries, University of the Philippines Diliman, Quezon City 1101, Philippines   

A R T I C L E  I N F O   

Keywords: 
Multiphysics 
Modeling 
Lithium-ion 
Lead-acid 
Vanadium redox flow 
Battery 

A B S T R A C T   

The increasing demand for batteries’ application in grid-balancing, electric vehicles, and portable electronics has 
prompted research efforts on improving their performance and safety features. The improvement of batteries 
involves the comparison of multiple battery designs and the determination of electrochemical and thermal 
property distributions at the continuum scale. This is achieved by using multiphysics modeling for investigatory 
battery research, as conventional experimental approaches would be costly and impractical. The fundamental 
electrochemical models for these batteries have been established, hence, new models are being developed for 
specific applications, such as thermal runaway and battery degradation in lithium-ion batteries, gas evolution in 
lead-acid batteries, and vanadium crossover in vanadium redox flow batteries. The inclusion of new concepts in 
multiphysics modeling, however, necessitates the consideration of phenomena beyond the continuum scale. This 
work presents a comprehensive review on the multiphysics models of lithium-ion, lead-acid, and vanadium redox 
flow batteries. The electrochemical models of these chemistries are discussed along with their physical in-
terpretations and common applications. Modifications of these multiphysics models for adaptation and matching 
to end applications are outlined. Lastly, we comment on the direction of future work with regards to the 
interaction of multiphysics modeling with modeling techniques in other length and time scales. Molecular-scale 
models such as density functional theory and kinetic Monte Carlo can be used to create new multiphysics models 
and predict transport property correlations from first principles. Nanostructures and pore-level geometries can be 
optimized and integrated into continuum-scale models. The reduction of multiphysics models via machine 
learning, mathematical simplification, or regression enables their application in battery management systems 
and energy systems modeling.   

1. Introduction 

Batteries play a pivotal role in the fight against climate change and 
greenhouse gas emissions. Leading in this effort are lithium-ion (Li-ion) 
batteries, which are paving the way for electric vehicles due to their high 
energy and power density [1]. The decreasing cost of Li-ion batteries 
aids the penetration of renewable energy, wherein energy storage is 
necessary for peak shaving and frequency stabilization [2,3]. Vanadium 

redox flow (VRF) batteries are also gaining momentum for 
grid-balancing applications due to their robustness, long cycle life, and 
ability to have their energy and power ratings sized separately [4,5]. In 
addition, batteries also have traditional roles in uninterruptible power 
supplies[6] and automobiles [7,8]. These are supplied by the cheaper 
and commercially mature lead-acid battery [6–8]. 

The pervasive use of batteries has prompted research on their safe 
and efficient design, but the practicality of these studies is difficult to 
achieve experimentally. For example, investigating the effect of a design 
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parameter on battery performance entails constructing and observing 
multiple battery setups [9–11]. This problem is amplified in battery 
optimization studies, wherein the design must be improved iteratively. 
In other studies, inactive regions in the battery are identified to enhance 
the utilization of battery materials [12,13]. This requires the determi-
nation of electrochemical and thermal properties at different points in-
side the battery. The measurements must also not interfere with the 
processes in the battery, which is problematic considering that some 
systems (e.g., Li-ion battery layers) are less than a millimeter thick. 
There is also growing interest regarding thermal management [14–17] 
and safety systems [18–22], which can be costly to design using ex-
periments alone. 

The limitations of experimental approaches are overcome by multi-
physics modeling. A multiphysics model uses fundamental laws and 

equations from various disciplines to predict the outcome of a battery 
system. The equations are solved simultaneously to reflect the interde-
pendence of physical and chemical properties. This method incurs less 
costs because the battery behavior is determined in silico. The evolution 
of physical and chemical property distributions in the battery system 
over time also arises naturally from solving the governing equations. 
These models typically describe the battery at the continuum scale using 
properties such as concentration, potential, current density, and heat 
generation. 

One of the most popular multiphysics models was that developed by 
Doyle, Newman, and Fuller for Li-ion batteries. The model was based on 
Newman’s porous electrode theory and concentrated electrolyte theory 
[23]. Their work in 1994 demonstrated the modeling and optimization 
of Li-ion batteries [24]. They then validated this model two years later 

Nomenclature 

Abbreviation 
AGM absorptive glass mat 
CFD computational fluid dynamics 
DEM discrete element modeling 
LAM loss of active material 
LCO lithium cobalt oxide 
LFP lithium iron phosphate 
Li-ion lithium-ion 
LLI loss of lithium inventory 
LMO lithium manganese oxide 
LNMO lithium nickel manganese oxide 
NCA nickel cobalt aluminum oxide 
NMC nickel manganese cobalt oxide 
SEI solid electrolyte interphase 
P2D pseudo two-dimensional 
Si/G silicon-graphite 
SPM single particle model 
SOC state of charge 
VRF vanadium redox flow 
VRLA valve-regulated lead-acid 
a volumetric surface area, m− 1 

a0 initial volumetric surface area, m− 1 

cf fixed site concentration, mol m− 3 

cL
H+ ,0 initial H+ concentration in the liquid phase, mol m− 3 

cS
Li+,max maximum Li+ concentration in the solid phase, mol m− 3 

dp particle diameter, m 
D diffusion coefficient, m2 s− 1 

f activity coefficient, dimensionless 
F faraday constant, C mol− 1 

g acceleration due to gravity, m s− 2 

j reaction current density, A m− 2 

j0 exchange current density, A m− 2 

j current density vector, A m− 2 

kLi li-ion reaction rate constant, m2.5 mol− 0.5 s− 1 

KKC Kozeny-Carman coefficient, dimensionless 
kV VRF reaction rate constant, m s− 1 

p pressure, Pa 
q̇ volumetric heat generation, W m− 3 

r radial direction in spherical coordinates, m 
rp particle radius, m 
R ideal gas constant, J mol− 1 K− 1 

t time, s 
ti transference number of i, dimensionless 
T temperature, K 
v velocity, m s− 1 

Veq equilibrium potential, V 
Vm molar volume, m3 mol− 1 

zf fixed site charge, dimensionless 
zi charge of i, dimensionless 
αA anodic transfer coefficient, dimensionless 
αC cathodic transfer coefficient, dimensionless 
β Boussinesq coefficient, m3 mol− 1 

γ empirical current density coefficient, dimensionless 
ε volume fraction, dimensionless 
η overpotential, V 
κ hydraulic permeability, m2 

μ viscosity, Pa s 
ρ mass density, kg m− 3 

σ electrical conductivity, S m− 1 

ϕ electric potential, V 

List of superscripts 
Phase Description 
L liquid phase 
S solid phase 
Location description 
N …of the negative electrode 
P …of the positive electrode 

The superscripts indicate the phase and/or location of a 
property. For example, εL means “volume fraction of the 
liquid” or porosity, while εLN means “porosity of the 
negative electrode.” 

List of subscripts 
Label Description 
act activation heating 
eff effective (denotes Bruggeman-corrected properties) 
ele electrical heating 
ion ionic heating 
ref evaluated at a reference state 
rev reversible heating 
s …at the surface 
Species Description 
H+ …of the H+ ion 
Li+ …of the Li+ ion 
Pb …of solid Pb 
PbO2 …of solid PbO2 
PbSO4 …of solid PbSO4 
V2+ …of the V2+ ion 
V3+ …of the V3+ ion 
VO2+ …of the VO2+ ion 
VO2

+ …of the VO2
+ ion 

i …of species i  
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[25]. Tiedemann and Newman presented the lead-acid multiphysics 
model earlier in 1979 [26]. Afterwards, Gu et al. improved on this in 
1987 by modeling charge and rest behavior [27]. The model was also 
based on Newman’s theories but did not account electrolyte convection 
induced by density differences in the electrolyte reservoir. Alavyoon 
et al. modeled convection in 1991 [28], enabling Gu et al. to propose a 
refined model in 1997 [29]. The VRF multiphysics model was intro-
duced much later in 2008 by Shah et al. [30]. A refined model ac-
counting for heat generation was published a year later [31]. 

These pioneering models, however, can predict the electrochemical 
operation of a battery only under ideal operating conditions. Multi-
physics models have therefore been developed to account for detri-
mental phenomena, such as thermal runaway [32] in Li-ion batteries, 
gas evolution [33] and sulfation [34] in lead-acid batteries, and capacity 
fade due to vanadium crossover [35] in VRF batteries. Other models also 
described possible design improvements including Li-ion batteries with 
silicon negative electrodes [36], lead-acid batteries redesigned as flow 
batteries [37], and VRF batteries with compressed electrodes [38]. 
These extended multiphysics models provide a more realistic description 

of batteries, allowing their safety and lifespan to be considered in 
addition to their performance. 

While multiphysics modeling has been traditionally concerned with 
the continuum scale, recent work has focused on its integration with 
models from other length scales (Fig. 1). For instance, molecular-scale 
techniques, such as kinetic Monte Carlo simulations and density func-
tional theory, have been used to predict transport properties [39] and 
model the formation of the solid electrolyte interphase (SEI) [40] in 
Li-ion batteries from first principles. On the other hand, the multiphysics 
model for lead-acid batteries has been simplified via data reduction [41] 
and regression [42] techniques, which could allow their use in battery 
diagnosis, energy systems modeling, and other large-scale applications 
that require faster models. This new paradigm broadens the applica-
bility of multiphysics modeling as an investigatory tool. 

In this review, we discuss recent developments on the multiphysics 
modeling of Li-ion, lead-acid, and VRF batteries along with their po-
tential integration with studies in other length scales. These chemistries 
were selected due to their widespread application in renewable energy 
technologies in the past decade [3,43], which prompted a multitude of 
multiphysics modeling studies. The discussion on each chemistry is 
structured in four parts. First, the structure and reactions in the battery 
are described. Second, the electrochemical model is presented with its 
numerical solutions, physical interpretations, and common applications. 
Third, recent works on the multiphysics modeling of each battery 
chemistry are outlined with an emphasis on the coupling with modeling 
techniques from other length scales. Lastly, a commentary is made on 
the research direction of multiphysics modeling for each chemistry. 

2. Lithium-ion 

2.1. Description 

Li-ion batteries consist of a graphite insertion negative electrode and 
an intercalation positive electrode. The Li-ion chemistry is often named 
after the positive electrode material – the choice of which dictates its 
application. Lithium cobalt oxide (LCO) is a staple in consumer elec-
tronics due to its high energy density [44]. Lithium iron phosphate (LFP) 
is ideal for energy storage because of its thermal stability relative to 
other chemistries [45]. Lithium manganese oxide (LMO) is found in 
fast-discharge applications [46]. Nickel cobalt aluminum oxide (NCA) 
and nickel manganese cobalt oxide (NMC) are gaining usage in electric 
vehicles due to their high energy density and low cost [47,48]. The 
half-reactions of graphite [49,50], LCO [51], LFP [49], LMO [52,53], 
NCA [54,55], and NMC [56,57] are given by (Eqs. 1–6), respectively, 
wherein the forward reactions occur during discharge. 

Fig. 1. Multiphysics modeling originated as a continuum-scale modeling technique, but recent work has focused on its coupling with techniques from other 
length scales. 

Fig. 2. Computational domain of the Li-ion battery model. The realistic 
description of the battery (a) is too computationally expensive to model, so the 
solid and liquid phases in the electrodes and separator are treated as super-
imposed phases (b). The solid phase is then coupled to an auxiliary spherical 
domain (c) to simulate the diffusion of Li+ ions into the electrodes. The 1D 
battery and 1D spherical electrode models constitute the P2D model. 
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LiyC6(s)⇌Liy− xC6(s) + xLi+(solv) + xe− (1)  

Li1− xCoO2(s) + xLi+(solv) + xe− ⇌LiCoO2(s) (2)  

Liy− xFePO4(s) + xLi+(solv) + xe− ⇌LiyFePO4(s) (3)  

2MnO2(s) + Li+(solv) + e− ⇌LiMn2O4(s) (4)  

Li1− xNiyCozAl1− y− zO2(s) + xLi+(solv) + xe− ⇌LiNiyCozAl1− y− zO2(s) (5)  

Li1− xNiyMnzCo1− y− zO2(s) + xLi+(solv) + xe− ⇌LiNiyMnzCo1− y− zO2(s) (6) 

The electrode layers are separated by a porous polyethylene or 
polypropylene separator film [58–62]. The negative and positive elec-
trodes are fitted with copper and aluminum current collector foils, 
respectively [63–67]. Both electrodes are made porous to increase the 
active surface area for reaction. The electrolyte is 1.0 M LiPF6 dissolved 
in organic carbonates (e.g., dimethyl carbonate, diethyl carbonate, 
ethylene carbonate, methyl ethyl carbonate, or mixtures thereof) [68, 
69]. The battery layers may be rolled to form cylindrical cells or stacked 
to form pouch or prismatic cells. 

2.2. Electrochemical model 

2.2.1. Governing equations 
The computational domain of the Li-ion multiphysics model is 

illustrated in Fig. 2. The electrodes of a Li-ion battery consist of 
numerous solid electrode particles surrounded by liquid electrolyte, 
while the separator is a solid polymer also soaked in liquid electrolyte 
(Fig. 2a). Modeling the countless electrode particles at a very fine res-
olution, however, is too computationally demanding. Instead, the elec-
trode regions are approximated using Newman’s porous electrode 
theory, which treats the solid electrode particles and the liquid elec-
trolyte as superimposed phases (Fig. 2b). The solid phase allows the 
transport of both charge (electrons) and mass (Li+), with the latter being 
modeled as the diffusion of Li+ into an auxiliary spherical particle 
domain (Fig. 2c). The binary electrolyte [70,71] participates in simul-
taneous charge (charge of Li+) and mass (Li+) transport. The separator is 
also modeled according to Newman’s porous electrode theory, but 
neither charge nor mass is transported through the solid phase (inert 
separator material). The current collectors are solid sheets of metal 
wherein only solid phase charge transport occurs. This model is known 

Table 1 
Charge and mass transport equations in Li-ion batteries.  

Name Equation Ref. 

Solid phase charge transport  

jS = − σS
eff∇ϕS (7)     

[73]  

∇⋅jS = − aj (8)     

Liquid phase charge transport  

jL = − σL
Li+ ,eff∇ϕL +

2RTσL
Li+ ,eff

F
(1 − tLi+ )

(

1+
∂lnf

∂lncL
Li+

)

∇lncL
Li+ (9)     

[25,72]  

∇⋅jL = aj (10)     

Solid phase mass transport  

∂cS
Li+

∂t
=

DS
Li+

r2

[
∂
∂r

(

r2∂cS
Li+

∂r

)]

(11)     

[24,11]  

− ∇⋅cS
Li+ |r=0 = 0 (12)      

− DS
Li+∇cS

Li+ |r=rp
=

j
F

(13)     

Liquid phase mass transport  

∂cL
Li+ εL

∂t
= ∇⋅

(
DL

Li+ ,eff∇cL
Li+

)
+ (1 − tLi+ )

aj
F

(14)     

[70,71] 

Effective properties  

σS
eff = σSεS 1.5 (15)     

[70,72]  

DL
Li+ ,eff = DL

Li+ εL1.5 (16)      

σL
Li+ ,eff = σL

Li+ εL1.5 (17)     

Material properties  

a =
3εS

rp
(18)     

[49,72]  
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as the pseudo-2D (P2D) model because it couples the 1D charge and 
mass transport in the continuum-scale domain and 1D diffusion in the 
particle-scale domain. The P2D model has been utilized in several 
studies, although other researchers have extended the continuum-scale 
model from 1D to 3D [68,72]. 

The charge and mass transport equations in Li-ion batteries are 
summarized in Table 1. Charge in the solid phase is transported by 
electrons, so the current density vector is given by Ohm’s law (Eq. 7). 
The solid phase charge balance (Eq. 8), given by the divergence of the 
current density vector, reflects the generation of electrons due to the 
electrochemical reactions. In the liquid phase, charge transport is 
described by Newman’s concentrated solution theory (Eq. 9). The first 
term on the right-hand side is the contribution of potential gradients, 
while the second term is that of concentration gradients. Note that 
Ohm’s law is not strictly obeyed in the presence of large concentration 
gradients. The liquid phase charge balance (Eq. 10) is negative of that of 
the solid phase to satisfy the electroneutrality assumption. 

The diffusion of Li+ in the solid phase is given by Fick’s law (Eq. 11). 
It is written in spherical coordinates with a symmetry boundary condi-
tion (Eq. 12) because of the assumed spherical shape of the solid parti-
cles. The amount of Li+ that diffuses into or out of the sphere is 
controlled by reaction kinetics, which in turn is related to the current 
density (Eq. 13). In the liquid phase, mass transport of Li+ is described 
by concentrated solution theory (Eq. 14). The first term on the right- 
hand side represents diffusion, while the second term denotes both 
migration and Li+ generation. 

The tortuosity of the porous materials impedes mass and charge 
transport, so conductivities and diffusion coefficients are adjusted using 
the Bruggeman correlation (Eqs. 15–17). The diffusion coefficient of Li+

in the solid phase is not adjusted because the particles themselves are 
not porous. Rather, the porosity arises when the particles agglomerate to 
form the solid electrode phase. The active surface area of the electrode 
(Eq. 18) is derived by assuming that the particles are spherical. 

The equations describing the kinetics in Li-ion batteries are 
summarized in Table 2. Butler-Volmer kinetics (Eq. 19) is assumed 
when mass transfer effects are negligible. The overpotential is defined by 
(Eq. 20) wherein the equilibrium potential is measured with respect to a 
lithium metal electrode [74]. The exchange current density (Eq. 21) is 
given as a function of solid and liquid phase concentration. 

The equations describing heat generation in Li-ion batteries are 
summarized in Table 3. Heat generation in the battery is due to 
reactions, current-voltage (IV) losses, and heat of mixing. Electro-
chemical reaction heat can be subdivided into reversible and irreversible 
components. Reversible heating (Eq. 22) is attributed to the equilibrium 
potential, while irreversible or activation heating (Eq. 23) is due to the 
overpotential. The heat from IV losses in the solid and liquid phases are 
referred to as electrical heating (Eq. 24) and ionic heating (Eq. 25), 
respectively, and their sum is known as Joule heating or ohmic heating. 
The heat of mixing is often ignored due to its small magnitude [75]. 

The appropriate boundary conditions are then selected to close the 
system of partial differential equations. Ions from the liquid electrolyte 
in the electrode region cannot penetrate the current collector region, so 
a no-flux condition for both concentration and potential is placed at this 
interface [49,79]. Electrons from the solid phase of the electrodes 
cannot pass through the separator, which corresponds to a zero potential 
flux [70,72]. 

2.2.2. Electrochemical properties 
A large potential gradient is observed between the tabs and the 

current collector plate (Fig. 3a). This is attributed to the narrowing path 
between the tabs and plate, which decreases the area for current flow 
and increases the potential gradient [49,72]. Nonuniform reaction cur-
rent profiles result in the electrode region (Fig. 3b) [72,80]. Areas near 
the tab therefore become more utilized (Fig. 3c) [49,72,80] and accu-
mulate stresses due to the state of charge (SOC)-dependent expansion of 
the electrodes [81,82]. Note that mechanical stresses are not captured 

Table 2 
Kinetics in Li-ion batteries.  

Name Equation Ref. 

Current Density  
j = j0

[

exp
(

αAηF
RT

)

− exp
(
− αCηF

RT

)]

(19)     
[24, 
70] 

Overpotential  η = ϕS − ϕL − Veq (20)     [24, 
70] 

Exchange current 
density  j0 = FkLi

(
cL

Li+
)αA
(

cS
Li+ ,s

)αC(
cS

Li+ ,max − cS
Li+ ,s

)αA
(21)     

[24, 
70]  

Table 3 
Heat generation in Li-ion batteries.  

Name Equation Ref. 

Reversible heating  

q̇rev = ajT
∂Veq

∂T
(22)     

[76,77] 

Activation heating  

q̇act = ajη (23)     

[78,77] 

Electrical heating  

q̇ele = − jS⋅∇ϕS (24)     

[78,49] 

Ionic heating  

q̇ion = − jL⋅∇ϕL (25)     

[78,49]  

Fig. 3. Potential in the positive current collector (a) at 50% depth of discharge. Reaction current density (b) and SOC (c) distribution halfway through the positive 
electrode thickness at 2C discharge and 50% depth of discharge. Electrode material near the tabs is more actively utilized. (Fig. from [72]) 
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by the electrochemical model, but nonetheless they can be reduced by 
having an even SOC distribution. Samba et al. showed that widened tabs 
placed on opposite sides of the battery promote a more uniform distri-
bution of electrochemical properties [49]. 

The maximum reaction current initially forms at the separator- 
positive electrode interface (Fig. 4a) [80,83–85]. The SOC in this area 
saturates (Fig. 4b), and the reaction front shifts towards the current 
collector [80,83–85]. Thin batteries [86] under low C-rate operation 
[78] yield uniform concentration and SOC profiles. In the anode, the 
SOC profiles are more uniform in comparison [78,84]. 

2.2.3. Thermal properties 
The large potential gradient in the current collector tabs yields high 

temperatures due to Joule heating, especially at high C-rates [11,49]. 
The effect is more pronounced in the positive tab due to the low elec-
trical conductivity of aluminum [11,49]. The nonuniform reaction 
current in the positive electrode also generates higher temperatures near 
the positive tabs [68,80]. Optimized tab widths therefore result in uni-
form temperatures due to an even distribution of electrochemical 
properties [11,49]. Low C-rate operation also ensures that the current 
collectors have lower temperatures than the electrodes [11], which 
contributes to heat dissipation [78]. 

In the positive electrode, Joule heating is always maximum at the 
separator-positive electrode interface [80,84]. This is minimized in 
thinner batteries where the potential drop is lower [86] or at low C-rates 
where the current is small [87]. Activation and reversible heating 
initially develops near the separator but moves towards the current 
collector together with the reaction front [80,84]. Activation heating 
becomes significant at very low temperatures [88]. The magnitude of 
reversible heating depends on the chemistry [87]. It is greatest in LCO, 
followed by LMO and LFP [87]. The negative electrode generates more 
reversible heat than LFP and LMO positive electrodes, but less heat than 
LCO [86,87]. 

2.2.4. Research trends 
This subsection discusses research trends regarding the continuum- 

scale electrochemical modeling of a Li-ion battery under normal oper-
ating conditions. Capacity fade, thermal runaway, and other non-ideal 
operating conditions are discussed in the succeeding sections. Existing 
literature on the multiphysics modeling of Li-ion batteries has touched 
on five commercially mature chemistries: LCO [87,89], LFP [9,49,93,94, 
72,80,84,87,89–92], LMO [78,86,87,89], NCA [68,83,89,95,96], and 
NMC [10,11,103,104,80,89,97–102]. Nazari and Farhad compared 
LCO, LFP, and LMO in terms of their heat generation [87], while Zhang 
et al. studied the temperature increases of the five chemistries at various 
C-rates [89]. Both studies agree that the LFP cathode produces less heat 
[87,89]. 

There are also a handful of studies dealing with the optimization of 
design parameters. Hosseinzadeh et al. optimized a Li-ion battery and 

showed that moderately thick electrodes and small particle sizes yield a 
high energy density, while thin electrodes and high porosities increase 
the power density [9]. Li et al. noted that the thickness and porosity of 
the positive electrode had the largest effect on temperature rise and 
adjusted those parameters, among other things, to minimize the tem-
perature rise in a Li-ion battery [10]. Mei et al. determined the current 
collector tab dimensions that would minimize the battery temperature 
[11]. This type of research is closely related to sensitivity analysis, 
wherein the importance of a design parameter towards the battery 
performance is determined. Lin et al. showed that the thickness of the 
positive electrode strongly influences the dischargeable capacity and 
maximum cell temperature [99]. Zhang et al. conducted a sensitivity 
analysis for a Li-ion battery, which was used to develop a methodology 
for identifying modeling parameters from experimental data [93]. 

The Li-ion battery simulations are typically performed with COMSOL 
Multiphysics® [9,11,49,72,80,86–88], and good agreement is usually 
observed between experimental and simulated voltages [9,49,72,80, 
87]. Some authors have also developed computational frameworks for 
modeling Li-ion batteries. Newman, one of the contributors to the P2D 
electrochemical model, created the Dualfoil framework for simulating 
Li-ion batteries [105,106]. Another notable framework is LIONSIMBA 
written by Torchio et al. in MATLAB® [107], which boasts faster 
computation times than COMSOL Multiphysics® [107,108]. Kosch et al. 
also showed their framework, which applied orthogonal collocation and 
the Lobatto IIIA method to reduce computational costs [98]. Allu et al. 
presented their own framework and demonstrated its applicability in a 
variety of cell geometries [78]. 

2.3. Extended models 

2.3.1. Mechanical stresses 
Mechanical stresses in the electrodes of Li-ion batteries are attributed 

to thermal stresses from thermal expansion and diffusion-induced 
stresses from the expansion of electrodes upon lithiation [109,110]. The 
latter has a greater magnitude in Li-ion batteries [110] and is the focus 
of many studies. When left unchecked, these stresses may fracture the 
electrode and reduce the amount of active material electrically 
connected with the battery [111]. This mode of capacity loss is known 
as loss of active material (LAM), which was modeled by Yang et al. as 
a linear function of the excess strain energy resulting from mechanical 
stresses [112]. 

The mitigation of LAM sparked an interest in modeling the me-
chanical stresses in Li-ion batteries. At the particle scale, research is 
directed towards finding the stress distribution in electrode particles of 
various geometries. Spherical particles showed heightened stresses at 
contact points with other particles [82]. This was also true for spheroid 
particles, which experienced higher stresses than spherical particles in 
non-contact areas [113]. Similar observations were also found in hollow 
spheroid particles in comparison to hollow spherical particles, 

Fig. 4. Reaction current (a) and SOC (b) distributions in the positive electrode under 5C discharge. The separator-positive electrode and positive electrode-current 
collector interfaces are at x/L = 0 and x/L = 1, respectively. Most of the reactions occur near the separator-positive electrode interface due to the high overpotential 
in this area. (Fig. from [80]) 
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suggesting earlier fracture in the former [114]. Other studies dealt with 
the actual geometries of electrode particles. Kim et al. confirmed that 
diffusion-induced stresses are greatest at the contact point between 
electrode particles and that concentration gradients in these areas in-
crease with higher C-rates [110]. Wu et al. revealed that stresses in 
realistically shaped particles were much higher than in spherical parti-
cles at concave areas. Moreover, the uneven stress loading in the elec-
trode particles can promote rotation, which could damage the binder 
[115]. 

Naturally, researchers were interested in scaling up the particle-scale 
electrode model. One approach was to consider the solid electrode as a 
lattice of spheres, rather than superimposing the solid and liquid phases 
as with the P2D electrochemical model. This model predicts that elec-
trode material near the separator is more utilized, which is consistent 

with the P2D electrochemical model, and that stresses are higher at the 
contact points between particles, in line with the mechanical stress 
models [82]. Lower C-rates and smaller particles lead to less stresses 
[81]. Some authors used this approach to investigate stresses in the 
separator. Wu et al. found that higher C-rates result in small increases in 
stresses in the separator [109]. Xiao et al. argued that loose packing of 
particles yields tensile stresses in the separator, while close packing 
results in compressive stresses [116]. Other works discussed the 
coupling of the continuum-scale P2D electrochemical model with the 
particle-scale stress model (Fig. 5). Bai et al. revealed that stresses can 
increase diffusion, so spheroid particles had higher charge capacities 
than spherical particles [117]. Sauerteig et al. demonstrated that 
compression of a Li-ion battery due to swelling decreases ionic con-
ductivity in the electrodes [118]. 

Fig. 5. The multi-scale coupling scheme developed by Bai et al. (2019) to model stresses in Li-ion batteries. Continuum-scale properties are used by the particle-scale 
models to predict mechanical stresses and the surface Li+ concentration, which in turn, affects the continuum-scale kinetics. (Fig. from [117]) 

Fig. 6. The multi-scale coupling scheme developed by Tahmasbi and Eikerling (2018) to model degradation in Li-ion batteries. SEI formation, fractures, and 
agglomeration are statistically averaged by a particle population balance to determine electrode-scale and battery-scale properties. (Fig. from [130]) 
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2.3.2. SEI Formation and lithium plating 
The loss of lithium inventory (LLI) is another capacity fade mode 

defined as the depletion of Li+ ions utilizable in electrochemical re-
actions [119,120]. The formation of the SEI layer on the negative 
electrode is one of the side reactions that contribute to LLI. The SEI layer 
initially forms during the first few cycles of the Li-ion battery from the 
decomposition of organic carbonates and LiPF6 in the electrolyte. This 
consumes Li+ ions found in LiPF6, but this is necessary to prevent further 
decomposition of the electrolyte [121]. As the Li-ion battery is cycled, a 
different set of complex side reactions occur in the SEI. The layer 
thickens as more LiPF6 is consumed [112,121]. SEI formation acceler-
ates at higher temperatures [121]. Another side reaction is lithium 
plating, wherein Li+ deposits on the negative electrode as metallic 
lithium instead of inserting itself into graphite. This occurs at high 
C-rates and low temperatures [122,123]. 

LLI contributes to greater capacity loss than LAM in Li-ion batteries 
[124,125], so this has been incorporated in a number of multiphysics 
modeling studies. Most works account only for SEI formation, which is 
typically modeled as a single reaction [111,112,126,127], although Xie 
et al. was able to consider the elementary SEI formation reactions in 
their work [128]. The SEI layer grows as the reaction proceeds, which 
results in an electrical resistance proportional to its thickness [111,112, 
126–128]. Liu et al. demonstrated that optimizing a Li-ion battery for 
power density can also reduce the SEI thickness [129]. SEI formation 
occurs at the particle level, so coupling with particle-scale models is 
expected. Tahmasbi and Eikerling proposed a statistical physics-based 
degradation model accounting for SEI formation on the particles, the 
propagation of fractures, the growth of SEI on these fractures, and the 
size distribution of the electrode particles [130] (Fig. 6). Lithium plating 
was discussed by Yang et al., who accounted for it via Butler-Volmer 
kinetics. The lithium growth was modeled as an additional resistance 
in series with the SEI layer resistance [112]. 

Other researchers have focused on investigating SEI formation via 
molecular modeling. Understanding the growth of the SEI layer from 
first principles can help minimize its contribution to capacity fade [131]. 
Röder et al. developed an algorithm for modeling SEI formation that 
couples the continuum-scale Li-ion model with the short timescales and 
stochastic nature of kinetic Monte Carlo simulations [40]. They used the 
algorithm to simulate an entire discharge process [40] and determine 
the effect of particle size with SEI layer thickness [132]. Shinagawa et al. 
developed a similar model and simulated the discharge curves of a Li-ion 
battery after several cycles [133], effectively demonstrating a capacity 
fade model from first principles. 

2.3.3. Silicon negative electrodes 
Silicon negative electrodes have gained notable attention for use in 

Li-ion batteries due to their high energy density. Unfortunately, their 
widespread deployment is hindered by their three-fold expansion upon 
lithiation, which leads to increased stresses, poor cyclability, and a host 
of other problems. In response, models have been developed to under-
stand the transport properties and stresses of spherical particles upon 
lithiation [134–137]. These studies typically employ a core-shell model 
wherein the region of lithiated silicon forms a shell around a silicon core. 
Other geometries, such as cylindrical particles [138], nanowires [139], 
and thin films [36,134,140,141] have also been investigated. 

With a better understanding of lithiated silicon, researchers have 
begun using multiphysics models to mitigate stresses in silicon negative 
electrodes. One approach is to form the electrode into nanostructures, 
which provides enough clearance for silicon to expand [142,143]. For 
instance, Yang et al. developed a model for the lithiation of silicon 
nanowires that could replicate the anisotropic swelling observed in ex-
periments [139]. Wang et al. studied the effect of varying the design 
parameters (i.e., aspect ratio, spacing) of silicon nanowalls on the ca-
pacity of a silicon half-cell [144]. Other studies modeled the degradation 
of silicon negative electrodes to suggest strategies for addressing this 
issue. For spherical electrode particles, Zhang et al. suggested reducing 

the cutoff voltage during charging [145]. As for thin film electrodes, Pal 
et al. recommended using soft and elastic current collectors such as 
graphite and polymers [146]. An alternative strategy was investigated 
by Zheng et al. wherein silicon was supported by a nickel scaffold to 
improve its cyclability [147]. 

Another approach to mitigate the expansion of silicon is by using 
silicon-graphite (Si/G) composite electrodes. The Si/G particle is typi-
cally modeled as a core-shell structure with silicon in the outer shell and 
graphite in the inner core [148,149]. Some of the graphite particles in a 
Li-ion battery are then replaced with the Si/G particles [148]. Liu et al. 
coupled the P2D electrochemical model, the 3D mechanical model of the 
battery, and the particle-scale model. Their work revealed that a rigid 
battery casing would result in a slightly higher voltage and that charging 
at a higher C-rate causes a larger concentration gradient in the Si/G 
particles [149]. They also found that the size of the battery casing has 
little effect on the capacity [148]. Gao et al. compared distributions of 
silicon in a composite electrode (i.e., different Si wt% in the Si/G par-
ticles but same Si/G particle wt% in the bulk electrode vs. same Si wt% 
in the Si/G particles but different Si/G particle wt% in the bulk elec-
trode) and demonstrated that the latter achieved lower stresses [150]. 
Their group also compared the typical core-shell structure with other 
structures, and showed that yolk-shell and dual-shell structures have 
better crack resistance [151]. 

2.3.4. Thermal runaway 
Thermal runaway occurs when the temperature of a battery rises 

sharply due to runaway side reactions. The first step in the thermal 
runaway of a Li-ion battery is the decomposition of the SEI layer [152], 
which occurs at around 90◦C to 120◦C [153,154]. Without the SEI layer, 
the negative electrode is exposed and readily reacts with the electrolyte 
[154]. The increasing temperature then allows the positive electrode to 
react with the electrolyte [152,153]. The onset temperature of this step 
and its maximum temperature depends on the chemistry [45]. The final 
step in the process is the thermal decomposition of the electrolyte [152], 
which occurs at around 200◦C [153,154]. All these reactions are 
exothermic, and the results can be catastrophic if the runaway reactions 
are not stopped. 

The temperature required to trigger thermal runaway in Li-ion 
batteries may be initiated by internal short circuits due to puncture, 
crushing, and indentation. These damage the separator and permit 
electrical contact between the electrodes and current collectors, 
resulting in a large current and therefore large Joule heating [155]. 
Internal short circuits may occur during electric vehicle crashes [156, 
157], hence its relevance in Li-ion battery research. Zhang et al. 
modeled the crushing of a Li-ion pouch cell and found that a larger 
crushed area yields a lower maximum temperature [158]. In contrast, 
Yuan et al. conducted a similar simulation with cylindrical Li-ion bat-
teries and revealed that larger indenters result in larger maximum 
temperatures [159]. This discrepancy likely occurs because the area of 
crushing is larger than that of indentation, so equilibrium is reached 
faster. Liu et al. noted that crushing a cylindrical lithium-ion battery at a 
higher speed leads to a higher maximum temperature [160]. Yiding 
et al. simulated the crushing and indentation of a cylindrical battery and 
revealed that higher SOCs lead to higher maximum temperatures [161]. 
These observations are explained by the increase of Joule heating with 
current, which depends on the amount of Li+ available for transfer from 
the negative to the positive electrode. Consequently, some conditions, 
such as low SOC and temperature, will not lead to thermal runaway 
[158–161]. These studies couple mechanical deformation and thermal 
modeling, which are reviewed extensively by Kermani and Sahraei 
[162] and Liu et al. [163], respectively. 

Another mechanism that can initiate thermal runway is ultrafast 
discharge, which amplifies thermal phenomena that are often negligible 
under normal operating conditions. Ultrafast discharge is becoming 
increasingly relevant due to its application in electric vehicles. Taslimi 
Taleghani et al. demonstrated that an electrical contact resistance exists 
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at the surface of an LFP positive electrode. This contact resistance 
manifests at 2C and increases greatly at higher C-rates [164]. Sangiri 
et al. modeled thermal contact resistances due to imperfect contact be-
tween battery components. These become significant heat generation 
sources at ultrahigh C-rates (10C and above) [165]. Wang et al. applied 
the concept of thermal inertia to Li-ion batteries after ultrafast 
discharge. Their model shows that the temperature of a Li-ion battery 
will continue increasing even after discharge has stopped [166]. 

The prevention of thermal runaway is a large-scale problem due to 
the deployment of Li-ion battery packs for electric vehicles and grid- 
level energy storage. In response, some researchers have focused on 
mapping safety regimes. For instance, Liu et al. indicated a set of SOCs 
and initial resistances at which thermal runaway will occur after 
indentation [155]. Zhang et al. demonstrated that thermal runaway can 
be stopped by eliminating the heat source, then presented a safety 
regime of heat source intensity and duration time [70]. This has also 
motivated the design of safety systems to stop the cascade of thermal 
runaway across multiple batteries via minichannels [18], phase change 
materials [19], firewalls [20], heatsinks [21], discharging adjacent 
batteries [22], and increasing the heat transfer coefficient [32]. The 
work of Abada et al., which used coupled battery aging and thermal 
runaway models, cautions that degraded batteries begin thermal 
runaway at a lower temperature [167]. Rheienfeld et al. also compared 
the thermal runaway behavior of various cell sizes and formats during 
external short circuits and noted the difficulty of controlling the tem-
perature at the center of a cell [73]. 

Multiphysics models are valuable in the initial design and planning 
of safety systems, however, their computational cost implies that 
simplified models are more appropriate for active monitoring and con-
trol of batteries under thermal runaway. Ye et al. derived a semi- 
analytical thermal runway model due to nail puncture and showed 
that the peak temperature and heat generation depends on the puncture 
location [168]. Coman et al. developed a lumped model for venting in a 
Li-ion battery during thermal runaway [169]. An et al. developed an 
analytical model for the thermal runaway of a Li-ion battery due to 
external short circuits. The model was validated against numerical re-
sults and was used in designing a cooling strategy to stop thermal 
runaway [170]. 

2.4. Outlook 

2.4.1. Molecular scale to continuum scale 
Continuum-scale multiphysics models rely on empirical correlations 

for estimating physical properties such as equilibrium potentials, en-
tropies, rate constants, and diffusion coefficients of the electrodes. While 
these properties have been determined for commercially mature 
chemistries, their unavailability can hinder the investigation of novel 
chemistries. Molecular-scale models can fill this gap as shown by recent 
works, which have determined physical properties from first principles. 
For instance, Hanke et al. replicated the concentration-dependent ionic 
conductivity, diffusion coefficient, and transference number of Li+ in 
LiPF6/propylene carbonate solutions using molecular modeling [39]. Ji 
et al. generated a correlation between the Li+ diffusion coefficient in 
graphite and mechanical strain via density functional theory [171]. The 
diffusion coefficient of Li+ in silicon has also been estimated via kinetic 
Monte Carlo simulations [172,173]. Gwak et al. even demonstrated a 
multi-scale approach that combines density functional theory with 
continuum-scale electrochemical and mechanical models to simulate the 
operation of a silicon negative electrode (Fig. 7) [174]. These studies can 
also generate new multiphysics models, such as the SEI formation 
models presented earlier, which coupled continuum-scale models and 
kinetic Monte Carlo simulations [40,131–133]. The predictive power of 
molecular-scale techniques can be harnessed by estimating physico-
chemical properties of materials for use in novel chemistries, such as 
lithium metal batteries and the Li-ion lithium nickel manganese oxide 
(LNMO) chemistry. This paradigm would be valuable for scaling up 
research on novel battery materials. 

2.4.2. Material scale to continuum scale 
There have been advances in the design of Li-ion batteries, but these 

are now being performed at the nanoscale. Kraft et al. developed a 
nanostructured graphite negative electrode that can charge and 
discharge faster while resisting lithium plating [175]. Xu et al. also 
demonstrated their model of a micro-battery that utilized carbon fibers 
as the negative electrode [176]. Most importantly, nanostructured 
electrodes are viewed as a solution to mitigate the undesired expansion 
of silicon negative electrodes [139,144], which hold the key to high 
energy density batteries. These models have been experimentally vali-
dated, but the nanoscale design parameters have yet to be optimized in 
the same manner as continuum-scale design parameters. 

Fig. 7. The multi-scale model developed by Gwak et al. (2016) for modeling a silicon negative electrode. Physicochemical properties used by the continuum-scale 
models are obtained from the molecular-scale model. (Fig. from [174]) 
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The multiphysics models for Li-ion batteries can also be extended 
based on studies at the material and particle scales. For instance, 
Chouchane et al. developed a 3D computational domain with realistic 
particle geometries to study the effects of binder placement on the 
electrochemical performance of Li-ion batteries [177]. Yan et al. also 
generated a similar domain to show that heat generation in a Li-ion 
battery at the continuum-scale can be affected by the inhomogeneous 
microstructure of graphite particles and poor contact between particles 
[178]. As discussed earlier, mechanical stress models typically dealt 
with spherical particles, but the works of Kim et al. [110] and Wu et al. 
[115] built on this by studying electrodes with realistic geometries in 
2D. SEI formation was often modeled assuming uniform particles, but 
Tahmasbi and Eikerling accounted for nonuniform particle sizes by 
including a size distribution of spherical particles in their model [130]. 
Mechanical stress and SEI formation models may be refined by using a 
3D computational domain with realistic particle geometries. 

2.4.3. Continuum scale to system scale 
Capacity fade is a particle-scale phenomena with large-scale impli-

cations. The lifespan of a battery affects its techno-economic feasibility 
in renewable energy systems [3] and electric vehicles [43], so efforts 
have been made towards reducing the computational cost of capacity 
fade modeling to widen its applicability from individual cells to battery 
packs. For instance, Zhang et al. developed a methodology for decom-
posing capacity fade data into LII, LAM, and under-charge or 
under-discharge, which was then implemented in a multiphysics model 
[125]. Arrhenius-type expressions were also used to estimate capacity 

fade as a function of temperature and number of cycles [179,180]. Xia 
et al. modeled the degradation of a single Li-ion cell as a stochastic 
process [15,181]. This cell-level model was then used to evaluate 
different cell configurations in a battery pack [15], generate an appro-
priate cooling strategy [16] (Fig. 8), and optimize its layout [17]. Note 
that these studies used empirical models instead of the physics-based 
models introduced earlier to reduce the computational complexity. 
Simplified physics-based models can be implemented in future work. 
The modeling of capacity fade may also be linked to thermal safety, 
which is discussed in a review by Abada et al. [182]. 

Reduced-order models are also ideal for large-scale applications 
where the battery must be diagnosed quickly, such as in battery man-
agement systems [183–185] and the monitoring of thermal runaway 
[168–170]. One class of reduced-order models involves the use of ma-
chine learning models to predict the output of a multiphysics model, but 
with less computational cost. For example, Ragone et al. trained ma-
chine learning algorithms to replicate the SOC estimation of a multi-
physics model for a Li-ion battery in an electric vehicle [186]. Yamanaka 
et al. simulated the thermal runaway of a Li-ion battery due to nail 
piercing via multiphysics modeling, then generated a machine learning 
model that can predict the same output given the nail piercing param-
eters [187]. Mathematical simplifications of the Li-ion multiphysics 
model have also been developed, much like the simplified thermal 
runaway models discussed earlier [168–170]. Tran et al. demonstrated 
the reduction of a Li-ion multiphysics model using Padé approximations 
[188]. Hennessy and Moyles derived asymptotic simplifications of the 
Li-ion multiphysics model under constant and periodic currents [189]. 

Fig. 8. The multi-scale coupling scheme developed by Xia et al. (2020) to model a battery pack. The continuum-scale electrochemical-thermal model is coupled with 
a pack-scale temperature distribution model. (Fig. from [16]) 
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The single particle model (SPM) is another reduced-order model 
wherein the electrodes of the Li-ion battery are lumped into one effetive 
particle as opposed to multiple small particles. Lin et al. utilized the SPM 
to design a charging strategy that minimizes capacity fade [190]. Lotfi 
et al. developed an algorithm based on the SPM to monitor the state of 
charge of Li-ion batteries in real time [191]. Note that the SPM is widely 
used in the modeling of battery management systems, so there is a vast 
amount literature on this model beyond what is presented here. Lastly, 
there are equivalent circuit models wherein the battery is simplified into 
a network of circuit elements including voltage elements, resistors, and 
capacitors. This was performed for a Li-ion battery in the work of Li et al. 
[108]. Reduced-order models have a potential application in energy 
systems modeling studies wherein a battery model must be evaluated 
multiple times to simulate the operation of an energy system. Energy 
systems models often use idealized battery models [192,193] due to 
their simplicity, but a reduced-order model would allow for better ac-
curacy and the consideration of cell-level design parameters [188]. 
Bonkile and Ramadesigan integrated the SPM into an energy systems 
model and simulated an off-grid solar photovoltaic and Li-ion battery 
system [194]. In future work, they plan to optimize the off-grid system 
in the same manner as techno-economic studies on renewable energy 
deployment. 

3. Lead-acid 

3.1. Description 

Lead-acid batteries may be classified as either flooded or valve- 
regulated lead-acid (VRLA) depending on the state of the electrolyte. 
In a flooded lead-acid battery, the electrolyte exists in a reservoir as a 
free liquid. Accidental contact between electrodes is prevented by 
coating the negative electrode with a thin separator [195]. In contrast, 
the electrolyte in a VRLA battery is immobilized in either a gel [196] or 
an absorptive glass mat (AGM) [197]. The immobilized electrolyte 
doubles as a separator, so the negative electrode is not coated. 

Both variants consist of a Pb negative electrode and a PbO2 positive 
electrode in contact with 4.8 M H2SO4 electrolyte when the battery is 
fully charged [198–201]. The half-reactions of these electrodes are given 
by (Eqs. 26,27), respectively, wherein the forward reactions occur 
during discharge. The electrodes are made porous to increase the active 
surface area for reaction. The current collector, which also provides 
structural support, is formed into a grid instead of a solid plate to reduce 
the battery weight. Lead with calcium and tin additives is a common 
choice for the grid material [202]. Plastic or fiber grids coated with lead 
may be used to further reduce the battery mass [203]. Copper or 
aluminum anodic grids are suitable for high-power applications due to 
their high conductivity [203]. Titanium cathodic grids with conductive 
oxides increase strength and corrosion resistance [203]. For a longer 
cycle life, the positive electrode can be formed into tubes instead of a flat 
plate [204]. 

Pb(s) + HSO−
4 (aq)⇌PbSO4(s) + H+(aq) + 2e− (26)  

PbO2(s) + HSO−
4 (aq) + 3H+(aq) + 2e− ⇌PbSO4(s) + 2H2O(l) (27)  

3.2. Electrochemical model 

3.2.1. Governing equations 
The computational domain of the lead-acid battery model is pre-

sented in Fig. 9. The current collectors are made of solid metal wherein 
only solid phase charge transport occurs. The electrodes are porous and 
are treated as superimposed solid (active electrode material) and liquid 
(electrolyte) phases in accordance with Newman’s porous electrode 
theory. The active material allows only the transport of charge (elec-
trons), unlike Li-ion batteries, because the reaction product PbSO4 de-
posits on the electrode rather than diffusing into it. The electrolyte is 
concentrated and assumed to be binary because H2SO4 completely dis-
sociates into H+ and HSO4

− , and the high H+ concentration inhibits 
further dissociation of HSO4

− . This electrolyte participates in simulta-
neous charge (charge of H+) and mass (H+) transport. The separator is 
also modeled according to Newman’s porous electrode theory, but 
neither charge nor mass is transported through the solid phase (inert 
separator material). The electrolyte reservoir is a free liquid through 
which charge (charge of H+), mass (H+), and momentum (flow due to 
density differences) transport occur. This is present in flooded lead-acid 
batteries but not in VRLA batteries. Several studies assume a 1D model, 
but this can be extended to 2D if convection and acid stratification in the 
reservoir are to be modeled [28,29]. 

The charge, mass, and momentum transport equations that describe 
lead-acid batteries are summarized in Table 4. Charge in the solid (Eqs. 
29,30) and liquid (Eqs. 31,32) phases are transported by electrons and 
H+ ions, respectively. This is analogous to charge transport in Li-ion, so 
the charge transport equations are identical. The concentration term in 
(Eq. 30) is different, however, because ϕL is measured with the Pb/ 
PbSO4 couple as the reference electrode, as opposed to lithium metal 
with Li-ion batteries [74]. 

Mass transport of H+ in the liquid phase is described by concentrated 
solution theory (Eqs. 32,33). The migration-generation term in each 
electrode is different because the stoichiometric coefficients of H+ in the 
anode and cathode reactions are different. A convective term is included 
to describe the flow of electrolyte. Flow through porous media in floo-
ded lead-acid batteries is modeled using the Darcy equation (Eq. 34), 
which depends on the hydraulic permeability given by the Kozeny- 
Carman equation (Eq. 35). Flow in the reservoir is adequately 
described by the Stokes equation with the Boussinesq approximation 
(Eq. 36). The Stokes equation results from neglecting the inertia term ρv⋅ 
∇v in the Navier-Stokes equation due to the small flow velocity [28], 
while the Boussinesq term describes flow induced by density differences 
in the acid reservoir. In VRLA batteries, no flow occurs because the 
electrolyte is immobilized (Eq. 37). 

Unlike the Li-ion model, no mass transport equations are developed 
for the solid phase because the ions do not diffuse into the solid electrode 
material. Instead, the reaction products deposit on the electrode surface, 
which decreases the active surface area during operation (Eq. 41). The 
porosity also decreases during discharge because the molar volume of 
PbSO4 is greater than that of Pb or PbO2 (Eq. 43,44). 

The equations describing electrode kinetics in lead-acid batteries are 
given in Table 5. Compared to the Butler-Volmer equation, the current 
density (Eq. 44) contains a nonlinear concentration term to account for 
mass transfer effects. No expression is given for the exchange current 
density. Instead, it is specified at a reference concentration, and any 
concentration dependence is incorporated in the current density 
expression. 

The equations describing the heat generation and boundary condi-
tions in lead-acid batteries, along with their physical interpretations, are 
identical to those in Li-ion batteries. 

3.2.2. Electrochemical properties 
The gridded design of the current collector decreases its electrical 

conductivity because the gaps are occupied by the electrode materials, 

Fig. 9. Computational domain of a lead-acid battery. A flooded lead-acid bat-
tery has all the indicted domains, but a VRLA does not have an electrolyte 
reservoir because the electrolyte is immobilized in the separator. 
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which become less conductive upon conversion to PbSO4. The ohmic 
drop creates a large potential gradient near the current collector lugs 
(Fig. 10b), which induces a nonuniform reaction current (Fig. 10c) [12, 
13]. Electrochemical property distributions are made uniform by using 
diagonal grids, placing the current collector lug in the middle (Fig. 10d), 
and tapering the grid wires [12,13]. 

Across the positive electrode, the maximum reaction current initially 
develops at the reservoir-positive electrode interface [201,208]. Elec-
trode materials near the separator are utilized [201,209,210], and 
decrease in porosity [208] (Fig. 11a). Diffusion into the positive elec-
trode is hindered, and acid concentration becomes appreciable only at 
the separator-current interface [199,201,205,208,210]. The reaction 

Table 4 
Charge, mass, and momentum transport equations in lead-acid batteries.  

Name Equation Ref. 

Solid phase charge transport  

jS = − σS
eff∇ϕS (28)     

[29,201]  

∇⋅jS = − aj (29)     

Liquid phase charge transport  

jL = − σL
H+ ,eff∇ϕL +

RTσL
H+ ,eff

F
(1 − 2tH+ )∇lncL

H+ (30)     

[29,205,34]  

∇⋅jL = aj (31)     

Liquid phase mass transport  

∂cLN
H+ εLN

∂t
+ vN⋅∇cLN

H+ = ∇⋅
(

DLN
H+ ,eff∇cLN

H+

)
+ (1 − 2tH+ )

aNjN

2F
(32)     

[29,205,34,206]  

∂cLP
H+ εLP

∂t
+ vP⋅∇cLP

H+ = ∇⋅
(

DLP
H+ ,eff∇cLP

H+

)
+ (3 − 2tH+ )

aPjP

2F
(33)     

Liquid phase flow in porous media 
(flooded, at least 2D)  

εLv =
κ
μ

[
∇p − ρLg

[
1+ β

(
cL

H+ − cL
H+ ,0

)]]
(34)     

[29]  

κ =
d2

pεL 3

16KKC(1 − εL)
2 (35)     

Liquid phase flow in reservoir 
(flooded, at least 2D)  

0 = − ∇p + μ∇2v − ρLg
[
1+ β

(
cL

H+ − cL
H+ ,0

)]
(36)     

[28,207] 

Liquid phase flow (VRLA)  

v = 0 (37)     

[206,201] 

Effective properties  

σS
eff = σSεS 1.5 (38)     

[29,205,200,201]  

DL
H+ ,eff = DL

H+ εL1.5 (39)      

σL
H+ ,eff = σL

H+ εL 1.5 (40)     

Material properties  

a =

{
a0
[
1 − SOC0.55] charge
a0SOC0.55 discharge

(41)     

[29,200,201]  

∂εLN

∂t
=
(
Vm,Pb − Vm,PbSO4

) aNjN

2F
(42)      

∂εLP

∂t
=
(
Vm,PbSO4 − Vm,PbO2

) aPjP

2F
(43)      
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front consequently remains at the reservoir-positive electrode interface 
[201,208], unlike in Li-ion batteries. The porosity decreases more in the 
positive electrode. Diffusion in the negative electrode is therefore less 
restricted, creating uniform SOC [201,209,210] (Fig. 11b) and concen-
tration [199,201,205,208,210] profiles. 

3.2.3. Research Trends 
The small number of studies about the multiphysics modeling of 

lead-acid batteries is in stark contrast with the vast amount of literature 
available about Li-ion batteries. Research on computational frameworks 
predate the 2010’s [199,208], while modern studies are typically con-
ducted using COMSOL Multiphysics® [12,13,205]. Minimal discrep-
ancy between simulations and experiments is observed with discharge 
curves [199,201,210]. Unlike with Li-ion batteries, there appears to be 

Table 5 
Kinetics in lead-acid batteries.  

Name Equation Ref. 
Current density  

j = j0

(
cL

H+

cL
H+ ,ref

)γ[

exp
(

αAηF
RT

)

− exp
(
− αCηF

RT

)]

(44)     

[200, 
201] 

Overpotential  

η = ϕS − ϕL − Veq (45)     

[205]  

Fig. 10. A current collector grid with horizontal and vertical wires and a lug placed on the edge (a), and the corresponding potential distribution in the electrode (b) 
and reaction current density in the surrounding electrolyte (c). A grid with diagonal wires and a lug near the center (d) yields more uniform potential (e) and reaction 
current density (f) distributions. These are calculated assuming a 100 A discharge current and a 4.8 M H2SO4 electrolyte. (Fig. from [12]) 

Fig. 11. Porosity (a) and charge (b) distributions in a lead-acid battery. The reaction occurs mostly near the reservoir-positive electrode interface, which explains the 
decreased porosity and charge at that area. (Fig. from [208]) 
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no motivation to develop faster computational frameworks without 
resorting to lumped models or reduced-order models. 

There have been studies dealing with the transient behavior and 
control of a lead-acid battery. Nazghelichi et al. identified regions in 
terms of dimensionless numbers wherein charging may lead to thermal 
runaway, which they then used to develop a strategy for reducing the 
charging time of a lead-acid battery [211]. Tenno and Nefedov came up 
with controls that maximizes the discharge current and capacity of a 
lead-acid battery while preventing electrolyte depletion [205]. Huck 
and Sauer noted that the continuum-scale electrochemical model ne-
glects short-term transient effects, so they modified the lead-acid mul-
tiphysics model to account for such phenomena [207]. The transient 
behavior of thermal phenomena was discussed by Siniard et al. [210]. 

3.3. Extended models 

3.3.1. Side reactions 
Gas evolution is an important side reaction that occurs during 

charging. O2 evolves from the positive electrode (Eq. 46), while H2 
evolves from the negative electrode (Eq. 47). To account for these pro-
cesses, additional migration-generation terms representing the side re-
actions are added to the liquid phase mass transport equation [33,206, 
212]. The transport of dissolved O2 is also modeled [33,206,212]. These 
side reactions consume electrons otherwise intended for the main re-
actions, so they also contribute to sulfation or the irrecoverable forma-
tion of PbSO4 [198,213]. 

2H2O(l)→O2(g) + 4H+(aq) + 4e− (46)  

2H+(aq) + 2e− →H2(g) (47)  

3.3.2. Flow battery 
The lead-acid battery has been redesigned as a flow battery for grid- 

scale energy storage applications. Flow batteries are easier to scale up 
than the conventional battery design. Energy and power can also be 
sized independently by increasing the reactant tank volume or 

increasing the active surface area, respectively. The redesign, however, 
requires modifications to the traditional lead-acid chemistry. The lead- 
acid flow battery still uses a Pb negative electrode and a PbO2 positive 
electrode, but the electrolyte is replaced with lead methanesulfonate Pb 
(CH3SO3)2 dissolved in methanesulfonic acid CH3SO3H. The anodic (Eq. 
48) and cathodic (Eq. 49) reactions no longer form PbSO4, and the ionic 
charge carrier is now Pb2+ instead of H+. The forward reactions in these 
equations occur during discharge. This chemistry is advantageous over 
other flow chemistries because it does not need a selective membrane. 

Pb(s)⇌Pb2+(aq) + 2e− (48)  

PbO2(s) + 4H+(aq) + 2e− ⇌Pb2+(aq) + 2H2O(l) (49) 

The chemistry and design of flow batteries are different from a lead- 
acid cell, so a new multiphysics model must be developed. Shah et al. 
developed the earliest model for this system, which assumed that the 
electrolyte is pumped between the positive and negative electrodes [37]. 
This model was later validated experimentally by Bates et al. [214]. 
Other researchers have proposed alternative designs. Zhang et al. 
demonstrated that covering the electrode with conductive dots pro-
motes a uniform reaction rate while reducing the amount of active 
material [215]. Oury et al. investigated a honeycomb geometry for the 
positive electrode [216]. 

3.4. Outlook 

3.4.1. Material scale to continuum scale 
Several experimental studies have demonstrated the use of nano-

structured electrodes for reducing the charging time and increasing the 
capacity [217,218] of lead-acid batteries. Literature regarding the 
multiphysics modeling of nanostructured electrodes for lead-acid bat-
teries is scarce, however. To date, only the work of Madusanka et al. has 
investigated the impacts of nanostructured lead-acid battery electrodes 
at the continuum scale via multiphysics modeling. They found that 
nanostructured electrodes can improve the voltage and capacity of the 
lead-acid battery [209]. As discussed earlier, models of nanostructured 

Fig. 12. The model simplification scheme developed by Shi et. al. (2020). The resistances, capacitances, and open circuit potential in the equivalent circuit model are 
determined from a multiphysics model. (Fig. from [42]). 
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electrodes have advanced the study of silicon negative electrodes for 
Li-ion batteries, so this may be a worthwhile pursuit for lead-acid bat-
teries as well. 

3.4.2. Continuum scale to system scale 
Lead-acid batteries are deployed in large-scale applications such as 

uninterruptable power supplies and automobiles. This could explain the 
small number of multiphysics modeling studies on lead-acid batteries, as 
large-scale applications require simpler models for rapid evaluation and 
diagnosis. Recent work has therefore focused on developing reduced- 
order models, which have a lower computational cost. For example, 
Sulzer et al. reduced the lead-acid model into three different asymptotic 
models while preserving material characteristics such as porosity [219]. 
Shahbazi and Esfahanian applied cluster analysis methods to yield a 
reduced-order lead-acid model that accurately predicted discharge 
curves, concentration profiles, and SOC profiles [41]. Shi et al. 
demonstrated an alternative approach wherein the results of a multi-
physics model were incorporated into an equivalent circuit model [42] 
(Fig. 12). These simplified models preserve essential physics regarding 
the battery while still being fast enough for large-scale applications. 

4. Vanadium redox flow 

4.1. Description 

Before discussing the reactions and materials involved in a VRF 
battery, it is best to describe the flow battery and its differences with 
conventional batteries such as Li-ion and lead-acid. A conventional 
battery has negative and positive electrodes that serve as the active 
materials. The electrolyte usually only transports the ionic current and is 
not consumed in the net reaction, except in lead-acid batteries. In 
contrast, the active materials in a flow battery are the anolyte and 
catholyte, which are the electrolytes at the negative and positive elec-
trodes, respectively. The electrode typically only conducts the electric 
current and does not participate in the reactions, although the lead-acid 
flow battery discussed earlier is an exception. The anolyte and catholyte 
are separated by a selective membrane to prevent the undesired cross-
over of some species. The electrolytes are stored in tanks and pumped 
into the battery during charge or discharge. 

Flow batteries may either be flow-through or may have bipolar 
plates. In a flow-through design (Fig. 13a), the electrolytes are pumped 
directly into the porous electrode (Fig. 13b). During discharge, electric 
current flows from the positive electrode to the positive current collec-
tor, to the external circuit, to the negative current collector, and finally 

Fig. 13. The flow-through design consists of current collectors, electrodes, and a selective membrane (a). Electrolyte is pumped directly into the electrodes (b). An 
alternative design contains a bipolar plate (c), which distributes the electrolyte (d). The bipolar plate is placed between the current collector and the electrodes with 
the flow channels contacting the electrodes (e). Electrolyte may pass through the flow channels or under the ribs (f). 

Fig. 14. Parallel (a), interdigitated (b), and serpentine (c) designs are commonly studied for use in VRF batteries.  
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to the negative electrode. Other designs contain bipolar plates (Fig. 13c) 
through which the electrolyte is pumped (Fig. 13d). These are sand-
wiched between the current collectors and the porous electrodes 
(Fig. 13e). The electrolyte may follow the flow channels engraved in the 
bipolar plates. It may also flow from the flow channels, under the ribs 
and into the electrodes, then back to the flow channels (Fig. 13f). The 
bipolar plates are electrically conductive, so electric current during 
discharge flows from the positive electrode, to the positive bipolar plate, 
to the positive current collector, to the external circuit, to the negative 
current collector, to the negative bipolar plate, and lastly to the negative 
electrode. 

In a VRF battery, the anolyte is 1.5 M vanadium ions (V2+/V3+) in 5 
M sulfuric acid, while the catholyte is 1.5 M vanadium ions (VO2

+/ 
VO2+) in 5 M sulfuric acid [220]. The corresponding half-reactions are 
shown in (Eqs. 50,51), respectively [221], wherein the forward re-
actions occur during discharge. The electrodes are made from unreactive 
carbon paper [222] or carbon felt [223], while the half-cells are sepa-
rated by a membrane selective to H+, such as Nafion [224,225]. 

V2+(aq)⇌V3+(aq) + e− (50)  

VO+
2 (aq) + 2H+(aq) + e− ⇌VO2+(aq) + H2O(l) (51) 

As for the bipolar plates, the parallel, interdigitated, and serpentine 
patterns are common flow field designs in VRF batteries (Fig. 14), 
although others also exist. A parallel design allows the electrolyte to 
easily flow through the channels [226]. In contrast, the interdigitated 
pattern is not continuous from the inlet to the outlet, so electrolyte is 
forced to flow under the ribs [226–229]. The serpentine flow field is a 
middle ground between the parallel and interdigitated patterns. It is 
continuous, but the long and winding path encourages flow under the 
ribs at the switchbacks for a shorter path [227,228]. 

4.2. Electrochemical model 

4.2.1. Governing equations 
The computational domain of the VRF battery model is shown in 

Fig. 15. The flow-through design is often modeled in 2D (Fig. 15a) [230, 
231]. The current collectors are solid conductors wherein only solid 
phase charge transport occurs. The electrodes are porous and are treated 
as superimposed solid (carbon) and liquid (electrolyte) phases in 
accordance with Newman’s porous electrode theory. The solid phase 
participates in charge transport (electrons) only, while the electrolyte 
allows simultaneous charge (charge of ions), mass (ions), and mo-
mentum transport. The separator is also modeled according to 

Newman’s porous electrode theory, but neither charge nor mass is 
transported through the solid phase (inert separator material). The 
separator is selective, and only the mass transport of H+ in the liquid 
phase is permitted. Simulations involving flow channels are often car-
ried out in 3D (Fig. 15b) [226,227]. The bipolar plate is a solid electrical 
conductor just like the current collectors, while the flow channel is a free 
liquid wherein charge (charge of ions), mass (ions), and momentum 
transport occurs. 

The charge, mass, and momentum transport equations in VRF bat-
teries are summarized in Table 6. Charge in the solid phase is trans-
ported by electrons, so the current density vector is given by Ohm’s law 
(Eq. 52). Charge in the liquid phase (Eq. 53) is transported by multiple 
ions, so the charge flux (i.e., mass flux multiplied by charge) of each ion 
is added. The terms in the summation, from left to right, indicate the 
effects of diffusion, migration, and convection, respectively. The charge 
balance (Eq. 54) represents electron generation due to the reactions. The 
selective membrane, however, has its own charge transport equations. It 
contains fixed sites with charge zf and concentration cf that facilitate the 
transport of H+. Because the solid phase is charged, the liquid phase 
must have an equal and opposite charge (cL

H+ = − zfcf = (constant)) so 
that the membrane is electrically neutral [30]. Simplifying the porous 
electrode equations under the described conditions yields the charge 
transport equations (Eqs. 55,56) in the membrane. Note that the diffu-
sion coefficient of H+ depends on the membrane. 

Mass transport equations (Eq. 57) are developed for each ion. The 
terms, from left to right, represent accumulation, convection, diffusion, 
migration, and species generation, respectively. These equations were 
derived from the Nernst-Planck equation, which describes the mass flux 
of ions in dilute solutions. Unlike the mass transport equation for a 
concentrated binary electrolyte, the migration and species generation 
terms are separated. The stoichiometric coefficient of H+ is different in 
the anodic and cathodic reactions, so an equation is developed for each 
electrode. In the separator, the flux of H+ is dictated mostly by the po-
tential gradient (Eq. 58). 

The flow of electrolyte through the porous electrodes is described by 
the Brinkman equation (Eq. 59) with the Kozeny-Carman equation (Eq. 
60). The application of the Darcy equation is equally valid [232], but the 
Brinkman equation ensures a smooth transition to the Navier-Stokes 
equation in the flow channel [227] (Eq. 61). 

The equations describing kinetics in VRF batteries are given in 
Table 8. The current density (Eqs. 64,65) is given by a modified Butler- 
Volmer equation that accounts for mass transfer effects. The over-
potential (Eq. 66) [237] in the negative and positive electrodes depend 
on the equilibrium potential of the V2+/V3+ and VO2

+/VO2+

half-reactions, respectively. The exchange current densities are given by 
(Eq. 67,68). 

The equations describing heat generation in VRF batteries, along 
with their physical interpretation, are identical to those in Li-ion and 
lead-acid batteries. The boundary conditions in VRF batteries, however, 
are different. Ions from the liquid electrolyte cannot penetrate the bi-
polar plates or current collectors, so no-flux conditions are placed at 
their interface [35,226,234]. A no-slip condition is also assumed be-
tween the electrolyte in the flow channel and the bipolar plate [226]. 
Electrons in the solid phase of the electrode cannot pass through the 
membrane, so a zero potential flux is imposed [230]. The membrane is 
selective to H+, so the flux of all other ions through the membrane is zero 
[30,31]. The concentration of H+ at the electrode-membrane interface is 
given by the Donnan boundary condition [234]. 

4.2.2. Hydraulic properties 
The velocity profile depends on the flow field design. Flow under the 

ribs is minimal in a parallel flow field [226]. In contrast, electrolyte 
velocity in the electrodes is highest under the ribs of an interdigitated 
design (Fig. 16a) [226–229]. This velocity is uniform along the length of 
the channels [226–229]. In a serpentine flow field, the electrolyte 

Fig. 15. Computational domain of a VRF battery. The flow-through design can 
be modeled in 2D (a), while designs with the bipolar plate often involve a 3D 
domain (b). 
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velocity under the ribs is higher at the switchbacks wherein flow 
through the electrode provides a shorter path than flow though the 
channels (Fig. 16b) [227,228]. The velocity profiles affect the distri-
bution of reactant concentration, thereby affecting the current density 
distribution and battery performance. 

Unlike Li-ion and lead-acid batteries, the performance of a VRF 
battery is not solely determined by the distribution of electrochemical 
properties. A lower pressure drop between the inlet and outlet is also 
desired to minimize the power required to pump the electrolyte through 

the cell. This pumping load may be counterproductive if the pressure 
drop is too high. Serpentine patterns have high pressure drops because 
the electrolyte flows under the ribs several times [227,228]. In contrast, 
interdigitated patterns have lower pressure drops than serpentine de-
signs because the electrolyte passes the electrodes only once [227,228]. 
In both designs, the pressure drop increases greatly with flow rate [227, 
228]. 

4.2.3. Electrochemical properties 
The reactant concentration profile depends on the velocity profile. 

The parallel flow pattern directs the electrolyte down the channels near 
the inlets, so the reactant concentration is higher in these channels [226, 
238]. The interdigitated channel forces electrolyte through the elec-
trodes at a uniform velocity, so the resulting concentration profile is 
uniform in each channel, and the reaction current is uniform along the 
channel length (Fig. 17a) [227]. The serpentine flow channel yields a 
concentration profile that gradually reduces towards the outlet [227]. 
The reaction current is high near the inlet, and becomes lower through 
the rest of the electrode (Fig. 17b) [227,228]. 

Table 6 
Charge, mass, and momentum transport equations in VRF batteries.  

Name Equation Ref. 

Solid phase charge transport  

jS = − σS
eff∇ϕS (52)     

[233] 

Liquid phase charge transport  

jL =
∑

i

[

− ziFDL
i,eff∇cL

i −
z2

i F2DL
i,eff cL

i

RT
∇ϕL + ziFcL

i v

]

(53)      
[227,231]  

∇⋅jL = aj (54)     

Liquid phase charge transport (separator)  

jL =
zf F2DL

H+ cf

RT
∇ϕL (55)     

[234,230]  

∇⋅jL = 0 (56)     

Liquid phase mass transport1  

∂εLcL
i

∂t
+ v⋅∇cL

i = ∇⋅

[

DL
i,eff∇cL

i +
ziDL

i,eff FcL
i

RT
∇ϕL

]

−
siaj
F

(57)     

[227,226,235] 

Liquid phase mass transport (separator)  

∂εLcL
H+

∂t
= − ∇⋅

[
zf DL

H+ cf F
RT

∇ϕL
]

(58)     

[232] 

Liquid phase flow (porous)  

ρL

εL2 v⋅∇v = − ∇p +∇⋅
[ μ
εL

(
∇v+∇vT)

]
−

μ
κ

v (59)     

[227,230,236]  

κ =
d2

pεL3

16KKC(1 − εL)
2 (60)     

Liquid phase flow (flow channel)  

ρLv⋅∇v = − ∇p + μ∇2v + g (61)     

[230] 

Effective properties  

σS
eff = σSεS1.5 (62)     

[233]  

DL
i,eff = DL

i εL 1.5 (63)      

1 Refer to Table 7 for the values of si. 

Table 7 
Values of si in the liquid phase mass transport equation.  

Ion sN
i  sP

i  

V2+ +1  
V3+ -1  
VO2+ +1 
VO2

+ -1 
H+ 0 -2  
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Table 8 
Kinetics in VRF batteries.  

Name Equation Ref. 

Current density  

jN = jN
0

[
cLN

V2+ ,s

cLN
V2+

exp
(

αN
AηNF
RT

)

−
cLN

V3+ ,s

cLN
V3+

exp
(
− αN

C ηNF
RT

)]

(64)       

jP = jP
0

[
cLP

VO2+ ,s

cLP
VO2+

exp
(

αP
AηPF
RT

)

−
cLP

VO+
2 ,s

cLP
VO+

2

exp
(
− αP

CηPF
RT

)]

(65)     

Overpotential  

η = ϕS − ϕL − Veq (66)     

[237] 

Exchange current density  

jN
0 = FkN

V

(
cLN

V2+

)αN
C
(
cLN

V3+

)αN
A (67)       

jP
0 = FkP

V

(
cLP

VO2+

)αP
C
(

cLP
VO+

2

)αP
A (68)      

Fig. 16. Electrolyte velocity distributions in the electrode taken halfway through the electrode thickness when using an interdigitated (a) and serpentine (b) flow 
field. The interdigitated flow field yields uniform velocities along the length of the flow channel, while the serpentine flow fields have higher velocities at the 
switchbacks. (Fig. from [228]) 

Fig. 17. Reaction current density distributions halfway through the thickness of the positive electrode at 60% SOC when using an interdigitated (a) and serpentine 
(b) flow field. The interdigitated flow field yields a uniform reaction current density, while the serpentine flow field has a less uniform current density. (Fig. 
from [227]) 
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Along the thickness of the battery, the reaction current generally 
increases with reactant concentration. In flow-through designs, the 
reactant concentration is highest near the membranes [230]. The reac-
tion current profile is more uniform in the positive electrode due to the 
higher diffusivity of VO2+ and VO2

+ [236]. If a flow channel is present, 
then the reaction rate is appreciable near the flow channel [233]. 

4.2.4. Research trends 
Several studies on the multiphysics modeling of VRF batteries have 

dealt with the optimization of flow fields. For instance, Lee et al. 
compared serpentine flow fields with different channel widths and flow 
rates in terms of a power-based efficiency that accounts for over-
potentials and pumping losses [239]. Li et al. conducted a similar study 
for the interdigitated flow field [240]. Chen et al. used topology opti-
mization to design a flow field pattern that maximizes the average 
concentration of reactants at the surface of the electrode [226]. Yaji 
et al. also designed flow field patterns via topology optimization to 
maximize the reaction rate at various porosities and pressure drops 
[241]. They also developed a framework for reducing the computational 
cost of topology optimization by coupling low-fidelity and high-fidelity 
methods [242]. Chen and Kang presented an alternative approach 
wherein the porosity distribution was optimized instead of flow field 
design [243], while Tsushima and Suzuki noted that material properties 
and flow channel geometry must be optimized simultaneously [244]. 

The simulation of VRF batteries is typically performed with 
computational fluid dynamics (CFD) software such as Ansys Fluent® 
[227,233,238,245] and STAR-CCM+® [229,246] due to the presence of 
moving fluid, although some simulations were also implemented in 
COMSOL® Multiphysics [226,228,230,247]. The voltage vs. current 
density curves obtained from simulations and experimental data are 
generally in agreement, although Messaggi et al. showed that discrep-
ancies arise at larger flow rates and current densities due to the over-
estimation of the mass transfer coefficient [227]. Multiphysics models 
also overpredict the pressure drop of serpentine flow channels and 
underpredict that of interdigitated channels [227,228]. 

4.3. Extended models 

4.3.1. Microfluidic cell 
The VRF battery has been redesigned as a microfluidic device to 

eliminate the membrane, which in turn reduces ohmic losses, as well as 
manufacturing and maintenance costs [248,249]. Separation of the 
anolyte and catholyte becomes possible because of laminar flow at the 
microfluidic scale. Many studies assume a flow-through design wherein 
the feed anolyte and catholyte pass through a porous electrode then 
contact each other while flowing in a laminar fashion towards the outlet 
(Fig. 18). The earliest multiphysics model for this design was proposed 

by Krishnamurthy et al. [237], which they then used to conduct a 
parametric study [250]. Li et al. showed that increasing the electro-
catalytic activity in high reaction rate regions can increase its power 
density [251], while Tanveer and Kim compared various cross-sectional 
shapes in the mixing region [252]. Ibáñez et al. quantified vanadium 
crossover under two limiting cases concerning the rate of reaction [248]. 

Other microfluidic VRF battery designs were also investigated. Li 
et al. demonstrated a radial design that can have larger sizes without 
affecting the laminar mixing region, which in turn improves the single- 
cell power output [249]. Tanveer and Kim studied Y-shaped designs 
with various cross-sections and tapering [253]. Ouyang et al. compared 
the flow-through and flow-over designs, and found that the performance 
of the flow-through design is more stable with regards to its physical 
orientation (i.e., effect of gravity) [254]. 

4.3.2. Electrode compression 
Contact resistances in VRF batteries result in inactive regions, ohmic 

losses, and temperature buildups that may damage the battery compo-
nents [255]. This can be addressed by compressing the electrodes, which 
eliminates contact resistances while also improving the performance of a 
VRF battery [256]. Electrode compression reduces porosity and thick-
ness, which decreases ohmic overpotentials [38,257–259]. Too much 
compression, however, results in increased concentration overpotentials 
[256,257] and pressure drops [258]. This has prompted several studies 
on optimizing the compression ratios in flow-through designs. Yue et al. 
developed a polarization model, which they coupled with a compression 
model to find the compression ratio with the lowest overpotential [257]. 
Xiong et al. showed that large compression forces increase the power 
density, but excessive compression forces should be avoided to prevent 
mechanical fracture [256]. Park et al. optimized the compression ratios 
for carbon felt electrodes and found that optimum compression ratios for 
charge capacity and power are different for energy efficiency [259]. 
Gurieff et al. introduced an alternative design that varied the compres-
sion ratio by placing the membrane at an angle. This increased the 
limiting current density while reducing the pressure drop [260]. 

Electrode compression in designs with flow channels has also been 
studied. This was shown to cause intrusion of the electrode into the flow 
channels. Kumar et al. developed a correlation between the depth of the 
intrusion and the compression ratio, which they used to simulate the 
pressure drop in a serpentine flow channel [261]. Wang et al. modeled 
the uneven compression of a VRF battery with a serpentine flow field, 
which was used to find a compression ratio with a uniform concentra-
tion distribution and minimum overpotential [262]. 

4.3.3. Vanadium crossover 
Vanadium crossover refers to the permeation of vanadium ions into 

the membrane and into the opposite half-cell. V2+ and V3+ from the 

Fig. 18. Schematic diagram of the flow-through microfluidic VRF battery. The anolyte and catholyte pass through the electrodes and meet at the middle. They 
undergo laminar flow in the middle channel before exiting. (Fig. from [237]) 
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anolyte react with the catholyte (Eqs. 69,70), and VO2
+ or VO2+ from 

the catholyte react with the anolyte (Eqs. 71,72) [263]. These reactions 
are irreversible and are responsible for capacity fade in VRF batteries 
[35,221,235,263,264]. 

V2+(aq) + 2VO+
2 (aq) + 2H+(aq)→3VO2+(aq) + H2O(l) (69)  

V3+(aq) + VO+
2 (aq)→2VO2+(aq) (70)  

VO2+(aq) + V2+(aq) + 2H+(aq)→2V3+(aq) + H2O(l) (71)  

VO+
2 (aq) + 2V2+(aq) + 4H+(aq)→3V3+(aq) + 2H2O(l) (72) 

The model developed by Knehr et al. has been widely adopted in 
vanadium crossover simulations. Instead of restricting the species in the 
membrane to H+, this model allows the transport of all ions across the 
membrane [35]. The membrane is still largely selective to H+, however, 
due to the small diffusion coefficients of positively charged vanadium 
ions and the displacement of negatively charged sulfate ions by the fixed 
site charges. The side reactions are assumed to occur instantly when an 
ion reaches the opposite half-cell. This is modeled using the appropriate 
boundary conditions [35]. Flow in the membrane is described by the 

Schlogl equation. This accounts for osmosis, which is the flow due to 
pressure, and electro-osmotic drag, which is the flow of water due to its 
attraction to ions [35,235]. The volume changes due to water transport 
were shown by Jeong and Jung to have a notable effect during cycling 
simulations [235]. Chou et al. analyzed the impact of vanadium cross-
over on the cell potential and the distribution of concentrations and 
overpotentials in the electrode [265]. Lei et al. improved the model of 
Knehr et al. by addressing the discontinuous concentration of HSO4

−

resulting from the electroneutrality assumption [266]. 
The understanding of vanadium crossover spurred the development 

of strategies for mitigating capacity fade in VRF batteries. Many of these 
involved the asymmetric operation or design of the electrodes. For 
instance, Lu et al. showed that vanadium ion flux from the anolyte to the 
catholyte is typically larger, so increasing the catholyte concentration 
can address the flux imbalance and reduce capacity fade [267]. They 
also demonstrated that starting with a larger positive electrode then 
compressing both electrodes to the same thickness can greatly reduce 
capacity fade and improve energy efficiency [268]. Agar et al. classified 
ion exchange membranes as either diffusion or convection controlled 
[263] and found that asymmetric charging (i.e., charging current higher 
than discharging current) can reduce capacity fade, especially when 

Fig. 19. Lohaus et al. (2020) coupled CFD and DEM to simulate a VRF battery wtih slurry electrodes. At low particle volume fractions (10% and 20%), not all the 
particles are charged. This result would have been difficult to achieve using a pure CFD approach. (Fig. from [271]) 

Fig. 20. Chen et al. (2017) performed a pore-level simulation of a VRF battery using the lattice Boltzmann method. Simulations on the reconstructed geometry (a) 
yielded a correlation between the porosity and effective diffusivity (b). (Fig. from [273]) 
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diffusion controlled membranes are used, albeit at the cost of voltage 
efficiency [264]. 

4.4. Outlook 

4.4.1. Challenges at the continuum scale 
Unlike Li-ion and lead-acid batteries, much work still needs to be 

done regarding continuum-scale research on VRF batteries. Studies at 
the continuum scale have optimized the design parameters of Li-ion 
[9–11] and lead-acid batteries [201] due to their simple geometries. The 
performance of VRF batteries, however, depends on the complex inter-
action between hydraulic and electrochemical phenomena. There have 
been efforts towards optimizing a specified flow field design based on 
the net power (i.e., accounting for hydraulic and electrochemical losses) 
[239,240], topology optimization based on concentration or kinetics 
[226,241,242], and material properties [243], however optimizing 
these parameters separately may lead to non-optimum designs [244]. 
The development of a framework that simultaneously optimizes the flow 
field topology and material properties with respect to the net power is a 
worthwhile endeavor. 

In addition, many studies modeled VRF batteries using the Nernst- 
Planck equation, which is valid only for dilute solutions. This was 
likely due to the difficulty of obtaining parameters for Newman’s 
concentrated solution theory, which accounts for the interaction be-
tween charged species [23] and the effect of concentration gradients on 
charge transport [23]. So far, VRF models that have implemented the 
concentrated solution theory have focused on the membrane [269,270]. 
Crothers et al. used this to compute performance metrics for the cell 
[270], although explicit modeling of the electrodes and flow channels 
has yet to be performed. 

Researchers have also recently investigated semisolid electrodes, 
which are made by suspending the active materials in the electrolyte 
solution. Lohaus et al. modeled a slurry electrode by coupling CFD for 
fluid flow with discrete element modeling (DEM) for particle flow [271]. 
In contrast with results from a pure CFD approach, the inclusion of DEM 
showed that not all the particles participate in the reaction and that 
increasing the particle concentration improves battery performance 
(Fig. 19) [271]. Smith et al. modeled a non-Newtonian fluid electrode 
[272]. They demonstrated that promoting slip flow reduces the pumping 
requirements but reduces electrical contact. In contrast, plug flow 
operation improves electrochemical performance at the cost of higher 
pumping power [272]. Models regarding this system are still under 
development. 

4.4.2. Material scale to continuum scale 
Nevertheless, there have been studies suggesting the integration of 

VRF multiphysics modeling with research in other length scales. For 
instance, Chen et al. simulated the reactions in a VRF battery at the pore 
scale (Fig. 20a), including the gas formation side reactions [273]. They 
compared their results with empirical correlations used in 
continuum-scale studies and revealed that the Bruggeman correlation 
overpredicts effective diffusivities (Fig. 20b) and gas coverage ratios 
[273]. Sadeghi et al. employed a pore-scale model to show that 
increasing the porosity increases the hydraulic permeability but de-
creases the reaction surface area [274]. This signifies a tradeoff between 
electrochemical and hydraulic properties at the continuum scale. It was 
also shown that aligning the fibers at the pore scale increases hydraulic 
permeability and power density [274]. This study was based on the 
hydrogen-bromine system, but the framework is applicable to VRFs as 
well. The findings of pore-scale studies should be applied to 
continuum-scale research as well to advance the design and optimiza-
tion of VRF batteries. 

4.4.3. Continuum scale to system scale 
Scaling up the VRF has proven challenging because of the complex 

interaction of hydraulic and electrochemical phenomena. In addition to 
the pumping losses present in VRF cells, the formation of VRF stacks 
introduces shunt currents, which further reduces its energy efficiency 
[275]. Shunt currents refer to the electrical currents that form between 
the positive electrode of one cell and the negative electrode of an 
adjacent cell, which results in self-discharge during charging, dis-
charging, and standby [276]. Considering the scale of the problem, 
many studies have opted to use simpler models for describing shunt 
currents, but some have incorporated continuum-scale multiphysics 
models. Moro et al. introduced an alternative stack topology that puts 
electrodes of the same polarity next to each other to minimize shunt 
currents [277]. The individual cells were described via multiphysics 
models, while the piping system and shunt currents were modeled as 
equivalent circuits. A continuum-scale 3D model accounting for shunt 
currents in a VRF stack was developed by Yin et al. [278], although 
optimization of this system has yet to be performed. 

There has also been interest towards the development of reduced- 
order models. For instance, Vynnycky et al. reduced the 2D flow- 
through VRF multiphysics model, which contained 11 partial differen-
tial equations, into a reduced-order model with only four ordinary dif-
ferential equations [231]. Sharma et al. demonstrated the reduction of a 
2D flow-through VRF multiphysics model into a 0D model. They also 
identified two dimensionless numbers that determine the applicability 

Table 9 
Comparison between multiphysics modeling studies.  

Category Li-ion Lead-acid VRF 
Electrochemical Model • concentrated binary electrolyte 

• negligible electrolyte flow 
• concentrated binary electrolyte 
• Darcy equation for flow in porous media 
• Navier-Stokes equation or Stokes flow in 
reservoir 

• dilute multicomponent electrolyte 
• Darcy or Brinkman equation for flow in porous 
media 
• Navier-Stokes equation in flow channels 

Simulation Tools • COMSOL Multiphysics® 
• Dualfoil 
• LIONSIMBA 

• COMSOL Multiphysics® • COMSOL Multiphysics® 
• ANSYS Fluent® 
• STAR-CCM+® 

Extended Models • mechanical stresses, 
• SEI formation, thermal runaway 
• silicon negative electrode 

• gas evolution 
• flow battery 

• vanadium crossover 
• electrode compression 
• microfluidic cell 

Continuum-scale  • current collector tab width and 
placement 
• battery optimization 
• comparison between chemistries 

• current collector lug placement 
• grid design 
• transient effects and control 

• battery optimization 
• concentrated solution theory 
• slurry electrode 

Molecular to 
Continuum 

• physicochemical property estimation • N/A • N/A 

Material to Continuum • nanostructure optimization 
• particle-scale simulation 

• nanostructure optimization • pore-scale simulation 

Continuum to Systems • capacity fade 
• reduced-order model 

• reduced-order model • stack simulation 
• reduced-order model  
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of their reduced-order model [234]. Ke et al. introduced an analytical 
solution for the volumetric flow rate in the porous layer as a function of 
the inlet flow rate in a serpentine channel [279]. Other model reduction 
methods, such as machine learning and reduced-order equivalent circuit 
models, can be applied in future work. This is especially true for 
reduced-order equivalent circuit models, which have seen extensive use 
in battery management systems [280,281]. 

5. Discussion 

A comparison between the multiphysics modeling studies of Li-ion, 
lead-acid, and VRF batteries is shown in Table 9. At the continuum 
scale, these batteries are described by charge and mass transport equa-
tions derived from Newman’s porous electrode theory [23] and an 
electrolyte model. The concentrated solution theory is used in Li-ion 
[26,70–72] and lead-acid models [29,34,205,206], while the 
Nernst-Planck equation is often applied in VRF models [226,227,235]. 
Electrolyte flow may be described by the Darcy equation in porous 
media [29,232] and the Navier-Stokes equations in free electrolyte [28, 
230]. Other flow equations may be considered, but their usage must be 
justified. These continuum-scale studies have been established in Li-ion 
[9,11] and lead-acid batteries [201] due to their simple geometries. The 
performance of these chemistries can be improved by optimizing the 
current collector placement [11–13,49] and using thinner assemblies 
[80,86]. This promotes a uniform distribution of electrochemical and 
thermal properties, which avoids the overutilization of battery mate-
rials. As for VRF batteries, the complex interaction between geometry, 
electrochemistry, and hydraulics makes it difficult to optimize the 
overall performance of the cell [228,239]. It is for this reason that 
multiphysics studies on Li-ion and lead-acid batteries have already 
advanced to address practical applications, while recent work on VRF 
batteries still focuses mostly on continuum-scale improvements. 

Progress in multiphysics modeling has been led by the demands and 
applications for each chemistry. Li-ion batteries are being increasingly 
used in electric vehicles and grid balancing. The performance of these 
batteries can be improved by incorporating silicon electrodes [36,134, 
139,144,147,149,282,283] or reducing degradation from SEI formation 
[112,126,130] and mechanical stresses [81,82,109,110,114,117]. 
Safety is promoted by planning strategies against thermal runaway [32, 
70,73,158,160,168,170] and predicting battery behavior during ultra-
fast discharge [164–166]. Lead-acid batteries are deployed in unin-
terruptable power systems. Side reactions in these systems can be 
avoided by predicting gas evolution [33,198,206] or by completely 
revising the battery design [37,214–216]. VRF batteries are utilized in 
large-scale energy storage applications, however, recent efforts are still 
directed towards cell-level improvements, as discussed earlier. Capacity 
loss is minimized by avoiding vanadium crossover [35,221,235,263, 

264,269,270], while efficiency is increased by optimizing the cell 
compression [38,255,256,261,262]. The battery has also been rede-
signed as a microfluidic cell [237,251,284] or by using semisolid elec-
trodes [271,272] to manage the interaction between electrochemical 
and hydraulic effects. 

As multiphysics modeling studies delve deeper into the practical 
applications of each chemistry, it is inevitable that these models will 
bridge into different length scales (Fig. 21). Device-level applications 
such as Li-ion battery packs for electric vehicles and energy storage have 
been investigated with multiphysics modeling. These couple cell-level 
models with external considerations, such as the temperature distribu-
tion [15,16] and capacity fade due to repeated cycling [125]. System--
level research can greatly benefit from reduced-order battery models. 
The multiphysics models of Li-ion [188] and lead-acid [41,219] batte-
ries were reduced using machine learning techniques, while a lead-acid 
model was regressed into an equivalent circuit model [42]. The latter 
technique may prove useful for energy systems modeling software, such 
as HOMER Pro®. These often use simplified models [193] that may 
contain circuit-based models [285]. Simple models are necessary for this 
application as the battery model is evaluated repeatedly in the simula-
tion of an energy system [192,286]. 

The design and improvement of batteries have also been investigated 
with multiphysics modeling. Traditionally, this has been done by 
developing continuum-scale models and then optimizing parameters 
such as thickness and tab placement. Recent work, however, has brought 
this paradigm to nanostructured materials in Li-ion [175] and lead-acid 
batteries [209]. Models have been developed for these nanostructures, 
which can be optimized in future work. This holds the key to deploying 
silicon negative electrodes in Li-ion batteries, as silicon nanostructures 
were shown to mitigate the effects of volumetric expansion [139,144]. 
Small-scale studies may also improve existing multiphysics models. 
Particle-scale simulations in Li-ion batteries that incorporate realistic 
geometries [110,177] can provide more realistic LII and LAM 
degradation models [112,126,130]. Pore-scale studies in VRF batteries 
also showed that material-level improvements may yield improved 
electrochemical performance and reduced pressure drop [274]. Another 
pore-scale VRF model suggested several corrections to empirical models 
used in continuum-scale modeling [273]. Molecular-scale techniques 
such as density functional theory and kinetic Monte Carlo simulations in 
Li-ion batteries have been shown to predict continuum-scale transport 
parameters [39,171,172] and produce SEI formation models from first 
principles [40,131–133]. 

6. Conclusions 

In this review, we discussed advances on the multiphysics modeling 
of Li-ion, lead-acid, and VRF batteries. Over the past few decades, the 

Fig. 21. Interaction of multiphysics modeling with disciplines in other length scales.  
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electrochemical models of these chemistries have drastically improved. 
Further modifications are necessary only for specialized applications, 
such as the modeling of mechanical effects and side reactions. Recent 
advances in battery research have therefore focused on introducing new 
concepts instead of refining existing models. For example, the demand 
for high energy density batteries has motivated the study of Li-ion sys-
tems with silicon electrodes. Some systems were also redesigned, such as 
the lead-acid flow battery and VRF microfluidic cell. Nevertheless, 
models have been successfully developed for these novel applications. 

Future work on multiphysics modeling should focus on its integra-
tion with disciplines from various length scales. The design of materials 
and nanostructures can be optimized with respect to the overall cell 
performance. Molecular-scale techniques can be employed in the 
determination of continuum-scale properties or the development of new 
multiphysics models. The design and management of battery packs for 
electric vehicles and grid-balancing applications can be improved by 
considering particle-scale and cell-scale effects. Lastly, energy systems 
modeling can utilize reduced-order multiphysics models. With the 
increasing power of computational technology, multiphysics modeling 
will be applicable to these endeavors and will still be the leading 
approach to investigatory battery research. 
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