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1 Introduction

The AdS/CFT correspondence [1–4] provides a useful method to compute Green’s functions
in strongly coupled quantum many-body systems [5–9]. In recent years, pole-skipping, an
interesting property that occurs in the Green’s function, has been studied in much of the
literature [10–22]. The pole-skipping phenomenon is a mathematical property that the
retarded Green’s function is not unique at some points in the complex momentum space
(ω, k). From now on, we call those points pole-skipping points. Generally, the retarded
Green’s function takes a form

GR(ω, k) = b(ω, k)
a(ω, k) . (1.1)

At a pole-skipping point (ω?, k?), both a and b satisfy a(ω?, k?) = b(ω?, k?) = 0, and the
retarded Green’s function becomes ill-defined. So, if we find the intersections of zeros and
poles in the retarded Green’s functions, we can obtain pole-skipping points. For the theories
with the holographic duals, we can use a simpler method to obtain the pole-skipping points
from the bulk field equation [13–15]. The absence of a unique incoming mode at the black
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hole horizon leads to the nonuniqueness of the Green’s function on the boundary. For the
static black holes, the leading pole-skipping frequency ω is given by [23–28]

ω = 2πiT (s− 1), (1.2)

where i is the imaginary unit, and s denotes the spin of the operator. For instance, it
has been noted that pole-skipping points in the upper-half ω-plane are linked to quantum
chaos and are closely related to hydrodynamics. In the maximally chaotic systems, the
Lyapunov exponent λ and the butterfly velocity vB can be extracted from the leading
pole-skipping point of the metric fluctuation (s = 2) [10, 11, 29, 30]. For other fluctuations
(s = 0, 1/2, 1, 3/2), the leading pole-skipping points are not related to the maximal chaos [26].

The Jackiw-Teitelboim (JT) gravity is a two-dimensional theory of gravity coupled to a
dilaton, and describes the near horizon dynamics of near extremal black holes [31, 32]. The
Sachdev-Ye-Kitaev (SYK) model is a strongly interacting quantum system at low energy. It
has some interesting properties: It is solvable at the large N limit with an emergent conformal
symmetry [33–35]. The SYK model is maximally chaotic so that the Lyapunov exponent
saturates the Maldacena-Shenker-Stanford(MSS) bound λ = 2πT [36, 37]. Symmetries and
reparametrization connect the SYK model to the AdS2 horizon. Near the horizon of an
AdS2 black hole corresponds to the IR of Majorana SYK [38]. JT gravity has a nearly
AdS2 geometry, and its conformal symmetry is slightly broken. The Schwarzian action
can be derived for JT gravity by spontaneously breaking the reparametrization symmetry
down to SL(2,R) [39]. Similarly, the Majorana SYK model also has its conformal symmetry
spontaneously broken to SL(2,R) due to reparametrization, allowing for the calculation
of the Schwarzian action [40, 41]. The effective action can be obtained from both gravity
theory on the boundary and the Majorana SYK model. Therefore, JT gravity has been
considered as the gravitational dual of the Majorana SYK model. In the bulk gravity
models, there are also various analogies to the complex SYK model [42, 43]. For example,
for nearly AdS2 in JT gravity with SL(2, L)× U(1) symmetry, it is holographically dual to
the complex SYK model [44].

Pole-skipping has primarily been studied on the gravity side thus far [10–15]. In the
case of the (1+1)-dimensional SYK chain, it has been discovered that pole-skipping is
determined by the stress tensor’s contribution to many-body chaos, even when it is not at
its maximum [19]. However, up to now, there are few works that reported the pole-skipping
points on both the gravity and field theory sides in previous literature. There have been
no findings regarding the connection between pole-skipping points in the SYK model and
those in JT gravity.

In this paper, we aim to fill this gap. Note that the Green’s functions of the JT gravity
and SYK model do not depend on momentum k because there is no spatial coordinate
as they are (0 + 1)−dimensional field theories. In the absence of momentum k, one way
to define the pole-skipping points is to identify the mass m as a variable of the Green’s
function. Following ref. [45], we compute the pole-skipping points in the (ω,m) space in
three ways: 1) near horizon analysis 2) analytic bulk solution for the JT gravity, and 3)
conformal two-point function of the SYK model. We have obtained consistent results by all
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three methods and found a one-to-one correspondence of the pole-skipping between the JT
gravity and the SYK model.

The structure of this paper is as follows: In section 2, we calculate the pole-skipping
points in the JT gravity and the Majorana SYK model. In the JT gravity, we introduce a
massive scalar probe and calculate the pole-skipping points of a dual operator. We also
study pole-skipping in the Majorana SYK models. The results show good agreement with
each other. In section 3, we compare the pole-skipping points in charged JT gravity with
those in the complex SYK model. We show that the electric field strength and the spectral
asymmetry shift the pole-skipping frequencies in each model. The correspondence between
the 2D bulk scalar field and the 1D SYK model is a good example of holographic duality.
We summarize and conclude in section 4

2 Comparison of pole-skipping in JT gravity and Majorana SYK model

2.1 Pole-skipping in JT gravity

As mentioned earlier, pole-skipping can be seen in Green’s function. One can compute
a retarded Green’s function of an operator dual to a bulk field from the solution to the
corresponding classical equation of motion. Our interest is the pole-skipping of the retarded
Green’s function of the scalar operator O, which lives in the field theory dual to JT gravity.

The action of JT gravity is given by [31, 32]

S = 1
2G

∫
d2x
√
−gφ

(
R+ 2

L2

)
. (2.1)

One can obtain a Schwarzschild-like solution from the action (2.1) with a gauge choice
φ = r

L [46–48]

ds2 = −f(r)dt2 + 1
f(r)dr

2, (2.2)

where
f(r) = r2/L2 − 2GLM, (2.3)

where M is the mass of the black hole. This is an asymptotic AdS2 metric with the event
horizon at

rh = L
√

2GLM. (2.4)

For convenience, we set 2GLM = 1 in the following. The Hawking radiation temperature is
given by

T = f ′(r)
4π

∣∣∣∣
r=rh

= 1
2πL. (2.5)

2.1.1 Pole-skipping: near-horizon analysis

The near horizon analysis provides us a shortcut to calculate pole-skipping points of a
holographic retarded Green’s function. In this subsection, we calculate pole-skipping points
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by analyzing the near-horizon behavior of a bulk field. We consider the minimally coupled
massive scalar field Ψ of which the dynamics are given by the Klein-Gordon equation as

1√
−g

∂µ
(√
−ggµν∂νΨ

)
−m2Ψ = 0 , (2.6)

where m is the mass of the scalar field. For our convenience, we introduce the incoming
Eddington-Finkelstein(EF) coordinate v = t + r∗, where r∗ is the tortoise coordinate
dr∗ := dr/f(r). In the incoming EF coordinate, (2.2) becomes

ds2 = −f(r)dv2 + 2dvdr, (2.7)

and the Klein-Gordon (2.6) equation can be expanded as

f(r)Ψ′′(r) + (f ′(r)− 2iω)Ψ′(r)−m2Ψ(r) = 0, (2.8)

where we take Fourier transformation as Ψ(v, r) = e−iωvΨ(r). From now on we will use
scaled frequency w = ω

2πT , and mass m = m
2πT .

In holographic models, the retarded Green’s function is encoded in the classical solution
which satisfies the incoming boundary condition at the horizon. Since the blackening
factor goes f(r) = 4πT (r − rh) + O (r − rh)2 near the horizon, one can check that the
Klein-Gordon equation (2.8) has a regular singularity at r = rh. The singularity can be
seen if we approximate (2.8) to

Ψ′′ + 1− iw
r − rh

Ψ′ − πTm2

r − rh
Ψ = 0 (2.9)

near horizon. According to conventional differential equation techniques, one can solve (2.8)
by imposing series solution ansatz as

Ψ(r) = (r − rh)λ
∞∑
p=0

Ψp(r − rh)p. (2.10)

At the lowest order, we can obtain the indicial equation λ(λ− iw) = 0. The two roots are

λ1 = 0, λ2 = iw . (2.11)

Generally, a solution with exponent λ1 is regular at the horizon. Therefore, we can
obtain a unique ‘ingoing’ solution with exponent λ1, if λ2 is not an integer. However, if λ2
is an integer, there might be an additional regular solution which is a signal of pole-skipping
at the horizon. For example, let us consider iw = 1. According to a standard technique for
a differential equation, the following solution ansatz is more appropriate than (2.10):

Ψ(r) =
∞∑
p=0

Ψ1,p(r − rh)p + (r − rh) log(r − rh)
∞∑
q=0

Ψ2,q(r − rh)q , (2.12)

where we include log term. After substituting it into the Klein-Gordon eqaution (2.8), up
to O(r − rh)0 the equation of motion becomes

(1− iw) (Ψ1,1 + Ψ2,0 log(r − rh))−
(
πTm2Ψ1,0 − (2− iw)Ψ2,0

)
= 0 . (2.13)
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The first term vanishes at iw = 1. If we focus on m = 0, we obtain Ψ2,0 = 0, and the series
solution takes two independent regular solutions as follows:

Ψ(r) = Ψ1,0 + (r − rh)1
∞∑
p=0

Ψ̃2,p(r − rh)p , (2.14)

where two independent coefficients are Ψ1,0 and Ψ̃2,0. Thus the first pole-skipping point is

w? = −i, m2
? = 0 . (2.15)

In general, at the pole-skipping points, the series solution takes the following form:

Ψ(r) =
n−1∑
p=0

Ψ1,p(r − rh)p + (r − rh)n
∞∑
q=0

Ψ̃2,q(r − rh)q , (2.16)

where Ψ1,p and Ψ̃2,q are independent coefficients. There is a systematic procedure to
calculate pole-skipping points [15]. Firstly, we expand Ψ(r) with a Taylor series

Ψ(r) =
∞∑
p=0

Ψp(r − rh)p = Ψ0 + Ψ1(r − rh) + Ψ2(r − rh)2 + . . . . (2.17)

We substitute (2.17) into (2.8) and expand the equation of motion in powers of (r − rh).
Then, a series of the perturbed equation in the order of (r − rh) can be denoted as

S =
∞∑
p=0

Sp(r − rh)p = S0 + S1(r − rh) + S2(r − rh)2 + · · · . (2.18)

We write down the first few equations Sp = 0 in the expansion of (2.18)

0 = M11(ω,m)Ψ0 + (2πT − iω)Ψ1,

0 = M21(ω,m)Ψ0 +M22(ω,m)Ψ1 + (4πT − iω)Ψ2,

0 = M31(ω,m)Ψ0 +M32(ω,m)Ψ1 +M33(ω,m)Ψ2 + (6πT − iω)Ψ3 .

(2.19)

To find an incoming solution, we should solve a set of linear equations of the form

M(ω,m) ·Ψ ≡


M11 (2πT − iω) 0 0 . . .

M21 M22 (4πT − iω) 0 . . .

M31 M32 M33 (6πT − iω) . . .
. . . . . . . . . . . . . . .




Ψ0
Ψ1
Ψ3
. . .

 = 0 . (2.20)

The n-th pole-skipping points (ωn,mn) can be calculated by solving

ω?n = −i2πTn, detM(n)(ω?,m?) = 0 , (2.21)

where the matrixM(n) is the (n× n) square matrix whose elements are taken from M11 to
Mnn in (2.20).1 The following are the resulting pole-skipping points:

w = −i, m2 = 0 ;
w = −2i, m2 = 0, 2 ;
w = −3i, m2 = 0, 2, 6 ;

...

(2.22)

1The first few elements of this matrix have been shown in appendix A.
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Pole-skipping points (2.22) can be rewritten in terms of operator dimension. Note that
the boundary asymptotic behavior of Ψ takes the following form

Ψ(r) = A(ω,m)r−∆− +B(ω,m)r−∆+ + · · · , (2.23)

where the conformal dimensions ∆± = 1
2 ±

1
2
√

1 + 4m2L2. For standard quantization, we
identify the operator dimension as ∆+. Pole-skipping points are

w = −i, ∆+ = 1 ;
w = −2i, ∆+ = 1, 2 ;
w = −3i, ∆+ = 1, 2, 3 ;

...

(2.24)

For alternative quantization, we identify the operator dimension as ∆−. Pole-skipping
points are

w = −i, ∆− = 0 ;
w = −2i, ∆− = 0,−1 ;
w = −3i, ∆− = 0,−1,−2 ;

...

(2.25)

2.1.2 Pole-skipping from Green’s function

In this subsection, we calculate the retarded Green’s function on the boundary to obtain
pole-skipping points. To solve fluctuation equation (2.6) analytically, it is convenient to
introduce coordinate u, which is defined as r = Lcosh(u). In the u coordinate, metric (2.2)
takes following form

ds2 = −sinh2(u)dt2 + L2du2, (2.26)

and we can expand the Klein-Gordon equation (2.6) as

Ψ′′(u) + coth(u)Ψ′(u) + L2(−m2 + ω2csch2(u))Ψ(u) = 0. (2.27)

After taking the change of variable z = tanh2(u), we use the ansatz

Ψ(u) = (1− z)∆+/2z−iωL/2F (z) (2.28)

to simplify the above equation. Eq. (2.27) become

z(1− z)d
2F (z)
dz2 +

(
1− 2z − z

2
√

1 + 4m2L2 + iωL(z − 1)
)
dF (z)
dz

− 1
4

(
1 +

√
1 + 4m2L2 − iωL

(
2 +

√
1 + 4m2L2

)
− L2(ω2 −m2)

)
F (z) = 0. (2.29)

We find eq. (2.29) fits into the standard hypergeometric differential equation

z(1− z)d
2F (z)
dz2 + (c− (1 + a+ b)z)dF (z)

dz
− abF (z) = 0, (2.30)
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where

a = 1
2
(
3 +

√
1 + 4m2L2 − 2iωL

)
,

b = 1
2
(
1−

√
1 + 4m2L2 − 2iωL

)
,

c = 1− iωL .

(2.31)

The horizon is located at z = 0 while the boundary is located at z = 1. The incoming
solution is given by

Fin = 2F1(a, b, a+ b−N ; z), (2.32)

where we define N =
√

1
4 +m2L2. Near the boundary (z → 1), the asymptotic behavior

of (2.32) takes following form

Fin ≈ (1− z)−NA(ω,m) +B(ω,m) + C(ω,m)log(1− z). (2.33)

The conformal dimensions can be written as ∆± = 1
2 ±N .

If N are non-integers,2 C(ω,m) in eq. (2.33) vanishes. For the standard quantization,
A(ω,m) is the source and B(ω,m) is the vacuum expectation value for the operator O of
dimension ∆+. The corresponding retarded Green’s function is

GROO ∝
B

A

∝ (2πT )2∆+−1
Γ
(

1
4

(
3 +
√

1 + 4m2L2 − 2iωL
))

Γ
(

1
4

(
1 +
√

1 + 4m2L2 − 2iωL
))

Γ
(

1
4

(
3−
√

1 +m2L2 − 2iωL
))

Γ
(

1
4

(
1−
√

1 +m2L2 − 2iωL
))

×
Γ
(

1
2 −∆+

)
Γ
(
−1

2 + ∆+
)

= (2πT )2∆+−1
Γ
(

1
2 + ∆+

2 −
iLω

2

)
Γ
(

∆+
2 −

iLω
2

)
Γ
(
1− ∆+

2 −
iLω

2

)
Γ
(

1
2 −

∆+
2 −

iLω
2

) Γ
(

1
2 −∆+

)
Γ
(
−1

2 + ∆+
)

= (πT )2∆+−1
Γ
(
∆+ − iω

2πT

)
Γ
(
1−∆+ − iω

2πT

) Γ
(

1
2 −∆+

)
Γ
(
−1

2 + ∆+
) . (2.34)

We have used the Legendre duplication formula Γ(z)Γ(z + 1
2) = 21−2zπ1/2Γ(2z) above.

Since Γ(−n) diverges for non-negative integer n, the lines of pole and zero of the Green’s
function (2.34) are

∆+ −
iω

2πT = 0,−1,−2,−3, · · · , (lines of pole) ,

1−∆+ −
iω

2πT = 0,−1,−2,−3, · · · , (lines of zero) .
(2.35)

2If N are integers the Green’s function is different from (2.34). We do not consider this case here because
it is irrelevant to the pole-skipping points originating from the near-horizon dynamics.
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Graphically a pole-skipping point is an intersection of a line of poles and a line of zeros.
The pole-skipping points for (2.35) are

w = −i, ∆+ = 1 ,
w = −2i, ∆+ = 1, 2 ,
w = −3i, ∆+ = 1, 2, 3 ,

...

(2.36)

which agrees with the pole-skipping points obtained from near-horizon behavior.
We can also calculate pole-skipping points for alternative quantization in (ω,∆−) space.

For alternative quantization, A(ω,m) is the vacuum expectation value and B(ω,m) is the
source in (2.33). The retarded Green’s function is an inverse of (2.34):

GROO ∝
A

B

∝ (2πT )−2N
Γ
(

1
4

(
3−
√

1+m2L2−2iωL
))

Γ
(

1
4

(
1−
√

1+m2L2−2iωL
))

Γ(−N )

Γ
(

1
4

(
3+
√

1+4m2L2−2iωL
))

Γ
(

1
4

(
1+
√

1+4m2L2−2iωL
))

Γ(N )
,

(2.37)

where we take the first line of (2.34). Note that in terms of m, the pole-skipping points
of (2.37) are the same as those of (2.34). As we have already seen in (2.25), in terms of
operator dimension ∆−, the pole-skipping points of the alternative quantization are

w = −i, ∆− = 0 ;
w = −2i, ∆− = 0,−1 ;
w = −3i, ∆− = 0,−1,−2 ;

...

(2.38)

We also calculated the pole-skipping points of Dirac field in appendix B. The locations
of the pole-skipping points from near horizon analysis correspond to what we obtained from
bulk Green’s function on the boundary. This can serve as a reference for pole-skipping of
fermionic field in two-dimensional gravity.

2.2 Pole-skipping in Majorana SYK model

The Majorana Sachdev-Ye-Kitaev (SYK) model describes N Majorana fermions with
random q-body interactions, which is solvable in the large N and low energy limit [33–
35, 38]. The SYK model shows emergent conformal symmetry in the low-temperature
limit, and the breaking of the conformal symmetry leads to a finite Schwarzian action for
reparametrization modes [38]. This Schwarzian action is the same as the boundary action
of the Jackiw-Teitelboim gravity in nearly AdS2 spacetime [34, 35]. The Hamiltonian is
given as [40]

H = (i)q/2
∑

1≤x1<x2···<xq≤N
jx1x2...xqfx1fx2 . . . fxq , (2.39)
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where i is the imaginary unit, and fi is a fermion obeying the anticommutation relations.
The jx1x2...xq are independent Gaussian random couplings with zero mean that satisfy

〈j2
x1x2...xq〉 = J2(q − 1)!

N q−1 , (2.40)

where dimension-one parameter J is the energy scale. This model is conformal symmetry
in the infrared limit, and the effective action is [49–52]

SCFT = −N2 log det(−Σ) + N

2

∫
dτ1dτ2

(
Σ(τ1, τ2)G(τ1, τ2)− J2

q
|G(τ1, τ2)|q

)
(2.41)

SCFT is invariant under the reparametrization τ → f(τ) [34, 35, 40]

G(τ1, τ2)→ f ′(τ1)∆f ′(τ2)∆G(f(τ1), f(τ2)) (2.42)

provided that ∆ = 1
q . The saddle of SCFT can solve for a conformal field theory (CFT)

two-point function

Gc(τ1, τ2) = − 1
N
〈fi(τ1)fi(τ2)〉 = −bsgn(τ12)

|τ12|2∆ , (2.43)

where b is a dimensionless constant. The expression for the full two-point function is

G(τ1, τ2) = − 1
Z

∫
Df

1
N
fi(τ1)fi(τ2)e−SSYK . (2.44)

In interacting field theory, it is natural to use the conformal perturbation method to express
action and Green’s function. To compute a higher point correlation function, one should
view it as leading order and move away from the infrared limit. The Green’s function can
be expanded as

G(τ1, τ2) = − 1
N
〈fi(τ1)fi(τ2)〉+

∑
h

gh

∫
dτ3

1
N
〈fi(τ1)fi(τ2)Oh(τ3)〉

− 1
2
∑
h,h′

ghgh′
∫
dτ3dτ4

1
N
〈fi(τ1)fi(τ2)Oh(τ3)Oh′(τ4)〉+ . . . . (2.45)

At strong coupling, a tower of fermionic bilinear, primary, single-trace operator forms
Oh =

∑N
i=1 χi∂

h
τ χi [53, 54]. The action can be described as a CFT fixed point deformed by

an infinite set of irrelevant primary operators

SSYK = SCFT +
∑
h

gh

∫
dτ 〈Oh(τ)〉 − 1

2
∑
h,h′

ghgh′
∫
dτ1dτ2 〈Oh(τ1)Oh′(τ2)〉+ . . . ,

where Oh(τ) is a bilinear, primary, and single-trace operator which has scaling dimension h.
Using linear response theory, one often adds an external source and sees the response to
the operator Oh, δ〈Oh〉, which couples to the external source gh. We regard Oh as scalar
operators of boundary theory and hope that it can be dual to scalar fields Ψ of bulk theory
through AdS/CFT dictionary in our near-horizon analysis.

– 9 –
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In this section, we will show that the pole-skipping points in the Majorana SYK model
are the same as those in the JT gravity. The retarded Green’s function in frequency space
can be expanded as [52]

GR(ω) = GcR(ω) + δGR(ω). (2.46)

The conformal part is given by

GcR(ω) = −iC
J

(
J

2πT

)1−2∆
e−iθ

Γ
(
∆− iω

2πT

)
Γ
(
1−∆− iω

2πT

) , (2.47)

where C is a constant. δGR(ω) is given by

δGR(ω) ∝ fR(ω)GcR(ω), (2.48)

which is a correction to the conformal Green’s function through perturbation theory. fR(ω)
is introduced as

fR(ω) =
(2π)h−2cosπh2 Γ(h)2

cos(πh)Γ(2h− 1)

 Γ(h)
Γ(1− h)

e2iθ −
sin
(
πh
2 − 2π∆

)
sinπh2

 Jh(ω)− (h→ 1− h)

 ,
where the function Jh is defined as

Jh = Γ(1−∆− iω)Γ(1 + h− 2∆)Γ(2∆)3F2

 h, h, 1 + h− 2∆

2h, 1 + h−∆− iω

2πT
; 1

 , (2.49)

where 3F2 is the regularized hypergeometric function. For simplicity, we just display the
part of eq. (2.48) which represents the relation between frequency ω and dimension h in

δGR(w) ∝ A(h)
[Γ(h− 1−∆− iw)

Γ(h−∆− iw) − (h→ 1− h)
]
, (2.50)

where A(h) is just the coefficient and does not affect these positions. Note that we shift the
frequency iω

2πT →
iω

2πT + 2 and use scaled frequency w := ω
2πT in eq. (2.50). It is easy for us

to obtain the common poles and zeros of the two terms from eq. (2.50):

h− 1−∆− iw = 0,−1,−2,−3, · · · and
− h−∆− iw = 0,−1,−2,−3, · · · (lines of pole) ,
h−∆− iw = 0,−1,−2,−3, · · · and
1− h−∆− iw = 0,−1,−2,−3, · · · (lines of zero) .

(2.51)

We consider the large q limit so that ∆ = 1/q will become 0 in the SYK model. It is
crucial to acknowledge that the Gamma function becomes infinite at negative integers.
Consequently, pole-skipping points can be identified at these specific locations, as the
corresponding numerator and denominator cannot be mutually canceled out.

– 10 –
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Figure 1. (a) The pole-skipping points of Majorana SYK model in space (w, h); (b) The pole-
skipping points of the bulk scalar field in space (w,∆+).

One can obtain a pole-skipping point in (w, h) space by finding an intersection between
a line of zero and a line of poles (h is a positive value). The following are the resulting
pole-skipping points:

w = −i, h = 1 ;
w = −2i, h = 1, 2 ;
w = −3i, h = 1, 2, 3 ;

...

(2.52)

The result (2.52) is the same as the pole-skipping points for standard quantization (2.36)
which we obtained in the JT gravity. The figure 1 shows a graphical comparison between
the pole-skipping points given by (2.52) and those obtained in the JT gravity as shown
in (2.36).

There are additional pole-skipping points in eq. (2.50). The expression (2.50) is
invariant under h → 1 − h up to sign and the function A(h). Note that the sign and
A(h) are not important for pole-skipping. Thus the additional pole-skipping points are
obtained after taking replacement h→ 1− h in eq. (2.52). This transformation h→ 1− h
is similar to transformation ∆+ → 1−∆+ for alternative quantization, so we define a new
dimension h− = 1−h of operators in SYK corresponding to the boundary scaling dimension
∆− = 1−∆+. The pole-skipping points in plane (w, h−) are

w = −i, h− = 0 ;
w = −2i, h− = 0,−1 ;
w = −3i, h− = 0,−1,−2 ;

...

(2.53)

The result (2.53) is the same as the pole-skipping points for alternative quantization (2.38).
We draw figure 2 of pole-skipping points in space (w, h−) versus pole-skipping points in
space (w,∆−), and show that they are the same. So our assumption that h− corresponds
to ∆− is reasonable.

– 11 –
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Figure 2. (a) The pole-skipping points of the Majorana SYK model in space (w, h−); (b) The
pole-skipping points of the bulk scalar field with alternative quantization in space (w,∆−).

3 Comparison of pole-skipping in charged JT gravity and complex SYK
model

We perceive that this AdS/CFT correspondence is also applicable in the complex SYK
model. We will also show this holography through the consistency of pole-skipping of
Green’s function at charged JT gravity and the complex SYK model.

3.1 Pole-skipping in charged JT gravity

We will consider the pole-skipping on the boundary of the bulk theory and we will justify
the reasons later. We consider the following quadratic action for the complex scalar field [55]

S = −
∫
d2x
√
−g
[
(DµΨ)∗DµΨ +m2Ψ∗Ψ

]
(3.1)

with Dµ = ∂µ − ieAµ. The black hole solution is

ds2 = L2

u2

−(1− u2

u2
0

)
dt2 + du2

1− u2

u2
0

 (3.2)

with
A = ε

(1
u
− 1
u0

)
dt, (3.3)

where u0 is the horizon radius, L is the curvature radius of AdS2, and ε is a constant related
to chemical potential. Note that we have neglected the backreaction of the gauge field
on the background metric. The Hawking temperature is T = 1

2πu0
. Substituting complex

scalar field Ψ(t, u) = e−iωtΨ(ω, u) into the wave equation in the geometry (3.2) [56]

∂2
uΨ + 2u

u2 − u2
0
∂uΨ +

− m2L2

u2 − u4

u2
0

+

[
ω + ε

(
α
u −

α
u0

)]2
1− 2u2

u2
0

+ u4

u4
0

Ψ = 0. (3.4)

– 12 –
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The parameter α is the coupling strength of the Maxwell field interacting with the scalar field.
Considering the asymptotic behavior of Ψ(t, u) as u→ 0, we can calculate the conformal
dimension of the scalar field Ψ(t, u) from eq. (3.4). This is a homogeneous equation, which
can be solved by a power function. Let Ψ ∼ u∆, in the case of the asymptotic boundary
(u→ 0), eq. (3.4) reduced to

∆(1−∆) +m2L2 − α2ε2 = 0 (3.5)

which implies two results for ∆

∆± = 1
2 ±

√
1
4 +m2L2 − α2ε2. (3.6)

Introducing the relation

∆+ = 1
2 + ν, ν =

√
1
4 +m2L2 − α2ε2, and ∆− = 1

2 − ν = 1−∆+, (3.7)

the asymptotic behavior of two linearly independent solutions can be obtained as

Ψ(u) ∼
(1
u
− 1
u0

)− 1
2∓ν

(
u0 + u

u0 − u

) iωu0
2 −iαε

2F1

[1
2±ν+iωu0−iαε,

1
2±ν−iαε, 1±2ν; 2u

u− u0

]
.

(3.8)
The retarded Green’s function of Ψ around the asymptotic boundary can be obtained from
eq. (3.8)

GR(ω) = (4πT )2∆+−1
Γ(1− 2∆+)Γ

(
∆+ − iω

2πT + iαε
)

Γ(∆+ − iαε)

Γ(2∆+ − 1)Γ
(
1−∆+ − iω

2πT + iαε
)

Γ(1−∆+ − iαε)
. (3.9)

Here we prove that the retarded Green’s function (2.34) is the neutral limit of eq. (3.9).
We use the Legendre duplication formula Γ(z)Γ(z + 1

2) = 21−2zπ1/2Γ(2z) to make Γ(1
2 −

∆+) = 4∆+π1/2 Γ(1−2∆+)
Γ(1−∆+) and Γ(−1

2 + ∆+)Γ(∆+) = 22−2∆+π1/2Γ(2∆+ − 1). The bulk
retarded Green’s function (2.34) of the scalar field in JT gravity, obtained in subsection 2.1.2,
becomes

GR = (πT )2∆+−1
Γ
(
∆+ − iω

2πT

)
Γ
(
1−∆+ − iω

2πT

) Γ
(

1
2 −∆+

)
Γ
(
−1

2 + ∆+
)

= (πT )2∆+−14∆+
√
π

Γ
(
∆+ − iω

2πT

)
Γ(1− 2∆+)Γ(∆+)

Γ
(
1−∆+ − iω

2πT

)
Γ(1−∆+)Γ

(
−1

2 + ∆+
)

Γ(∆+)

= (4πT )2∆+−1
Γ
(
∆+ − iω

2πT

)
Γ(1− 2∆+)Γ(∆+)

Γ
(
1−∆+ − iω

2πT

)
Γ(1−∆+)Γ(2∆+ − 1)

. (3.10)

It is easy to see that the retarded Green’s function (3.9) will become eq. (3.10) when α = 0.
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Let’s now redirect our attention to the discussion of eq. (3.9). We set α = 1 hereafter
for simplicity, and we regard i

(
ω

2πT − ε
)
as a whole term. The pole-skipping points are

located in (
ω

2πT − ε
)

= −i, ∆+ = 1;(
ω

2πT − ε
)

= −2i, ∆+ = 1, 2;(
ω

2πT − ε
)

= −3i, ∆+ = 1, 2, 3;

...

(3.11)

Note that in this subsection, we have evaluated the pole-skipping points on the boundary
of the bulk, unlike in the previous section where we also evaluated them near the event
horizon. This is because the scalar potential vanishes at the event horizon, which makes it
difficult to observe the effect of charge on the pole-skipping phenomenon. However, this
approach can still capture the main physics compared to the pole-skipping points in the
complex SYK model. We will see this in the next subsection.

3.2 Pole-skipping in complex SYK model

The complex SYK model describes N � 1 complex fermions with random interactions [52,
57, 58]. The Hamiltonian is [52, 58]

H = 1
2N3/2

N∑
i,j,k,l=1

Jij;klc
†
ic
†
jckcl − µ

∑
i

c†ici , (3.12)

where ci is complex fermion obeying the anticommutation relations, and the Jij;kl are com-
plex, independent Gaussian random couplings with zero mean. This system also has a con-
served U(1) density Q which is related to the average fermion number as Q = 1

N

∑
i < c†ici >.

The conformal two-point function of the complex SYK model is given as [57]

Gc(τ1, τ2) = −bsgn(τ12)
|τ12|2∆ e

2πE
(

1
2−

τ
β

)
, (3.13)

where E is the dimensionless spectral asymmetry parameter which implicitly depends on
chemical potential. The conformal effective action of the complex SYK model is

SCFT = −N2 log det(−Σ)− N

2

∫
dτ1dτ2

[
Σ(τ1, τ2)G(τ1, τ2) + 1

q

(
−G(τ1, τ2)G(τ2, τ1)

) q
2

]
.

Similar to the Majorana SYK model, the complex SYK model can also be described as a
conformal field theory perturbed by an infinite set of irrelevant primary operators. The
conformal perturbation theory is still valid for the complex SYK model

SSYK = SCFT +
∑
h

gh

∫
dτ 〈OA/Sh (τ)〉 − 1

2
∑
h,h′

ghgh′
∫
dτ1dτ2 〈OA/Sh (τ1)OA/Sh′ (τ2)〉+ . . .
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The difference from Majorana SYK is that there are two kinds of bilinear primary operators,
OAh (τ) and OSh (τ), representing particle-hole symmetry and asymmetry respectively [52, 57].
These two irrelevant operators can be schematically represented as OAhn = f †i ∂

1+2n
τ fi and

OShn = f †i ∂
2n
τ fi for nonnegative integer n [34, 35, 41, 52, 54]. The retarded Green’s function

in frequency space can be expanded as

GR(ω) = GcR(ω) + δG
A/S
R (ω) . (3.14)

Here GcR(ω) denotes conformal part and its expression is

GcR(ω) = −iC
J

(
J

2πT

)1−2∆
e−iθ

Γ
(
∆− iω

2πT + iE
)

Γ
(
1−∆− iω

2πT + iE
) . (3.15)

δG
A/S
R (ω) can be divided into two part as δGA/SR (ω) = δGAR(ω) + δGSR(ω) correspond to

operators OA and OS , where δGA/SR (ω) is

δG
A/S
R (ω) ∝ fA/SR (ω)GcR(ω) , (3.16)

and fA/SR (ω) is given as [52]

fAR (ω) =
(2π)h−2cosπh2 Γ(h)2

cos(πh)Γ(2h−1)

 Γ(h)
Γ(1−h)

e2iθ−
sin
(
πh
2 −2π∆

)
sinπh2

Jh(ω)−(h→ 1−h)

 ,
fSR(ω) =

i(2π)h−2sinπh2 Γ(h)2

cos(πh)Γ(2h−1)

 Γ(h)
Γ(1−h)

cos
(
πh
2 −2π∆

)
cosπh2

−e2iθ

Jh(ω)−(h→ 1−h)

 .
With substitution, one can check that δGA/SR (ω) has the following contribution

δG
A/S
R (ω) ∝ (AA(h) +AS(h))

Γ
(
1 + h−∆− iω

2πT + iE
)

Γ
(
2 + h−∆− iω

2πT + iE
) − (h→ 1− h)

 , (3.17)

where AA/S(h) is a function that depends only on h, and it does not affect the locations of
pole-skipping. By shifting i

(
ω

2πT − E
)
→ i

(
ω

2πT − E
)

+ 2, the equation (3.17) becomes

δG
A/S
R (ω) ∝ (AA(h) +AS(h))

[Γ
(
h− 1−∆− i

(
ω

2πT − E
))

Γ
(
h−∆− i

(
ω

2πT − E
)) − (h→ 1− h)

]
. (3.18)

We can obtain the common poles and zeros of the two terms from eq. (3.18):

h− 1−∆− i
(

ω

2πT − E
)

= 0,−1,−2,−3, · · · and

− h−∆− i
(

ω

2πT − E
)

= 0,−1,−2,−3, · · · (lines of pole) ,

h−∆− i
(

ω

2πT − E
)

= 0,−1,−2,−3, · · · and

1− h−∆− i
(

ω

2πT − E
)

= 0,−1,−2,−3, · · · (lines of zero) .

(3.19)
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Our interest is at the large q limit, where ∆ = 1/q becomes 0. We can obtain a pole-skipping
point in

(
ω

2πT − E , h
)
space by finding an intersection between a line of zeros and a line of

poles in eq. (3.18). The result is(
ω

2πT − E
)

= −i, h = 1;(
ω

2πT − E
)

= −2i, h = 1, 2;(
ω

2πT − E
)

= −3i, h = 1, 2, 3;

...

(3.20)

If we interpret E as ε in (3.11), the result eq. (3.20) is the same as the result in charged JT
gravity eq. (3.11).

In order to compare ε to E , we need to discuss thermodynamics in charged JT gravity
and the complex SYK model. For the thermodynamics of charged black holes in the
structure of AdS2 metric

ds2 = (dr2 − dt2)/r2, (3.21)

with gauge field A = (ε/r)dt. The Bekenstein-Hawking entropy density SBH at T = 0 has
a relation [59, 60]

∂SBH
∂Q

= 2πε, (3.22)

where Q is a conserved U(1) charge density. As the charge Q increases, the horizon
moves closer to the boundary, and its area Ah increases. In black hole thermodynamics,
the Bekenstein-Hawking entropy density SBH is related to the area of the horizon via
SBH = Ah/(4GNAb), where GN is Newton’s constant [58].

In the complex SYK model, the computation of the statistical zero-temperature entropy
density S follows [61, 62] and relies on the thermodynamic Maxwell relation:(

∂S
∂Q

)
T

= −
(
∂µ

∂T

)
Q
. (3.23)

At the T → 0 limit,
( ∂µ
∂T

)
Q = −2πE . Then the Maxwell relation in eq. (3.23) leads to(

∂S
∂Q

)
= 2πE . (3.24)

The form (3.24) in the complex SYK model is the same as eq. (3.22) in charged JT
gravity. From this comparison, we can interpret the parameter ε as the spectral asymmetry
parameter E .3

Hence the pole-skipping points (3.11) and (3.20) show good agreement with each other.
Compared to the pole-skipping points in the Majorana SYK model (2.52), in the complex
SYK model, the spectral asymmetry shifts the pole-skipping frequencies amount of −E .

In the complex SYK model, we can still define a variable h− corresponding to ∆− in
charged JT gravity. Because this relationship is the same as that obtained in the previous
section, we do not repeat it here.

3This interpretation is valid at finite temperature. See [58] for more detail.
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4 Discussion and conclusion

In summary, we study the pole-skipping phenomenon on both (1 + 1)-dimensional bulk
theories and (0 + 1)-dimensional quantum field theories. We have found a connection
between the pole-skipping of gravity and the field theory. In contrast to higher dimensional
theories, there is no momentum k degrees of freedom in (1 + 1)-dimensional bulk theories.
Instead, we treat mass m as a substitute for momentum for the purpose of identifying the
pole-skipping points. Hence our resulting pole-skipping points live in (ω,m) space instead
of (ω, k) space.

For the JT gravity, we study pole-skipping points by analyzing the near horizon and
computing the exact retarded Green’s function. We compare the pole-skipping points in
the neutral JT gravity with those in the Majorana SYK model, thanks to the well-known
result of the two-point function in the SYK models. The pole-skipping points in space
(w, h) in the Majorana SYK model match those by computing the holographic retarded
Green’s function in space (w,∆+) in JT gravity with standard quantization. Moreover, the
pole-skipping points in space (w, h−) in the Majorana SYK model match those in space
(w,∆−) in JT gravity with alternative quantization.

Finally, we compute the pole-skipping points in charged JT gravity and in the complex
SYK model. The pole-skipping points in these two systems are also in one-to-one correspon-
dence. Compared to the Majorana SYK model, the pole-skipping frequencies are shifted
by the spectral asymmetry parameter E , which is analogous to ε with respect to chemical
potential in the charged JT gravity. By analyzing zero temperature thermodynamics in
charged JT gravity and complex SYK model, we further provide evidence that ε and E play
the same role in each theory.

It would be interesting to study further the pole-skipping of the charged JT gravity
and the complex SYK model. The fact that the pole-skipping frequency could be shifted by
ε and E in each model contradicts the well-known result about pole-skipping. As we have
just mentioned, the existence of the pole-skipping points in space (ω,m) instead of space
(ω, k) is a unique property of the phenomenon in two-dimensional gravity. Therefore, we
perceive that this type of shift is also a unique property of the pole-skipping phenomenon
in charged two-dimensional gravity.
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A Details of near-horizon expansions

In this appendix, we show the details of the near-horizon expansions of the equations of
motion. We can calculate a Taylor series solution to the equation of motion for the scalar
mode Ψ(r) when the matrix equation (2.8) is satisfied. The first few elements of the matrix
are shown below

M11 =−m2

2 ;

M21 = 0, M22 = f ′′(rh)−m2

4 ;

M31 = 0, M32 = f (3)(rh)
12 , M33 = m2−3f ′′(rh)

6rh
; (A.1)

M41 = 0, M42 = f (4)(rh)
48 , M43 = f (3)(rh)

6 , M43 = 6f ′′(rh)−m2

8 ;

M51 = 0, M52 = f (5)(rh)
240 , M53 = f (4)(rh)

24 , M54 = f (3)(rh)
4 , M54 = 10f ′′(rh)−m2

10 .

B Pole-skipping of Dirac field in JT gravity

As a way to confirm the validity of our holographic computation method, we consider the
Dirac field (spin s = 1

2) in the same background (2.7). The Dirac equation is given as

(ΓMDM −m)ψ± = 0. (B.1)

The capital letter M denotes the indices of bulk spacetime coordinates and small letters a, b
denote tangent space indices. The covariant derivative of bulk spacetime acting on fermions
is defined by DM = ∂M + 1

4(ωab)MΓab, where Γab ≡ 1
2 [Γa,Γb]. Γa are Gamma matrices

which satisfy Grassman algebra {Γa,Γb} = 2ηab [24, 63]. The spinors are two dimensional

ψ±(r, t) = e−iωt
(
ψ+(r)
ψ−(r)

)
and we use the following gamma matrices representation [64]

Γv = iσ2, Γr = σ3. (B.2)

We choose the orthonormal frame to be

Ev = 1 + f(r)
2 dv − dr, Er = 1− f(r)

2 dv + dr, (B.3)

for which
ds2 = ηabE

aEb, ηab = diag(−1, 1). (B.4)

The spin connections for this frame are given by

ωrr = 0, ωvr = −f
′(r)
2 . (B.5)

Using these spin connections (B.5) and the Eddington-Finkelstein coordinate (2.7) of
Schwarzschild-AdS2

ds2 = −f(r)dv2 + 2dvdr, (B.6)
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one can calculate the Dirac equation to be

(
f ′(r)− 4(m+ iω)

)
ψ+(r) +

(
f ′(r)− 4iω

)
ψ−(r) + 2

(
f(r)− 1

)
ψ′−(r)

+ 2
(
f(r) + 1

)
ψ′+(r) = 0,(

4iω − f ′(r)
)
ψ+(r)−

(
4m+ f ′(r)− 4iω

)
ψ−(r)− 2

(
f(r) + 1

)
ψ′−(r)

+ 2
(
f(r)− 1

)
ψ′+(r) = 0.

(B.7)

B.1 Pole-skipping: near-horizon analysis

We combine the two equations of (B.7) and expand them near the horizon rh. The first-order
equation near the horizon is

1st : (2πT − 2iω −m)ψ+ + (2πT − 2iω +m)ψ− = 0. (B.8)

We take the value of coefficients (2πT − 2iω −m) and (2πT − 2iω +m) to be 0 and thus
there are two independent free parameters ψ+ and ψ− to this equation. The first-order
pole-skipping point is obtained as

w = − i2 , m = 0, ∆ = 1
2 . (B.9)

We expand the Dirac equation in higher order

2nd :
(
m(πT −m)− m2

4πT
m+2πT −2iω

)
ψ0

+ + 1
2

(
3− iω

πT

)
ψ1

+ = 0, (B.10)

3rd : m(4π2T 2−m2)(m2 +10mπT −16π2T 2−2imω)
8πT (3πT − iω)(m+2πT −2iω) ψ0

+ +
(

5− iω

πT

)
ψ2

+ = 0, (B.11)

4th : m(20m2π2T 2−64π4T 4−m4)(m2 +14mπT −36π2T 2−2imω)
32πT (3πT − iω)(5πT − iω)(m+2πT −2iω) ψ0

+

+ 3
2

(
7− iω

πT

)
ψ3

+ = 0, (B.12)

5th : m(56m4π2T 2 +2304π6T 6−784m2π4T 4−m6)(m2 +18mπT −64π2T 2−2imω)
192πT (3πT − iω)(5πT − iω)(7πT − iω)(m+2πT −2iω) ψ0

+

+2
(

9− iω

πT

)
ψ4

+ = 0. (B.13)

In general bulk dimensions, the mass m of the fermionic field and the scaling dimension ∆
of the dual operator are related via

∆ = d+ 1
2 +m. (B.14)

In the case of AdS2, d = 1, and we get the relation ∆ = 1
2 + m. The higher-order

pole-skipping points are

w = −3i
2 , m = −1, 0, 1, ∆ = −1

2 ,
1
2 ,

3
2 ;

w = −5i
2 , m = −2,−1, 0, 1, 2, ∆ = −3

2 ,−
1
2 ,

1
2 ,

3
2 ,

5
2 ;

w = −7i
2 , m = −3,−2,−1, 0, 1, 2, 3, ∆ = −5

2 ,−
3
2 ,−

1
2 ,

1
2 ,

3
2 ,

5
2 ,

7
2 ;

...

(B.15)

We calculate the first few order pole-skipping points and plot them in figure 3.
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B.2 Pole-skipping from Green’s function

In this subsection, we also compute the pole-skipping points from the exact retarded Green’s
function on the boundary. We substitute the metric (2.26) into the Dirac equation (B.1){

−2iLωCsch(u)ψ−(u) + (Coth(u)− 2Lm)ψ+(u) + 2ψ′+(u) = 0,
(2Lm+ Coth(u))ψ−(u)− 2iLωCsch(u)ψ+(u) + 2ψ′−(u) = 0.

(B.16)

Combining the two equations of (B.16), we obtain

4ψ′′+(u) + 8Coth(u)ψ′+(u)
+
(
3Coth2(u)− 4mLCoth(u) + 2(ω2L2 − 1)Csch2(u)− 4m2L2)ψ+(u) = 0,

4ψ′′−(u) + 8Coth(u)ψ′−(u)
+
(
3Coth2(u) + 4mLCoth(u) + 2(ω2L2 − 1)Csch2(u)− 4m2L2)ψ−(u) = 0.

(B.17)

We do another change of variable z = tanh2(u), and solve these two second order differential
equations (B.17). Near the asymptotic boundary (z → 1), the two spinor components
behave as

ψ+ ∼ C1 2F1

[
− iLω, 1

2 + Lm− iω, 1− 2iLω; 2z
z − 1

]
+ (−2)2iLω

(
z

z − 1

)2iLω
C2 2F1

[
iLω,

1
2 + Lm+ iω, 1 + 2iLω; 2z

z − 1

]
∼ (1− z)

1
4−

mL
2 A+ (1− z)

3
4 +mL

2 B

= (1− z)
1
2−

∆
2 A+ (1− z)

1
2 + ∆

2 B; (B.18)

ψ− ∼ C1 2F1

[
− iLω, 1

2 − Lm− iω, 1− 2iLω; 2z
z − 1

]
+ (−2)2iLω

(
z

z − 1

)2iLω
C2 2F1

[1
2 − Lm+ iω, iLω, 1 + 2iLω; 2z

z − 1

]
∼ (1− z)

1
4 +mL

2 C + (1− z)
3
4−

mL
2 D

= (1− z)
∆
2 C + (1− z)1−∆

2 D. (B.19)

We choose A as the source and the expectation value as C. The retarded Green’s function
in this case is given by their ratio

GR ∝ i
C

A
= i

Γ
(

1
2 + Lm− iωL

)
Γ
(

1
2 − Lm

)
Γ
(

1
2 − Lm− iωL

)
Γ
(

1
2 + Lm

) = i
Γ(∆− iωL)

Γ(1−∆− iωL)
Γ(1−∆)

Γ(∆) . (B.20)

The poles and zeros of the Green’s function are
1
2 + Lm− iωL = 0,−1,−2,−3, · · · , (lines of pole) ,
1
2 − Lm− iωL = 0,−1,−2,−3, · · · , (lines of zero) .

(B.21)
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Figure 3. The pole-skipping points (B.15) and (B.22) of Dirac field in JT black hole background.
(a) From near the horizon; (b) From boundary retarded Green’s function.

According to these two equations, we obtain the pole-skipping points

w = − i2 , ∆ = 1
2 ;

w = −3i
2 , ∆ = −1

2 ,
1
2 ,

3
2 ;

w = −5i
2 , ∆ = −3

2 ,−
1
2 ,

1
2 ,

3
2 ,

5
2 ;

...

(B.22)

From result (B.22), we can see that the pole-skipping points from the exact retarded Green’s
function on the boundary are the same as these special points in (B.9) and (B.15) near
the horizon. The comparison of the pole-skipping points obtained by these two methods is
shown in figure 3.
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