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ABSTRACT

Density filamentation has been observed in many beam-plasma simulations and experiments. Because current filamentation is a pure trans-
verse mode, charge density filamentation cannot be produced directly by the current filamentation process. To explain this phenomenon,
several mechanisms are proposed such as the coupling of the Weibel instability to the two-stream instability, coupling to the Langmuir wave,
differences in thermal velocities between the beam and return currents, the magnetic pressure gradient force, etc. In this paper, it is shown
that the gradient of the Lorentz factor can, in fact, represent the nonlinear behavior of a plasma fluid and further that the nonuniform
Lorentz factor distribution can give rise to electrostatic fields and density filaments. Simulation results together with theoretical analyses are
presented.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0081199

I. INTRODUCTION

Collisionless shocks are important in many astrophysical bodies
such as gamma ray bursts, supernova remnants, active galactic nuclei,
and pulsar wind nebulae. Synchrotron radiation observed from these
astrophysical bodies typically characterizes the existence of strong
magnetic fields and highly accelerated particles far beyond thermal
energy. Numerical simulations have demonstrated that the Weibel/
filamentation instability can play an important role in forming the col-
lisionless shock.1–3 The Weibel/filamentation instability that is gener-
ally called as filamentation instability (FI) is now well understood.4–10

However, it still remains unclear how upstream electrons get energy in
the foreshock region.11 Numerical simulations have shown that there
exists a large-scale longitudinal electric field occurring around current
filaments. The Weibel/filamention instability inducing current fila-
ments is a transversal mode and cannot effectively heat upstream elec-
trons. In fact, the analysis of numerical PIC (particle-in-cell)
simulation results has demonstrated that most of the heating comes
from a small amount of longitudinal electric fields than more prevalent
transversal fields.11

However, in many experimental and simulation studies of relativ-
istic beam plasmas, electron density filamentation has been observed
with accompanying electrostatic fields.1,2,11–14 In the simulation study
of inertial fusion problems, using high-intensity laser, density

filamentation has been observed during the formation of current fila-
ments.12 In 3D collisionless shock simulation, it was noticed that the
electron density filamentation occurs at the jet front, and that accom-
panying strong electrostatic fields accelerate electrons and ions.15,16

The Weibel/filamentation instability is a pure transverse mode
and thus cannot simply produce charge density filaments.17 To explain
the phenomenon of density filamentation and electrostatic fields
observed in many beam-plasma simulations with dominant transverse
modes, several mechanisms are proposed. Pegoraro et al. suggested
that the Weibel instability can couple to the Langmuir wave in the
nonlinear regime.18 Bret et al. argued that because the current carried
by the beam is susceptible to the two-stream instability, and that the
two-stream instability can combine with the Weibel/filamentation
mode, a mixed mode of longitudinal and transverse modes could be
excited.17,19 It was found that the growth rate mode of a mixed mode
propagating obliquely to the beam direction with a quasi-longitudinal
electric field was greater than that of the pure transverse Weibel/
filamentation mode. As a variation to this approach, Tzoufras et al. sug-
gested that forward and backward flowing electrons can have different
transverse temperatures, resulting the total distribution function not to
be separable, and thus, that a different magnetic pinching between the
beam and the return currents can cause density filamentation.20 In their
study, it is found that the growth rate of the filamentation instability is
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substantially reduced due to the coupling to density filamentation. In
another alternative approach, Rowlands et al. have shown that using a
one-dimensional study of nonlinear evolution of the filamentation insta-
bility driven by cool nonrelativistic beams, although electrostatic fields
cannot be generated by the FI in the linear phase, the magnetic pressure
gradient force can be built up with the growth of the instability, which
can in turn induce a large amount of electrostatic fields.21–23 They have
shown that the gradient of the magnetic pressure, which develops dur-
ing the quasi-linear evolution of the filamentation instability, can give
rise to an electrostatic field.

In this paper, we investigate the generation of the electrostatic
field by the nonlinear filamentation instability for a relativistic beam
plasma, expanding Rowlands et al.’s demonstration of the electrostatic
field generation by quasi-linear effects in a nonrelativistic plasma. We
first show that the nonlinear plasma behavior can be expressed in
terms of the gradient of the Lorentz factor, relating the nonlinear fluid
motion to the gradient of the Lorentz factor, and the latter can be
related to the density filamentation. We present an analytical theory
and supporting simulation results obtained using the PIC (particle-in-
cell) code EPOCH.24

II. ELECTRON DENSITY FILAMENTATION BY
NONLINEAR FLUID MOTION

For convenience, we shall normalize all physical quantities as fol-
lows:~t ¼ txpe; ~x ¼ xpex=c; ~n ¼ n=n0; ~u ¼ u=c; ~p ¼ p=mc; ~B ¼ eB=

mxpe; ~E ¼ eE=mcxpe, and ~A ¼ eA=mc, where c is the speed of light,

xpe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0e2=�0me

p
(in the SI units) is the total electron plasma fre-

quency, n0 is the initial number density of the total electron, e is the
elementary charge, �0 is the vacuum permittivity, me is the mass of
the electron, and A is the vector potential. The tildes are dropped in
the following. For simplicity, we ignore the pressure terms. The fluid
dynamic equation of the electron is given by

@pa

@t
þ ua � rð Þpa ¼ �E� ua � B; (1)

where a represents the electron flow, pa ¼ caua is the momentum,
and ca ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2a

p
is the Lorentz factor. Applying the operator

r� on both sides of Eq. (1) and Faraday’s lawr� E ¼ �@B=@t, we
obtain

@ r� pað Þ
@t

�r� ua � r� pað Þ½ � ¼
@B
@t
�r� ua � B½ �: (2)

We assume that there is initially no vortical motion so that
London’s equation B ¼ r� pa can be obtained from Eq. (2) (see
Ref. 25). By inserting this relation into Eq. (1), the equation of motion
can be reduced to (see the Appendix)

@pa

@t
¼ �rca � E: (3)

One can see that �rca balances the electric field on the right-hand
side of this equation, implying that variation of the Lorentz factor can
cause the electric field to occur. To see its effects on the FI, we consider
two electron beams counterstreaming in the z direction. The first elec-
tron beam denoted by e�1 flows with the momentum p0 > 0, and the
second one by e�2 with the momentum p0 < 0. All physical quantities
depend only on x (@=@x 6¼ 0; @=@y ¼ 0; @=@z ¼ 0).

Rewriting each term of Eq. (3) as @px1=@t ¼ �@c1=@x � Ex and
@px2=@t ¼ �@c2=@x � Ex , and then taking the sum of these two
equations, we obtain the following electric field:

Ex ¼ �
@ðpx1 þ px2Þ

2@t
� @ðc1 þ c2Þ

2@x
: (4)

For perfectly counterstreaming beams (Fig. 1), the first term on
the RHS disappears and only the Lorentz factor term remains. What
Eq. (4) indicates is that when the Weibel instability occurs for perfectly
counterstreaming beams, an electrostatic field can be generated by the
nonlinear interaction of that instability with the background plasma.
This interaction can be very small and negligible when the amplitude
of the Weibel instability is small, but as the instability develops, it can
play an important.

In a normalized form, the total electron density can be written as
n ¼ 1þ dn, where dn is the perturbed density. Putting (4) into the
Poisson equation, the total electron density in 1D can be written as

n ¼ 1þ dn ’ 1þ Cmax
@ðpx1 þ px2Þ

2@x
þ @

2ðc1 þ c2Þ
2@x2

; (5)

where we have used an assumption @=@t ’ Cmax .
The maximum growth rate Cmax applied to Eq. (5) is given by

the FI obtained by linearizing the set of the density continuity equa-
tion, the momentum conservation equation, and the Maxwell equa-
tions.19,26,27 Once the dispersion relation is obtained, the maximum
growth rate can be estimated from it. In our study, plasmas are initially
unmagnetized. We assume that all perturbed quantities are of the
form df exp ðik � r� ixtÞ, where k � ðkx; 0; 0Þ is normalized by
xpe=c and x is normalized by xpe. For p ¼ cu with p ¼ p0 þ dp, the
perturbed momenta are given by

dpa ¼ c0adua þ dcau0a þ dcadua: (6)

Keeping the first-order terms, the momentum perturbation can be
written in accordance with the ones obtained with the conventional
approach26,28 as

FIG. 1. Schematic diagram of the geometry used in the study of 1D density
filamentation.
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dpa ¼ c0adua þ
u0a � dua

ð1� u2aÞ
3=2

" #
u0a ¼ c0adua þ c30aðu0a � duaÞu0a:

(7)

Then, from the momentum Eq. (1),

dpa ¼ i
Eþ u0a � k � E½ �

x
k � u0a � x

; (8)

where u0a � ð0; 0; u0aÞ.
From Eq. (7),

duxa ¼
dpxa
c0a

; duya ¼
dpya
c0a

; duza ¼
dpza
c30a

: (9)

Each term of Eq. (9) can be expressed as, by using Eq. (8),

duxa ¼ �i
1

xc0a
Ex � i

kxu0a
x2c0a

Ez;

duya ¼ �i
1

xc0a
Ey;

duza ¼ �i
1

xc30a
Ez:

(10)

Using the density continuity equation, the perturbed density can
be written as

dna ¼ �
k � dua

k � u0a � x
n0a ¼ �i

kxn0a
x2c0a

Ex � i
k2xu0an0a
x3c0a

Ez: (11)

In the linear form, the current density is given by

dJ ¼ �
X

a

n0adua þ dnau0að Þ: (12)

Then, the Maxwell equations give

k � ðk � EÞ þ x2ðEþ idJ=xÞ ¼ 0: (13)

Inserting the expressions obtained in Eqs. (10) and (11) in terms
of E into Eq. (12) to get dJ, and then, using the final expression in Eq.
(13), we obtain

�xx 0 �xz

0 �yy 0

�zx 0 �zz

0
B@

1
CA Ex

Ey
Ez

0
B@

1
CA ¼ 0; (14)

where

�xx � x2 �
X

a

n0a=c0a;

�xz ¼ �zx � �kx
X

a

u0an0a=ðxc0aÞ;

�yy � x2 � k2x �
X

a

n0a=c0a;

�zz � x2 � k2x � k2x
X

a

u20an0a=ðx2c0aÞ �
X

a

n0a=c
3
0a:

(15)

In the symmetric counterstreaming case, u01 ¼ �u02 ¼ u0;
c01 ¼ c02 ¼ c0, and n01 ¼ n02 ¼ 1=2, so �xz ¼ 0 and the matrix in
Eq. (14) becomes diagonal. Three dispersion relations, corresponding
to three modes, are obtained; the Langmuir mode �xx ¼ 0, the pure

electromagnetic mode �yy ¼ 0, and the filamentation mode �zz ¼ 0. In
Fig. 2, the growth rate with respect to the wave number is plotted for
the velocities u0 ¼ 0:0025; 0:6, and 0.9. Saturation of the growth rate
is shown for both the nonrelativistic and relativistic cases. In the case
of the relativistic beam, the growth rate is much higher than that in
the nonrelativistic case. Taking into account of large k values,14 the
maximum growth rate of the filamentation mode can be obtained as

Cmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

a

u20an0a=c0a
r

¼ u0
ffiffiffiffiffiffiffiffiffi
1=c0

p
: (16)

This growth rate is used in Eq. (5) to estimate the total electron
density. By linearization, it can be seen that the total electron density
perturbation by the symmetric counterstreaming beams comes from
the two uncoupled modes: the Langmuir and filamentation modes.
The density perturbation by the Langmuir mode is not significant.
The total electron density perturbation triggered by filamentation
instability is given by

dn ¼ dn1 þ dn2 ¼ �i
k2x
x3

Ez
n01u01

c01
þ n02u02

c02

� �
¼ 0: (17)

This means that in the linear stage the symmetric counterstream-
ing FI cannot trigger density filamentation even in the relativistic
regime.

For small perturbations, rdca in Eq. (3) can be written as, by
(A13),

rdca ¼ u0a � dBþ ðu0a � rÞdpa þ dua � dBþ ðdua � rÞdpa;

(18)

and thus, it can be seen that only the first two terms are used in the lin-
ear eigenmode analysis. The remaining two nonlinear terms can be
neglected for small-amplitude perturbations, but they can become
important when the perturbation amplitudes increase.

In the initial phase of the nonrelativistic limit, where the instabil-
ity is not fully developed so that the amplitude of the wave is small,
c1 � 1; c2 � 1, and thus, @2ðc1 þ c2Þ=@x2 � 0. Because the FI has

FIG. 2. Filamentation growth rates with respect to the wave numbers for different
beam velocities. Solutions are obtained from �zz ¼ 0 in Eq. (15).
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transverse electric fields, when the e�1 electrons are bunched during
the development of the FI, the same amount of e�2 electrons is expelled
by Eq. (17). This implies that @ðpx1 þ px2Þ=@x ¼ 0, and that two
electron beams develop filamentation at the same rate. Therefore,

Eq. (5) gives n¼ 1, meaning that the total electron density remains
uniform. On the other hand, in the relativistic regime, the term
@2ðc1 þ c2Þ=@x2 may not vanish because of the third and fourth non-
linear terms in Eq. (18). The nonlinear terms can cause filamentation
of the electron density, according to Eq. (5). Therefore, Eq. (5) implies
that spatial variation of the Lorentz factor can produce electron density
filaments when the beam is highly relativistic. The nonlinear terms left
out in the linear analysis can play an important role in generating the
longitudinal fields in highly relativistic beams, when the amplitude of
the FI becomes large.

III. 1D PIC SIMULATION RESULTS

To confirm Eq. (5), 1D PIC simulations were performed using
the EPOCH code with periodic boundary conditions.29,30 The code
used the SI units. In the simulations, the number of computational
particles (CPs) is set as 103 CPs/cell for the ion population, and
9:6� 104 CPs/cell/species for each electron species, which guarantees
a good fluid behavior of the particles. The ion background uniformly
spans the whole space with the density ni ¼ 106/m3, which corre-
sponds to ni ¼ n0 ¼ 1 in the normalized unit. The rest of the simula-
tion parameters are presented in the normalized units. The thermal
velocity of the electron was uth ¼ 2:5� 10�3, grid space Dx ¼ 2
�10�2ke, where ke is the skin depth. The simulation domain was
Lx ¼ 1024Dx. Simulations were performed in both the nonrelativistic
and relativistic regimes for the symmetric counterstreaming electron
beams with n01 ¼ n02 ¼ ni=2 ¼ 0:5.

In the nonrelativistic regime, perfectly counterstreaming flow
velocities u01 ¼ �u02 ¼ u0 ¼ 2:5� 10�2 were used in the simulation
with the time step Dt ¼ 2:5� 10�3. The linear stage of the instability
stops at approximately t � 435 [Fig. 3(a)]. During the linear stage,
two electron beams develop filamentation at the same rate. In Figs.
3(b) and 3(c), when e�1 particles (the dotted blue line) are pinched, the
same amount of e�2 particles (the dashed red line) is expelled. For
example, it can be seen in Fig. 3(c) that e�1 density (the dotted blue
line) and e�2 density (the dashed red line) fluctuate around 0.5 opposite
to each other. This confirms that @ðpx1 þ px2Þ=@x ¼ 0 is satisfied.
Therefore, the total electron density remains at n¼ 1, which is indi-
cated as the solid black lines in Figs. 3(b) and 3(c).

In the nonlinear stage (t> 435), tiny local perturbations of the
total electron density are shown in Fig. 3(d), which are related to a
sudden increase in the electric field energy jExj2 in Fig. 3(a). The
growth rate of jExj2 is 2 times that of jByj2. In a fully saturated stage,

FIG. 3. Nonrelativistic counterstreaming electron beams in 1D: no significant den-
sity filamention develops. (a) Field energy normalized by the total initial kinetic
energy of electrons vs simulation time: magnetic field energy jBy j2 (the solid line)
and electric field energy jEx j2 (the dotted line); (b)–(e) charge density distributions
at different times, e�1 density (the dotted blue line), e�2 density (the dashed red
line), and the total electron density (the solid black line): (b) at t¼ 348.04, (c) at
t¼ 435.05, (d) at t¼ 460.64, and (e) at t¼ 818.91.

FIG. 4. Simulation results for the relativistic counterstreaming electron beams. (a) Field energy normalized by the total initial kinetic energy of electrons vs simulation time:
magnetic field energy jBy j2 (the solid line) and electric field energy jEx j2 (the dotted line); (b) zoom-in charge density distribution at the beginning of linear stage (t¼ 6.4): e�1
density (the dotted blue line), e�2 density (the dashed red line), and the total electron density (the solid black line). e�1 and e�2 lines exactly overlap at n¼ 0.5. Density filamen-
tation has not yet been developed.
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Fig. 3(e) shows that magnitudes of the total electron density perturba-
tions are very small [the solid black line in Fig. 3(e)]. Thus, on the
whole, the total electron density remains constant in the nonrelativistic
regime.

The simulations performed in the relativistic regime also used the
perfectly counterstreaming flow velocities u01 ¼ �u02 ¼ u0 ¼ 0:6
with the time step Dt ¼ 10�3. Contrary to the nonrelativistic case, the
simulation results in the relativistic regime evidence that the electron
density filamentation can occur. The linear stage of the instability ends
around t � 18 [Fig. 4(a)]. At the beginning of the linear phase
(t< 10), there is no change in total electron density [the solid black

line in Fig. 4(b)]. Because the velocity distribution is uniform at this
time, filamentation does not occur.

From the middle to the end of the linear stages, the electron den-
sity filamentation starts to build up. If we define dnpx � Cmax@ðpx1
þ px2Þ=2@x and dnc � @2ðc1 þ c2Þ=2@x2, Eq. (5) can be simply
rewritten as n ¼ 1þ dnpx þ dnc. To see the contributions from dnpx
and dnc, we measured the fluid quantities px1; px2; c1; and c2 from
the simulation and then put these values in Eq. (5). Figures 5(a)
and 5(c), at t¼ 14.87 and t¼ 17.1, show that the amplitudes of dnc

[the solid purple lines in Figs. 5(a) and 5(c)] are much higher than
those of dnpx [the dashed orange lines in Figs. 5(a) and 5(c)] given

FIG. 5. Zoom-in of the simulation results for the relativistic counterstreaming electron beams in the time interval between the middle (t¼ 14.87) and near the end (t¼ 17.1) of
the linear stage, where filamentation develops. (a) at t¼ 14.87 and (c) at t¼ 17.1 are theoretical estimations of two terms in Eq. (5) with fluid quantities p1x ; p2x ; c1; and c2
measured from the simulation: dnpx (the dashed orange line) and dnc (the solid purple line); (b) at t¼ 14.87 and (d) at t¼ 17.1 are the electron density in x obtained from the
simulation: e�1 density (the dotted blue line), e�2 density (the dashed red line), and the total electron density (the solid black line). Theoretical estimations of the total electron
density n ¼ 1þ dnpx þ dnc are over-plotted using the dashed green lines in (b) and (d). The dashed green and solid black lines almost overlap. Comparison between the
theoretical analysis and simulation results shows good agreement.

FIG. 6. 1D density filamentation in real space and FFT spectral domains for velocities u0 ¼ 0:6 and 0.9 at two different times, (a) t¼ 17.1 and (b) t¼ 33.1. Peak intensities in
real and Fourier space increase as the velocity increases. The dotted lines at kx ¼ 61 in the FFT spectra represent the Langmuir modes. The spectral behavior of density fila-
ments indicates the evolution into larger spatial scales kx < 1, into long-wavelength modes than the Langmuir mode.
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@2ðc1 þ c2Þ=@x2 6¼ 0, according to Eq. (5). Therefore, the electron
density filamentation occurs mainly by the spatial variation of the
Lorentz factor. As can be seen in Fig. 5(b), many sharp peaks in the
total electron density appear [the solid black line in Fig. 5(b)].
Equation (5) is plotted using the dashed green line in Fig. 5(b). There
is a good agreement between the simulation result (the solid black
line) and the theoretical prediction (the dashed green line). The two
lines almost overlap. Due to the rapid change of dnc, the magnitudes
of peaks in Fig. 5(b) quickly increase within a few plasma frequencies.
For example, at x � 7:9, the maximum value of n � 1:15 at t¼ 14.87
in Fig. 5(b) increases to n � 1:75 at t¼ 17.1 in Fig. 5(d). At this time
(t¼ 17.1, near the end of the linear stage), the analytical estimation
[the dashed green line in Fig. 5(d)] agrees with the simulation results
[the solid black line in Fig. 5(d)].

Near the end of the linear stage t � 18 [Fig. 4(a)], the electrostatic
field becomes stronger due to the space charge separation increase, so
that the electrostatic field energy becomes a fraction of the magnetic field
energy. Figures 6(a) and 6(b) illustrate the development of large-scale
density filaments at two different times, (a) t¼ 17.1 and (b) t¼ 33.1. For
a higher relativistic velocity u0 ¼ 0:9, a higher peak density and a
smaller wave number corresponding to a greater spatial scale can be
seen than in the case for u0 ¼ 0:6. Figure 7 shows the time evolution of
density filaments in the real space and in the spectral domain for u0
¼ 0:6 and u0 ¼ 0:9. In the early linear phase, many short-wavelength
modes appear, but in time, filamentation merging takes place and contri-
bution from short-wavelength modes diminishes. A tendency to merge
into a longer wavelength filament mode than the Langmuir mode is
seen in the spectral domain for the wavenumber kx less than 1.

IV. DENSITY FILAMENTATION BY THE LORENZ FACTOR
IN 2D SIMULATIONS

In the 2D simulation, similar parameters to the one for the 1D study
are adopted. The number of computational particles (CPs) is taken as
2:5� 102 CPs/cell for the ion population and 2:4� 104 CPs/cell/species
for each electron species. As before, the ion background uniformly spans
the whole space with density ni ¼ 106/m3, which corresponds to ni
¼ n0 ¼ 1 in the normalized units. The thermal velocity of the electron is
uth ¼ 2:5� 10�3, grid space Dx ¼ Dy ¼ 0:1ke, and the simulation

domain Lx ¼ Ly ¼ 128Dx. In simulations, the symmetric counter-
streaming electron beams with n01 ¼ n02 ¼ ni=2 ¼ 0:5 are used, and
periodic boundary conditions are taken in the x and y directions.

In the two-dimensional (2D) geometry, it is difficult to separate
the linear growth of filaments from the nonlinear merging process
because they usually occur simultaneously.21,22 In the nonlinear fila-
ment merging processes, the term @ðpx1 þ px2Þ=2@x can induce den-
sity filaments. In 2D, Eq. (5) becomes

n ¼ 1þ Cmax
@ðpx1 þ px2Þ

2@x
þ Cmax

@ðpy1 þ py2Þ
2@y

þ @
2ðc1 þ c2Þ
2@x2

þ @
2ðc1 þ c2Þ
2@y2

¼ 1þ np þ nc; (19)

FIG. 7. Time evolution of density filaments and their Fourier spectra for (a) u0 ¼ 0:6 and (b) u0 ¼ 0:9. Merging to longer filaments can be seen. Dashed and dotted horizontal
lines mark the times at t¼ 17.1 and t¼ 33.1 used in Fig. 6, respectively.

FIG. 8. 2D zoom-in simulation results, showing filamentation for relativistic counter-
streaming electron beams with u0 ¼ 0:6 at t¼ 17.1: (a) nc, (b) np, and (c) the total
electron density are estimated using Eq. (19), and (d) is the electron density from
simulation. The patterns of (c) and (d) are similar.
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where np � Cmaxð@ðpx1 þ px2Þ=2@x þ @ðpy1 þ py2Þ=2@yÞ and nc

� @2ðc1 þ c2Þ=2@2x þ @2ðc1 þ c2Þ=2@2y.
The 2D simulation results are shown in Fig. 8. 2D zoom-in

results are plotted, showing the analysis for the filamentation by
weakly relativistic counterstreaming electron beams with the velocity

u0 ¼ 0:6 at t¼ 17.1. To plot the figures, p and the Lorentz factor c are
obtained at each grid point from the PIC simulation, and the deriva-
tives of these values np and nc are taken using Eq. (19). The obtained
np and nc and the sums of 1þ nc þ np are plotted on panels (a), (b),
and (c), respectively. Then, the density measured from the simulation

FIG. 9. Density filamentation in the real
space and FFT spectral domains for differ-
ent relativistic velocities u0 ¼ 0:6, 0.8,
and 0.9 at two different times, (a) t¼ 18.4
and (b) t¼ 33.1. The scale bar denoting
the peak intensity in real space drastically
increases with the velocity increase. The
white circles in the FFT spectra represent
the Langmuir modes.
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is plotted on panel (d). Overall patterns of panels (c) and (d) match
well with each other. The figures show that the perturbation of the
total electron density is mainly governed by nc [Fig. 8(a)]. This result
seems to imply that the essential physics discussed in 1D has not
changed in 2D.

In Fig. 9, density filaments and FFT spectra of 2D simulation
results are shown for three different relativistic velocities of u0 ¼ 0:6;
0:8 and 0.9 at two different times, t¼ 18.4 and t¼ 33.1. As in the one-
dimensional analysis, for a higher relativistic velocity, the maximum
density increases to a higher value, and the spatial scale increases.
The circles in the FFT spectra denote the Langmuir modes. For
u0 ¼ 0:9, the color index bar for the density indicates that the maxi-
mum value of the density filament becomes 4–5 times greater than
that in the case of u0 ¼ 0:6, while density filaments merge into the
ones with a larger length scale than the Langmuir modes, filling the
circle quickly.

V. CONCLUSION

Density filamentation has been observed in many astrophysical
and laser-driven plasma simulations, where transversal electromag-
netic fields are prevalent. To explain it, several mechanisms for the
generation of the electrostatic field have been proposed. Among these,
obliquely propagating mixed mode is currently the dominant idea for
such electrostatic field generation. In this paper, we have examined,
taking a slightly different approach, the generation of the electrostatic
field via a nonlinear process of the FI, generalizing Rowlands et al.’s
observation to a relativistic situation. We were able to demonstrate
that the nonlinear effects of the Weibel/filamentation instability in a
relativistic beam-plasma system can indeed give rise to density fila-
mentation and electrostatic field generation. We presented a theory
together with the supporting 1D and 2D PIC simulation results.

The Lorentz factor distribution essentially describes how the fluid
velocity varies in space and can be directly related to the nonlinear
fluid motion. According to the conventional linear analysis, only the
transverse fields are possible in perfectly counterstreaming beam plas-
mas, whether the beams are relativistic or nonrelativistic. The nonlin-
ear fluid motion that can be compactly expressed as the gradient of the
Lorentz factor is shown to bring in a new feature of the electrostatic
field and density filamentation not possible in the linear analysis. The
nonlinearly driven density filamentation depends on the magnitude of
the relativistic c and its nonuniformity, which seems to have important
implications to highly relativistic plasmas. The nonlinear behavior of
the filamentation instability can be related to the particle velocity dis-
tribution in space via the gradient of the Lorentz factor, inducing the
electrostatic field.

In many astrophysical and laser-driven plasmas, density filamen-
tation and the associated electrostatic fields are important for particle
heating and acceleration. It is still necessary to identify the particle
heating and acceleration mechanisms. The results in this paper could
be useful in understanding the physics of relativistic astrophysical and
laboratory plasmas more deeply, for instance, the synchrotron radia-
tion in gamma ray bursts or the particle heating and acceleration in
collisionless shocks.
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APPENDIX: DERIVATION OF RELATIVISTIC
MOMENTUM EQUATION WITH THE LORENTZ FACTOR

From the relativistic momentum–energy relationship,

E2 ¼ p2c2 þ ðmc2Þ2; (A1)

with E ¼ cmc2; p ¼ cmv, and c2a ¼ 1þ p2a in the normalized units.
The derivative of this equation gives

rc2a ¼ rð1þ p2aÞ ¼ rðpa � paÞ
¼ 2ðcaua � ðr � paÞÞ þ 2caðua � rÞpa; (A2)

where rðpa � paÞ is replaced with

rðpa � paÞ ¼ 2ðpa � ðr � paÞÞ þ 2ðpa � rÞp
¼ 2ðcaua � ðr � paÞÞ þ 2caðua � rÞpa; (A3)

by using the vector identity

rðA � BÞ ¼ A� ðr� BÞ þ B� ðr � AÞ
þðA � rÞBþ ðB � rÞA: (A4)

As a result, we obtain

rca ¼ ua � ðr � paÞ þ ðua � rÞpa: (A5)

Taking the curl of Eq. (1), we have

@ðr � paÞ
@t

þr� rca � ua � ðr � paÞ
� �

¼ � @ðr � EÞ
@t

�r� ua � B½ �; (A6)

which becomes

@ðr � paÞ
@t

�r� ua � ðr � paÞ
� �

¼ @B
@t
�r� ua � B½ �; (A7)

using Faraday’s law r� E ¼ �@B=@t. When the R.H.S. terms are
moved to the left,

@ððr � paÞ � BÞ
@t

�r� ua � ðr � paÞ � B
� �� �

¼ 0: (A8)

@Xa

@t
�r� ðua �XaÞ ¼ 0; (A9)

where Xa ¼ B�r� pa. Initially, the velocities of counterstream-
ing flows are uniform and thus r� pa ¼ 0, and there is no mag-
netic field. As a result, Xa ¼ 0 initially. Then, Xa remains zero
throughout the time (see Appendix B of Ref. 25). This leads to the
London equation B ¼ r� pa.

Putting back B ¼ r� pa into Eq. (1), we have
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@pa

@t
þ ua � rð Þpa ¼�E� ua �B¼�E� ua � ðr� paÞ; (A10)

which can be reduced to

@pa

@t
þ ua � rð Þpa þ ua � ðr � paÞ ¼ �E: (A11)

This equation can be finally written with the help of Eq. (A5) as

@pa

@t
¼ � ua � rð Þpa þ ua � ðr � paÞ

� �
� E;

¼ �rca � E: (A12)

By using London’s equation, Eq. (A5) can also be written as

rca ¼ ua � Bþ ðua � rÞpa: (A13)
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